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Double and Triple-Harmonic RF buckets
and their use for Bunch Squeezing in AGS

C.J. Gardner

August 24, 2016

For the past several years we have merged bunches in AGS in order to
achieve the desired intensity per bunch prior to injection into RHIC [1, 2].
The merging is done on a flat porch at or above AGS injection energy.
Because the merges involve the reduction of the RF harmonic number by a
factor of 2 (for a 2 to 1 merge) and then a factor of 3 (for a 3 to 1 merge),
one requires RF frequencies 6hfs, 3hfs, 2hfs and hf,s, where f, is the
revolution frequency on the porch and h = 4 is the fundamental harmonic
number. The standard AGS RF cavities cannot operate at the lowest
frequencies 2h fs and hfs; these are provided by two modified cavities.
Upon completion of the merges, the bunches are sitting in harmonic A
buckets. In order to be accelerated they need to be squeezed into harmonic
3h buckets. This is accomplished by producing a double-harmonic bucket
in which harmonics h and 2h act in concert, and then a triple-harmonic
bucket in which harmonics h, 2h, and 3h act in concert. Simulations have
shown [2] that the squeeze presents an acceptance bottleneck which limits
the longitudinal emittance that can be put into the harmonic 3h bucket.

In this note the areas of the double and triple-harmonic buckets are
calculated explicitly and it is shown that these go through a minimum as
the RF voltages are raised to the desired values. Several RF voltage ranges
are examined and the acceptance bottleneck is determined for each of
these. The results are in good agreement with those obtained by
simulation in [2].

Sections 1-5 serve as the setup for the area calculations that are carried
out in Sections 6-10. The double-harmonic bucket area is calculated in
Sections 6-8. Here it is shown that the minimum area is easily obtained
from the unstable fixed point phase that satisfies the transcendental



equation
E+tané = 0. (1)

Calculations of the triple-harmonic area and its minimum are carried out
in Sections 9 and 10. Here the required integration is done numerically.

In Sections 11 and 12 a short review of the most recent setup for merging
and squeezing Au77+ bunches in AGS is given.

Finally, in Section 13 the acceptance bottleneck for Au77+4 bunches in
AGS is calculated for several RF voltage ranges. The main result is that
the RF voltages for the low-frequency harmonic h and 2h cavities both
must be at least 22 kV in order to achieve an acceptance of 0.6 eV s per
nucleon. If the harmonic h and 2h voltages are 15 and 22 kV, respectively,
then the acceptance is reduced to 0.548 eV s per nucleon.

(On a first reading, one may wish to skip over Sections 1-10 and start with
Section 11; or one may choose to look just at the Figures, which start on
page 29.)

1 Synchronous Parameters

Let 2rR and p be the circumference and radius-of-curvature of the design
orbit in a given ring, and let B and 2w R4 be the magnetic field and orbit
circumference for the synchronous particle. We assume that B and R, are
given and calculate the other synchronous particle parameters in terms of
these. The radius-of-curvature of the synchronous particle is

ps = p(Rs/R)"/" (2)

where )
oa=— 3
v} ®)

is the “momentum compaction” factor and ~; is the transition gamma of
the ring. The momentum of the synchronous particle is given by

cps = eQBps (4)

where e is the proton charge and e() is the charge of the particle. The
energy is
Es = /(cps)? + m2ct (5)



where m is the mass of the particle. The synchronous 3, v and angular
velocity are

Bs = Cps/Esy Vs = ES/(mc2), Ws = Cﬁs/Rs' (6)
The revolution period and frequency of the synchronous particle are

S 7)

T
W, T,

We use T to denote the arrival time (at an RF cavity) of the synchronous
particle. We also define the phase slip factor

11 -
Ns=— — —5-
T 2

We assume that the bunch squeezing takes place on a porch below
transition. Thus

dB
and
ns < 0. (10)
2 Particle Motion
The hamiltonian )
H(¢,W) = 5 aW* +U(¢) (11)

generates motion that approximates that of the asynchronous particle.

Here
E - FE;

hwg

o= thgns _ h202773 . (13)

BiE; R2E
The positive integer h is the fundamental RF harmonic number. The time
and energy deviations of the asynchronous particle are T'— T° and E — Ej,

respectively. Since we are considering the motion on a porch below
transition, we have

¢ = hwy(T —T*%), W =

(12)

and

a < 0. (14)



The “potential” U(¢) is given by

ouU
96 —F(¢) (15)
where
F(¢p) = A1sing + Azsin2¢ + Assin 3¢ (16)
and

QVi QW QW
2h’ 27 Torn 57 Torn
Here Vi, V5, V3 are the voltage amplitudes for RF frequencies hfs, 2hfs,
and 3hfs, respectively. The amplitudes A1, As, Ag are either zero or
positive. They are varied slowly during the bunch squeezing.

1

(17)

The equations of motion are

d OH
and aw  OH
ﬁ:—%:FW) (19)

3 Fixed Points

Fixed points (¢¢, W) of the motion are given by
F(¢p) =0, Wy=0. (20)

Since F'(0) = 0 and F(£7) = 0 we see that the points (0, 0) and (%, 0)
are fixed points.

Below transition (a < 0) a fixed point is stable if

F,(¢f) > 0, U”(qbf) <0 (21)

and unstable if
F,(¢f) <0, U”(qbf) >0 (22)

where the primes denote differentiation with respect to ¢.

Above transition (a > 0) a fixed point is stable if

F'(¢5) <0, U"(¢5) >0 (23)

and unstable if
F'(¢5) >0, U"(¢y) <O0. (24)



4 The RF Bucket

Let H, be the value of H at an unstable fixed point (¢,, 0). Then

Hy =U(¢u) (25)
and the equation
H(¢,W) = H, (26)
can be solved to obtain
2
W2(¢) = ~{U(¢u) = U(9)}- (27)

The curve W (¢) is called the separatrix. Differentiating W?2(¢) with
respect to ¢ we obtain
aw? 2

5= LU (28)
and 212 )
= U (29)

which shows that W?(¢) reaches a local maximum at each stable fixed
point. The area around a stable fixed point and bounded by the separatrix
is an RF bucket. The beam contained in the RF bucket is called a bunch.
The height W}, of the bucket is given by

WE =2 {U(o) - U(6.)} (30)

where ¢, is the stable fixed point phase.

5 Single-Harmonic Bucket Area

A single-harmonic bucket is one in which only the fundamental harmonic A
is active. In this case we have

F(¢) = Asing (31)

and
U(¢) = Aicos¢ (32)
U'(¢p) = —Aysing (33)



U"(¢) = —Aj cos ¢. (34)

Below transition the stable and unstable fixed point phases are

s =0, ¢y == (35)
and we have
U(py) = —A;. (36)
The bucket separatrix is then given by
2A
W3(9) = == (1 + cos¢) (37)
and the bucket area is o
Ay =2 (6) do. (38)
Using
14 cos ¢ = 2cos?(4/2) (39)
we have 12
4A +
A =2 (_;) / cos()2) dg (40)
which gives
A 1/2
Ay =16 <1> . (41)
—a
Using
h2w2775 h262773 eQWV1
_= S = A = 42
¢ <ﬁ§E> (RgES T o (42)
we then have 12
R (2eQV1E;
=8 ——F . 43
Ai he { wh|ns| } (43)

Figure 1 shows a single-harmonic bucket with unstable fixed point phases
at +180 degrees.



6 Double-Harmonic Bucket Area for 24, < A;

A double-harmonic bucket is one in which both the fundamental and
second harmonics, h and 2h, are active. In this case we have

F(¢) = Arsing + Agsin2¢

and )
U(¢p) = Ajcoso + §A2 cos 2¢
U'(¢p) = —Aj sin g — Ay sin 2¢
U"(¢) = —Aj cos ¢ — 245 cos 2¢.
Using
sin 2¢p = 2 cos ¢ sin ¢
cos2¢ = 2cos® ¢ — 1
gives

U(¢p) = Ay cos ¢+ Ay cos? ¢ — %AQ

U'(¢) = —(A; + 245 cos ¢) sin ¢
U"(¢) = —(Ay + 245 cos ¢) cos ¢ + 245 sin? ¢.

Below transition we again have stable fixed point phase

¢s =0
and for

0< 245 < Ay

we again have unstable fixed point phases
¢y = E.

Thus
U(py) —U(¢) = —A1 (1 +coso) + Ay (1 — cos? gb)

and the bucket area is
—+7

Az =2 W(¢)de

—Tr
where

W(6) = = {U(6) ~ V@)
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Using
1+ cos ¢ = 2cos?(¢/2)
1 — cos ¢ = 2sin?(¢/2)

we have
W2(g) =~ fac0(/2) - 2 cost(6/2) s (/2) |
W2o) =~ {1- 2 o12) | eot(o2)
and

Ay =2 (%> v /Jﬂr {1 — 2141412 silr12(<]§/2)}l/2 cos(¢/2) do.

—a -

Finally, using (41) we have

7 24 1/2
Ay =20 {1 - anﬂ((p/z)} cos(/2) do.
4 ) Ay
Thus for
245 =0
we have
Ay = Ay
(as expected) and as 24, increases from zero to
2A2 = A1
the bucket area decreases to
+m
Ay = % cos?(¢/2) de.
+7
Azz% (14 cos @) dop
which gives
Ay
— = — = (.7853981633974483.
A 4

(69)

(70)

Figure 2 shows single and double-harmonic buckets for the cases 242 = 0
and 249 = Aj, respectively. The bucket area ratio Ay /A; for the latter

case is given by (70).



7 Double-Harmonic Bucket Area for A; < 2A,

Consider now the case
0< Al < 2A2. (71)

The fixed point phases (55) then become stable and the unstable fixed
point phases are given by

Al
cos ¢ 2, (72)
Taking the positive phase we have
/2 < ¢y <. (73)

Writing
U(py) —U(¢) = A1(cos ¢y, — cos @) + Az <c052 by — cos? d)) (74)

and using
Ayl = —2Az cos ¢y, (75)

we have

U(py) —U(d) = —Ay {2 COS ¢y (COS ¢y, — cOs @) + cos? ¢ — cos? (bu} (76)

U(py) —U(¢) = —Ay {cos2 & — 208 ¢y, cOs ¢ + cos? d)u} (77)

U(¢u) = U(¢) = —Az(cos ¢ — cos pu)? (78)
and 5 A
W3(9) = = (cos ¢ — cos b)”. (79)
The bucket area is then
/2 rou
Ay =2 ({f) /_iu(cos ¢ — cOS ¢y )d (80)
1/2
Az =4 <2_132> (sin ¢y — @y cos dy,) (81)
and using
240 _ Ay

"4 acos Gu (82)

9



we have

1 ) ANY2 1 Z1 N2
9= (—a) (cos ¢u) (Sin ¢y, — by COS Py,) - (83)
Using single-harmonic bucket area
A 1/2
Ay =16 <1> (84)
—a
we then have
Al -1 1/2 .
=T (o) (sindu — ducosa). (85)
Note that for
245 = Ay (86)
we have
Gy =T (87)
and (85) becomes
Az = 2«41 (88)

in agreement with (70). In the next section we show that as 242 increases
starting from 24, = A1, the bucket area Ay decreases to a minimum and
then begins to increase again.

8 Minimum Double-Harmonic Bucket Area

Defining
-1 1/2
f(ou) = (COS %) (89)
and
g(¢u) = sin ¢u - ¢u COS ¢u (90)
we can write (85) as
A
Az = % [(Su)g (o). (91)
To find the minimum bucket area we differentiate Ao with respect to ¢,.
Hhus dds A ( df d
2 A [ df dg
= a0+ 160 1 (92)

10



d‘fi — %f(gbu)tan bu, ;ii = ¢y Sin Py (93)
225 = % {; g(¢u> tan ¢, + ¢y, sin ¢u} f(¢u) (94)
d " .
d;‘j -4 {f(f:’ ¢1 + 2%} F(6u)sin (95)
and A A
d¢j = gl {tan ¢y + du} f(Pu) sin ¢y, (96)

The bucket area As reaches a minimum when
tan ¢, + ¢, = 0. (97)

The transcendental equation

E+tang =0 (98)
has positive solution
¢ = 2.02875783811 (radians) (99)
€ =116.2392617777881178 (degrees). (100)
We then have
1 1 sin&
1 f(&g&) = 3 (\/Tos§> = 0.6744823461666797 (101)
and 1
TcosE = 1.130913167058322. (102)
The minimum bucket area is then
Az (&) = 0.6744823461666797 Ay (103)
where R, [2eQV4iE /2
Ay = hZ{mnl\s} . (104)
The corresponding ratio of the harmonic h and 2h voltages is
Ve i A2 1 y50013167058322. (105)

Vl_z_2cos§

11



These equations, along with (86) and (88), show that as the amplitude
ratio Aa/A; goes from 1/2 to the value given by (105), the bucket area
ratio Az /A; decreases from

Az — T 0.7853981633974483 (106)
Ay 4
to the minimum A
./TQ = 0.6744823461666797. (107)
1
Correspondingly, the unstable fixed point phase ¢, decreases from
w = 180 degrees (108)
to
¢ = 116.2392617777881178 degrees. (109)

The double-harmonic bucket for which As/A; reaches the minimum (107)
is shown in Figure 3.

As the amplitude ratio As/A; increases starting from the value given by
(105), the bucket area ratio Aa/.A; increases monotonically from its
minimum value. Correspondingly, the unstable fixed point phase ¢, moves
from & toward 90 degrees.

Figure 4 shows the double-harmonic bucket for the case in which As/A;
has increased to 3.0. Here the unstable fixed point phase ¢, has moved to
99.594 degrees and the bucket area ratio Az/.A; has increased to 0.7812.

A plot of bucket area ratio As/.A; versus amplitude ratio As/A; is shown
in Figure 5. This follows from equations (72) and (91).

The corresponding plot of ¢, versus amplitude ratio is shown in Figure 6.

The corresponding plot of bucket area ratio versus ¢, is shown in
Figure 7.

12



9 Triple-Harmonic Bucket Area

Finally, a triple-harmonic bucket is one in which all three harmonics, A,
2h, and 3h are active. In this case we have

F(¢) =A1sing + Aysin2¢ + Assin 3¢ (110)
and . .
U(¢) = Ajcoso+ §A2 cos 2¢ + §A3 cos 3¢ (111)
U'(¢) = —Ajsing — Assin2¢ — A3 sin 3¢ (112)
U"(¢) = —Aj cos ¢ — 2As cos 2¢) — 3A3 cos 3¢. (113)
Using
sin 2¢ = 2 cos ¢ sin ¢ (114)
sin 3¢ = 3sin ¢ — 4sin® ¢ (115)
and
cos2¢ = 2cos’ ¢ — 1 (116)
cos 3¢ = 4 cos® ¢ — 3cos ¢ (117)
gives

U(¢) = Ajcosop+ % (2 cos? ¢ — 1) + % (4 cos® ¢ — 3 cos gb) (118)
U'p) = — {Al +2A5co8 ¢ + As (4(:082<;5— 1)}sin¢ (119)
U"(¢) = —Ajcosp — 24 (2 cos® ¢ — 1) — 343 (4 cos® ¢ — 3 cos gb) . (120)
Below transition we again have stable fixed point phase
¢ps = 0. (121)
We also have fixed point phases given by
Ay +2A5cospp + Az (40052¢f—1> =0 (122)

which has solutions

A 1

cospp = ——— =+ \/A%+4A3(A3—A1)- (123)

13



As shown in the Appendix, the upper sign is associated with the unstable

fixed points. Thus we write

As 1

Cos By = — - + A + 4A5(A3 — Ay)

C4A; 44,

where ¢, is the unstable fixed point phase.

Introducing the notation

Cy=cos¢y, C=cos¢

_ U(gu) _Ul9)
U, = A, U= A
and 4 4
_ 2 _ 3
we have
A _Q A3 R 443 4R
24, 27 34 37 A Q
_ Q (o2 R/ 3
uu_cu+5(20u—1)+§(4Cu—3cu)
_ Q (52 R/
u_c+5(20 —1)+§(4C —30)
and 0
CU:E{\/1+F—1}
where AR
The separatrix is given by
2A
W39) = =% Us —U)

and the bucket area is

/2 oy
,43_2(%) [ w2 as

—a _d)u

where ¢,, is the positive phase given by (131).

14
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Using single-harmonic bucket area

A 1/2
Ay =16 <1> (135)
—a
we then have V3 o
A3 2 / u 1/2
—_ = — U—-U, do. 136
2= M- u) o (130
These equations show that the bucket area ratio A3/.A; is completely
determined by the parameters
As As
=22 Rp=1% 1
Alternatively, one can invert (131) to obtain
1+2QC,
R= 20 (138)

(1 —2C,)(1+2Cy)

which shows that A3/.A; is completely determined if ¢, and @ are given.

10 Minimum Triple-Harmonic Bucket Area

For a given value of amplitude ratio A;/As, one can find the amplitude
ratio R = A3/A; for which the bucket area ratio A3/.A; reaches a
minimum. This is done numerically, employing the equations of the
previous Section. Figure 8 shows the ratio R obtained for several values
of Al / AQ.

The corresponding plots of unstable fixed point phase ¢, and minimum
bucket area ratio As/A; versus A; /Ay are shown in Figures 9 and 10.
The phase ¢,, is given by equations (127) and (131). The bucket area ratio
is given by (136).

If the single-harmonic bucket area A; is known, these plots can be used to
obtain the minimum triple-harmonic bucket area A3 and the
corresponding amplitude ratio R for a given value of A;/As.

As an example, consider the case in which amplitude ratio A;/A; is fixed
at 15/22. Using (72) and (91) this gives bucket area ratio Az/A; = 0.6826.
Figure 11 shows the corresponding single and double-harmonic buckets.

As the harmonic 3h amplitude is raised from zero, the double-harmonic
bucket becomes a triple-harmonic bucket. The area of this bucket will

15



decrease from A3 = As to a minimum and then begin to increase. The
value of R which gives the minimum area can be read off from Figure 8.
There one finds R = 1.994. The corresponding unstable fixed point phase
¢, obtained from Figure 9 is 77.633 degrees. The corresponding bucket
area ratio As/A; obtained from Figure 10 is 0.532. The minimum-area
triple-harmonic bucket is the violet curve shown in Figures 12 and 13.

The blue curve in Figure 14 is the triple-harmonic bucket for the case in
which R has been raised to 180/15. Figure 15 is a summary showing the
triple-harmonic buckets for R = 0, 1.994, and 180/15.

11 Bunch Merging in AGS

The most recent setup in Booster and AGS for the delivery of gold ions to
RHIC is described in [2]. As reported there, 12 Booster loads each
consisting of a single bunch are delivered to AGS per AGS magnetic cycle.
The bunch from Booster is the result of a 4 to 2 to 1 bunch merge which is
carried out on a flat porch during the Booster magnetic cycle. Each
Booster bunch is injected into a harmonic 24 bucket on the AGS injection
porch. The bunches are injected into two groups of six adjacent harmonic
24 buckets. In each group the 6 bunches are merged into 3 by bringing on
RF harmonic 12 while reducing harmonic 24. This is a straightforward 2
to 1 merge in which the two members of a pair of adjacent bunches are
merged into one. One ends up with two groups of three adjacent bunches
sitting in harmonic 12 buckets. These bunches are accelerated to an
intermediate porch for further merging. There, each group of 3 bunches is
merged into one by bringing on RF harmonics 8 and 4 and then reducing
harmonics 12 and 8. One ends up with 2 bunches, each the result of a 6 to
3 to 1 merge and each sitting in a harmonic 4 bucket.

The nominal revolution frequency of the synchronous particle on the
intermediate merging porch is

fs = 195.750 kHz (139)

which gives RF frequency
hfs =783 kHz (140)

at fundamental harmonic
h=4. (141)
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This is much too low for the standard AGS RF cavities, so a special
low-frequency cavity called L10 (after its location in the AGS ring) was
made by modifying one of the standard cavities. This was installed in the
ring several years ago so that the desired bunch merges could be done. The
L10 cavity provides more than enough voltage to hold the merged bunches
in their respective harmonic h buckets. However, this single cavity has
neither the voltage nor the frequency range to accelerate the bunches to
AGS extraction. The merged bunches therefore need to be squeezed so
that they can fit into higher harmonic buckets for acceleration.

12 Bunch Squeezing in AGS

It is here that the double and triple-harmonic buckets come into their own.
In addition to the fundamental RF frequency hfs, these buckets require
frequencies 2h f; = 1.566 MHz and 3hf; = 2.349 MHz. The harmonic 2h
frequency is still too low for the standard AGS RF cavity. It is provided by
another modified cavity called KL. The harmonic 3h frequency is easily
provided by the standard AGS cavities. If the bunch sitting in the
harmonic h bucket can be squeezed into a harmonic 3h bucket, it can be
accelerated to extraction with the standard AGS cavities.

The squeeze can be done in three steps:

First, with the harmonic h voltage held constant at V7, the harmonic 2hA
voltage is raised adiabatically from zero to Va. For

0<2Vh <V (142)
this produces a double-harmonic bucket with area Ay given by (64). For
0< V1 <2V, (143)

the bucket area is given by (85). As long as the longitudinal emittance of
the merged bunch is less than the minimum double-harmonic bucket area
given by (103) and (104), the double-harmonic bucket is guaranteed to
hold the bunch as the harmonic 2h voltage is raised from zero.

Next, with the harmonic A and 2h voltages held constant at V7 and V5

respectively, the harmonic 3h voltage is raised adiabatically from zero to
V3. This produces a triple-harmonic bucket with area A3 given by (136).
Again, as long as the longitudinal emittance of the bunch is less than the

17



minimum triple-harmonic bucket area, the triple-harmonic bucket will hold
the bunch.

Finally, with the harmonic 3h voltage held constant at V3, the harmonic h
and 2h voltages are lowered adiabatically to zero. Provided V3 is
sufficiently large, this leaves the merged bunch sitting in a harmonic 3h
bucket ready to be accelerated. The area of the bucket is

R [2eQV3E,\'/?
Asp =8 — ———— 144
sh 3hc{ w3h|ns| } (144)
and in terms of the single-harmonic bucket area
R, (2eQViE Y2
=8 = —— 145
A hc{ wh|ns| } (145)

we have A
Asp = 33 \/m : (146)
For Au77+ ions circulating in AGS at nominal radius
R, = 128.4526 m (147)
and with revolution frequency (139), the bucket area (145) for voltage

Vo = 15 kV per turn (148)

is
Ay = 1.02944 eV s per nucleon. (149)

Here we have used Au77+ mass-energy equivalent
mc? = 183.434174442 GeV (150)

and transition gamma
v = 8.5. (151)

The single-harmonic bucket area A; for any voltage Vi is then

Ay = Ao/ V1 / V. (152)

The corresponding double and triple-harmonic bucket areas A and A3 can
be obtained from bucket area ratios As/A; and As/A;.

18



Using (152) in (146) gives

Agy = :,:‘/03 JValVo. (153)

For voltages V3 = 180, 189, 198, 207, 216, 225, and 234 kV one then
obtains harmonic 3h bucket areas Az, = 0.686, 0.703, 0.720, 0.736, 0.752,
0.767, and 0.782 eV s per nucleon. These are upper limits on the
longitudinal emittance of a merged and squeezed Au77+ bunch sitting in a
harmonic 3k = 12 bucket on the merging porch prior to acceleration.

13 Acceptance of the Squeeze

Figure 16 shows the double-harmonic bucket area Ao obtained for various
values of V7 and V5. The brown, orange, violet, blue, and magenta curves
give Ay as a function of V5 with V fixed at 12, 15, 18, 21, and 22 kV,
respectively. These curves reach minimum double-harmonic bucket areas
A = 0.621, 0.694, 0.761, 0.822, and 0.841 eV s per nucleon, respectively.
The corresponding voltages Vs are 13.6, 17.0, 20.4, 23.7, and 24.9 kV. If,
for a given V7, the rising second harmonic voltage V5 goes through the
value for which a minimum is reached, the longitudinal emittance of the
merged Au77+ bunch must be less than that minimum if the bunch is to
be held in the double-harmonic bucket. This minimum is the acceptance of
the double-harmonic portion of the squeeze. If, for example, V] is fixed at
15 kV and the rising voltage V5 goes through 17.0 kV, then the longitudinal
emittance of the merged bunch must be less than 0.694 eV s per nucleon.

Figure 17 shows the triple-harmonic bucket area A3 obtained for various
values of V1 and V3 with V5 fixed at 22 kV. The brown, orange, violet,
blue, and magenta curves give As as a function of V3 with V7 fixed at 12,
15, 18, 21, and 22 kV, respectively. These curves reach minimum
triple-harmonic bucket areas Az = 0.524, 0.548, 0.571, 0.593, and 0.600
eV s per nucleon, respectively. The corresponding voltages V3 are 26.2,
29.9, 33.7, 37.4, and 38.7 kV. If, for a given V1, the rising third harmonic
voltage V3 goes through the value for which a minimum is reached, the
longitudinal emittance of the merged Au77+ bunch must be less than that
minimum if the bunch is to be held in the triple-harmonic bucket. This
minimum is the acceptance of the triple-harmonic portion of the squeeze.
If, for example, V; is fixed at 15 kV and the rising voltage V3 goes through
29.9 kV, then the longitudinal emittance of the merged bunch must be less
than 0.548 eV s per nucleon.
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The minimum bucket areas 0.524, 0.548, 0.571 eV s per nucleon obtained
here for Vi = 12, 15, 18 kV, respectively, are in good agreement with the
corresponding acceptances 0.526, 0.550, 0.574 obtained by simulation in [2].

Figure 18 shows the triple-harmonic bucket area A3 obtained for various
values of V] and V3 with V5 fixed at 24 kV. The brown, orange, violet,
blue, and magenta curves give Az as a function of V3 with V; fixed at 12,
15, 18, 21, and 22 kV, respectively. These curves reach minimum
triple-harmonic bucket areas Az = 0.539, 0.562, 0.585, 0.606, and 0.613
eV s per nucleon, respectively. The corresponding voltages V3 are 27.2,
30.9, 34.7, 38.4, and 39.7 kV. As before, if, for a given V7, the rising
voltage V3 goes through the value for which a minimum is reached, the
longitudinal emittance of the merged Au77+ bunch must be less than that
minimum if the bunch is to be held in the triple-harmonic bucket. In this
case, if V1 is fixed at 15 kV then the longitudinal emittance of the merged
bunch must be less than 0.562 eV s per nucleon.

Finally, Figure 19 shows the triple-harmonic bucket area A3 obtained for
various values of Vi and V3 with V5 fixed at 20 kV. The brown, orange,
violet, blue, and magenta curves give Ag as a function of V3 with V] fixed
at 12, 15, 18, 21, and 22 kV, respectively. These curves pass through
minimum triple-harmonic bucket areas As = 0.509, 0.534, 0.557, 0.580,
and 0.587 eV s per nucleon, respectively. The corresponding voltages V3
are 25.1, 28.9, 32.7, 36.4, and 37.7 kV. As before, if, for a given V7, the
rising voltage V3 goes through the value for which a minimum is reached,
the longitudinal emittance of the merged Au77+4 bunch must be less than
that minimum if the bunch is to be held in the triple-harmonic bucket. In
this case, if V; is fixed at 15 kV then the longitudinal emittance of the
merged bunch must be less than 0.534 eV s per nucleon.

Just before squeezing, the longitudinal emittance of a merged Au77+
bunch in AGS can be as large as 0.6 eV s per nucleon in practice. The
above results show that in order to hold such a bunch in a single bucket
during squeezing, one needs at least 22 kV for both the L10 (harmonic h)
and KL (harmonic 2h) RF cavities.

If the harmonic h and 2h voltages are instead 15 and 22 kV, respectively,
then the acceptance is reduced to 0.548 eV s per nucleon.
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14 Appendix

Here we have a closer look at the triple-harmonic fixed points. It is
assumed that we are operating on a porch below transition.

For the triple-harmonic bucket we have

F(¢) = A1sing + Agsin2¢ + Az sin 3¢ (154)
and ) )
U(p) = A1 cos o + §A2 cos2¢ + §A3 cos 3¢ (155)
U'(¢p) = —Ajsing — Ay sin2¢ — Assin 3¢ (156)
U"(¢) = —Aj cos ¢ — 245 cos 2¢ — 3A3 cos 3. (157)
Using
sin 2¢ = 2 cos ¢ sin ¢ (158)
sin3¢ = 3sin¢ — 4sin® ¢ (159)
and
cos2¢ = 2cos® ¢ — 1 (160)
cos 3¢ = 4 cos® ¢ — 3cos ¢ (161)
gives

U(¢) = Ai1cosp+ % (20052<Z> - 1) + f;)?’ (4(3083(]5 - SCOS¢> (162)

U'(¢) = — {A1 1+ 245c08¢ + Ag (4 cos? ¢ — 1) } sin ¢ (163)
U"(¢) = —Ajcosp — 24 (2 cos? ¢ — 1) — 343 (4 cos® ¢ — 3 cos qb) . (164)
Fixed point phases ¢ are given by
U'(g5) = 0. (165)
The fixed point is stable (below transition) if
U"(65) < 0 (166)
and unstable if

U"(¢f) > 0. (167)
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14.1 Notation

Introducing the notation

_ U(¢a) , U'(¢a) v U"(¢a)
ua - Al bl ua - Al I Z/{a - Al
Ay Az
and
Cy = oSy, Sy =sing,

we have

A QA3 R 445 4R

24, 2’ 3A; 3 Ay Q
and

Uy = Co + % (2¢2 1) +§(4C§ ~3C,)

Uy =—{1+2QC, + R(4C2 ~1)} 5,

Ul = ~Ca—2Q (2C2 — 1) = 3R (4C3 - 3C,) .

14.2 Fixed point phases ¢; =0 and ¢y = £7
For
¢y =0

we have

Uy =0, Uf=-1-2Q—-3R
which shows that we have stable fixed point phase
¢s = 0.

For
¢ ==xm

we have

Uy =0, Uf=1-2Q+3R

which shows that for
14+ 3R <2Q
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(169)

(170)

(171)

(172)
(173)

(174)

(175)

(176)

(177)

(178)

(179)
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we have stable fixed point phases
¢s =t (181)

and for
1+3R >2Q (182)

these become unstable fixed point phases

Qbu = +m. (183)

14.3 Additional fixed points I

Equation (173) shows that we have additional fixed point phases given by

1+2QC + R (40} —1) =0. (184)
For R = 0 this gives
1+42QC; =0 (185)
and . 4
Cr=-——=-—_1 186
) A, (186)
in agreement with (72). Here, in order to have |Cf| < 1, we must have
1
Q=3 (187)
Thus we have
Uj = —Cy—2Q (203 -1) (188)
1 1
- 99— -1 189
4 = 3522 (2 1) 159
1
"n_ - 2
Ui =55 (4Q*=1) >0 (190)
and we see that the fixed point is unstable, in agreement with (72).
On the other hand, for R > @), equation (184) gives
1
Cp==+5 (191)
and we have
Uj = ~3RCy (4C - 3) = £3R. (192)
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This gives unstable fixed point phase

bu=" (193)
for the upper sign in (192), and stable fixed point phase
27
=T 194
b= (194
for the lower sign. This is just as expected for a harmonic 3h bucket.
14.4 Additional fixed points 11
Rewriting (184) as
4RC}+2QC;+1—-R=0 (195)
we see that 0 .
—_ % 4 - /02 _
Cr=—15% 4R\/Q F4R(R - 1). (196)

Here the expression under the square root must be non-negative, so we
must have

AR(R—1) > —Q? (197)
which can be written as
1\? _1-@?
—=] > . 1
(R 2) > 1 (198)
Equation (197) is obviously satisfied for all @ if
R>1 (199)
and (198) is obviously satisfied for all R if
Q*> 1. (200)
On the other hand, if
Q<1 (201)
then (198) is satisfied unless
1 1
5—\@<R<§+\@ (202)
where )
1—
G = 4Q . (203)

In practice one typically has Vo > Vi when the harmonic 3h voltage is
brought on, so for our purposes here we simply assume that

Q=1 (204)
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14.5 Additional fixed points III
For the additional fixed points we have
ARC} +2QCs+1—R=0. (205)

Multiplying this by 3C'y and adding the result to the right-hand side of

Uj = —Cy —2Q (203 — 1) — 3R (4C} - 3¢y) (206)
gives
U =2QC% + 23R+ 1)Cy + 2Q. (207)
We can then write
Uy = 2QK; (208)
where SR 41
K;=C7+2 (2@) Cr+1. (209)
Thus the fixed points are stable if
Ky <0 (210)
and unstable if
K;>0. (211)

In the following sections we show that the unstable fixed points are
associated with the upper (4) sign in (196). Accordingly we define

_ Q1 /5
Cy = 1R + 4R\/Q +4R(R-1) (212)
and 3R+1
_ 2
Ku—Cu+2< 50 >Cu+1 (213)
where
Cy = cos ¢y, (214)

and ¢, is the unstable fixed point phase.
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14.6 Additional fixed point, case R > 1

Recalling the equations

_ Q1
C“__4R+4R\/Q Y AR(R— 1) (215)
and 3R+ 1
K,=C?*+2(=——=)C,+1 21
ot (B, 16
we see that for
R>1 (217)
we have
C,>0 (218)
and
K, > 1. (219)

This gives an unstable fixed point phase.

14.7 Additional fixed point, case 0 < R < 1

Introducing the notation

C—A‘gcu, ic—lgfffu (220)
we have 9
K:CQ+$(3R+1)C+1S£ (221)
and
C=-1+V1+F (222)
where 4R(R—1) 4 1\ 1
F:QQ:QQ{(R—z) —4}. (223)
Thus ) )
IC:CQ+122R; mﬁg-g}gj 1+ F (224)
K:C2+1é§2m+F+$ 1+ F (225)
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and using
CP=1-2V1+F+1+F (226)

we have

12R?

K=201+F)—2V1+F+ 0

VI+F+ gjm. (227)

We want to show that K > 0. To do so it is helpful to factor v/1 + F out of
equation (227). Thus we write

K=HVv1+F (228)
where
4R
H:2\/1+F—2+@(3R+1). (229)
Then for
O<Rx1 (230)
we have, to second order in R,
F F?
VITF=140 L (231)
4 16 R?
2R 2R? 1
4R  4R? 1
and
4R? 1
F
. R= } (236)
2
we have 1
F = —@ (237)
and
5 1 1/2
H:Q2—2+2(1—Q2> > 0. (238)



For

R=1 (239)
we have 16
F=0, H:@>O. (240)
Thus for
O0<R<1 (241)
we conclude
H>0, K>0 (242)

and we again have an unstable fixed point.
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Figure 1: Single-harmonic RF bucket. This is a bucket for which only the
fundamental harmonic h is active. The horizontal axis gives the RF phase
in degrees. The vertical axis gives the energy deviation E — FE divided
by 2whfs. We use calligraphic A; to denote the area of the bucket. The
unstable fixed point phases are £180 degrees.
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Figure 2: Single and double-harmonic buckets. These are the brown and
orange curves respectively. The double-harmonic bucket is one in which
both the fundamental and second harmonics, h and 2h, are active. We use
calligraphic Ay to denote its area. Here the ratio of the second harmonic
voltage to that of the fundamental harmonic is V5/V; = 1/2. This gives
bucket area ratio As/A; = 7/4 as shown in Section 6. The unstable fixed
point phases are again £180 degrees.
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Figure 3: Here the brown and orange curves are the same as those in Fig-
ure 2. The violet curve is the double-harmonic bucket for the case in which
the bucket area ratio As/.A; reaches its minimum (107). This is approxi-
mately 0.67. The voltage ratio V5/V1, given by (105), is approximately 1.13.
The unstable fixed point phases, given by (109), are approximately +116
degrees.
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Figure 4: Here the brown, orange, and violet curves are the same as those

in Figure 3. The voltage ratios Vo/V;

for these curves are 0, 0.5, and 1.13,

respectively. The green curve is the double-harmonic bucket for the case in
which V2/V; has increased to 3.0. Here the unstable fixed point phase ¢,
has moved to 99.594 degrees and the bucket area ratio A2/.A; has increased

to 0.7812. (Note that since As/A; =
voltage ratio interchangeably.)
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Figure 5: Bucket area ratio A2/.A; versus voltage ratio Va/V;. This follows
from equations (72) and (91). The bucket area ratio reaches its minimum
(107) at the voltage ratio given by (105). (Note, again, that since As/A; =
Vo /V1 we use amplitude ratio and voltage ratio interchangeably.)
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Figure 6: Double-harmonic bucket unstable fixed point phase ¢, versus
voltage ratio Vo /V;. This follows from equation (72).
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Figure 7: Bucket area ratio A2/.A; versus unstable fixed point phase ¢,.
This follows from equation (91). The unstable fixed point phase for which
Ay /A; reaches its minimum is given by (109). This is approximately 116
degrees.
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Figure 8: The triple-harmonic bucket is one in which the fundamental, sec-
ond, and third harmonics, h, 2h, and 3h are all active. We use calligraphic
As to denote its area. Here the amplitude ratio R = A3/A; (vertical axis)
for which bucket area ratio Agz/.A; reaches a minimum has been calculated
for several values of the amplitude ratio A; /As (horizontal axis). These data
are indicated by the violet circles. The violet curve connects the circles.

36



7.7

C\!
77.675
77.65 \3\

77.625

776

77.575

77.55 L
77.525 \8\8“‘1\9\

775 S

77.475 B\G\Q

[ =

05 06 07 08 09 1 1.1 1.2 1.3 1.4 1.5

Figure 9: Here the triple-harmonic bucket unstable fixed point phase ¢,
(vertical axis) for which bucket area ratio Az/.A; reaches a minimum has
been obtained for several values of the amplitude ratio A;/As (horizontal
axis). The phase is given by equations (127) and (131). These data are
indicated by the violet circles. The violet curve connects the circles.
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Figure 10: Minimum bucket area ratio A3 /.A; versus amplitude ratio A;/As.
Here, again, the calculated data are indicated by the violet circles. The violet
curve connects the circles.
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Figure 11: Single and double-harmonic buckets (brown and orange curves)
for the case in which the amplitude ratio A;/As is fixed at 15/22. Using
(72) and (91) this gives bucket area ratio As/.A; = 0.6826.
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Figure 12: As in the previous figure, the brown and orange curves are the
single and double-harmonic buckets for the case in which the amplitude ratio
A1/As is fixed at 15/22. As the harmonic 3h amplitude, As, is raised from
zero, the double-harmonic bucket becomes a triple-harmonic bucket. The
area of this bucket will decrease from A3z = As to a minimum and then
begin to increase. The value of R which gives the minimum area can be
read off from Figure 8. There one finds R = 1.994. The corresponding
unstable fixed point phase ¢, obtained from Figure 9 is 77.633 degrees.
The corresponding bucket area ratio .A3/.A; obtained from Figure 10 is
0.532. The violet curve is the minimum-area triple-harmonic bucket.
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Figure 13: Same as previous figure, but with larger vertical scale.
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Figure 14: Here, as in the previous two figures, the brown and orange curves
are the single and double-harmonic buckets for amplitude ratio A;/Ay =
15/22. The violet curve is the corresponding minimum-area triple-harmonic
bucket. The amplitude ratio R = A3/A; for this bucket is 1.994. The blue
curve is the triple-harmonic bucket for amplitude ratio R = 180/15.
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Figure 15: Same as previous figure, but without the single-harmonic bucket.
The amplitude ratio A; /A, is fixed at 15/22. The orange, violet, and blue
curves are triple-harmonic buckets with R = 0, 1.994, and 180/15, respec-
tively.
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Figure 16: Double-harmonic bucket area Ay obtained for various values of
V1 and V5. The brown, orange, violet, blue, and magenta curves give As as a
function of V5 with Vi fixed at 12, 15, 18, 21, and 22 kV, respectively. These
curves reach minimum double-harmonic bucket areas As = 0.621, 0.694,
0.761, 0.822, and 0.841 eV s per nucleon, respectively. The corresponding
voltages Vo are 13.6, 17.0, 20.4, 23.7, and 24.9 kV. If, for a given V7, the rising
second harmonic voltage Vo goes through the value for which a minimum
is reached, the longitudinal emittance of the merged Au77+ bunch must be
less than that minimum if the bunch is to be held in the double-harmonic
bucket. This minimum is the acceptance of the double-harmonic portion of
the squeeze. If, for example, V; is fixed at 15 kV and the rising voltage V5
goes through 17.0 kV, then the longitudinal emittance of the merged bunch
must be less than 0.694 eV s per nucleon.
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Figure 17: Triple-harmonic bucket area .43 obtained for various values of
V1 and V3 with V5 fixed at 22 kV. The brown, orange, violet, blue, and
magenta curves give Az as a function of V3 with V; fixed at 12, 15, 18,
21, and 22 kV, respectively. These curves reach minimum triple-harmonic
bucket areas As = 0.524, 0.548, 0.571, 0.593, and 0.600 eV s per nucleon,
respectively. The corresponding voltages V3 are 26.2, 29.9, 33.7, 37.4, and
38.7 kV. If, for a given V1, the rising third harmonic voltage V3 goes through
the value for which a minimum is reached, the longitudinal emittance of the
merged Au77+ bunch must be less than that minimum if the bunch is to
be held in the triple-harmonic bucket. This minimum is the acceptance of
the triple-harmonic portion of the squeeze. If, for example, V7 is fixed at 15
kV and the rising voltage V3 goes through 29.9 kV, then the longitudinal
emittance of the merged bunch must be less than 0.548 eV s per nucleon.
The minimum bucket areas 0.524, 0.548, 0.571 eV's per nucleon obtained
here for V4 = 12, 15, 18 kV, respectively, are in good agreement with the
corresponding longitudinal acceptances 0.526, 0.550, 0.574 obtained by sim-
ulation in [2].
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Figure 18: Triple-harmonic bucket area .43 obtained for various values of
V1 and V3 with V5 fixed at 24 kV. The brown, orange, violet, blue, and
magenta curves give Aj as a function of V5 with V4 fixed at 12, 15, 18, 21, and
22 kV, respectively. These curves pass through minimum triple-harmonic
bucket areas As = 0.539, 0.562, 0.585, 0.606, and 0.613 eV s per nucleon,
respectively. The corresponding voltages V3 are 27.2, 30.9, 34.7, 38.4, and
39.7 kV. As before, if, for a given Vi, the rising voltage V3 goes through
the value for which a minimum is reached, the longitudinal emittance of the
merged Au77+ bunch must be less than that minimum if the bunch is to be
held in the triple-harmonic bucket. In this case, if V; is fixed at 15 kV then
the longitudinal emittance of the merged bunch must be less than 0.562 eV s
per nucleon.
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Figure 19: Triple-harmonic bucket area 43 obtained for various values of
V1 and V3 with V5 fixed at 20 kV. The brown, orange, violet, blue, and
magenta curves give Aj as a function of V3 with V; fixed at 12, 15, 18, 21, and
22 kV, respectively. These curves pass through minimum triple-harmonic
bucket areas As = 0.509, 0.534, 0.557, 0.580, and 0.587 eV s per nucleon,
respectively. The corresponding voltages V3 are 25.1, 28.9, 32.7, 36.4, and
37.7 kV. As before, if, for a given Vi, the rising voltage V3 goes through
the value for which a minimum is reached, the longitudinal emittance of the
merged Au77+ bunch must be less than that minimum if the bunch is to be
held in the triple-harmonic bucket. In this case, if V; is fixed at 15 kV then
the longitudinal emittance of the merged bunch must be less than 0.534 eV s
per nucleon.
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