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1. Introduction

This note provides analytical results for the following 2 problems:

1. In the presence of linear coupling, given the initial coordinates g, T, Yo, Yh at
the longitudinal position s, what is the maximum z and the maximum y at
the position s? |

2. In the presence of linear coupling, given the initial total emittance ¢;. What is

the maximum z and the maximum y at the position s?

2. The Maximum 2z and y for a given z0, xé, Y0 y6

I assume that the motion is linearly coupled by a skew quadrupole field. The normal
modes and the parameters 8, a, v of each normal mode can be found using the results of
Edwards and Teng.! The uncoupled normal mode coordinates v, Py, U, Py are related to
z,z',y,y by a4 x4 matrix R

z=Ruv (2.1)

The R matrix can be computed from the one turn transfer matrix.! The R matrix can be

written as!

R ( Ico.sgo Iﬁsincp>’ (2.2)
—Dsing Icosep

where D, D are 2 X 2 matrices, D = D™, |D| =1 and I is the 2 x 2 identity matrix. D

and ¢ can be found! from the one turn transfer matrix.



2 The Maztmum x and Yy for a given Xy, :)36, Yo, y6

For the normal mode v, p, the parameters 8y, a1, 71, ca be found,! such that
€1 = '71“2 + 20, vpy + :31]737 (230)

is an invariant. For the u, p, mode, one finds the parameters f;, as, ~2 such that

e2 = yop” + 20up, + B2p} (2.3b)

is an invariant.

For the given initial coordinates z, =}, yo, Yo at sg, one can find €; and €, by using
Eq. (2.1) to find the corresponding normal mode coordinates, vy, pyy, fo, Pu, and then
using Eqs. (2.3) to find the invariants ¢;, €.

To find z as a function of s, one notes that the v and v motion is given by!

v= (ﬂlel)% COS’gbl
po = (m1€1)7 cos (1 — &1)

u = (Baez)? cos by (24)
Pu = (1262)7 cos (12 — 62)

61 = arctan (1/a1), 8 = arctan (1/as).

11, 12 are the betatron phases of the normal modes.

The z motion can then be found using Eqs. (2.1) and (2.2),

T =vcosyp + (ﬁnu + D_lgpu) sin ¢ (2.5)

D=

T =(ﬂ1€1)

— 1 ‘
+ Di1 (B2e2)?sinp  cospy

cosyp costy

— L.
+ D12 (12€2)% sing  cos(1hy — 63),
z =(,3161)%COS§0 cos 1
— T 1 )
+ (Dn (B2€2)? + D12 (72€2)2 cos 62) sing costy

— 1
+ D12 (72€2) % sindysing  sin g
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The maximum z from these three oscillating terms may be found by adding the coef-
ficients of cos 12 and sinty quadratically, and then adding this result to the coefficient of
cos . This gives

, . )
Tmax = (B1€1)? cosp + (fz262)? sing
(2.6a)

—2 -2 —_
Bz,2 = D112 + Dygv2 + 2D11 Dygay

where u was made of the relationship

1
cos by = ag/ (Bay2)? .

Equation (2.6a) shows that zmayx (s) may be increased by the presence of linear coupling

for reasons that include the following

1. the coupling may increase the beta functions f1, f2;
2. the coupling may cause an emittance mismatch. A particle which has the
emittances €z, €, in the absence of coupling may have emittances €1, €3 in the

presence of coupling which are larger than e, €.

In a similar way, one can find ymax using
y=ucosp — (D11 v+ Diapy)sine

and one finds

1 i
Ymax = (ﬁ252)7 cos ¢ + (ﬂy,la 61)2 S @
(2.60)

By1 = D}1B1 + D2yy1 + 2D11 Dysoy

. ! ! .
One can also find expressions for z,,, and y!... Using

= Py cosp + (leu -+ _D—22pu) sin ¢
1
= (711€1)7 cos (11 — 61)
— 1
+ Dy1sinp (Bye2)? cos iy

— 1
+ Dys sin p (7262)7 cos (¢2 — 52) .

one finds
1

1 1
LTmax = ('7'151)7 cosp + (')’-’L‘J":Z)i sin ¢ (2 6 )
0C
-2 —2 —_ —
Yz,2 = Dg182 + Dagy2 + 2D21Dgg0y

Using
y = pycosp — (Dav + Dyopy)sin g,



4 Tmax and Ymax for a given €

one finds

1 1
Ymax = (72€2)% cosp + (yy,1€1)2 sinp
(2.6d)

Y91 = D361 + D311 + 2Dg1 Dggay

3. Tmax and ymax for a given ¢

Consider all the particles that lie on the 4-dimensional surface in z, 2', y, 3’ given
by € = €1 + €2 = constant. The question answered here is what is the largest  and the
largest y reached by all particle lying on the surface ¢ = constant. Note that ¢; is the
total emittance in the presence of linear coupling and ¢ is an invariant of the motion.

Each particle lying on the surface of constant ¢ will have emittances €1, ez and its

ZTmax and Ymax may be computed from Eq. (2.6)

Tmax = V/ P1€1cosp + Vv /3:1:,262 sin (3'10’)
Ymax = V/ B2€z cos p + /Py 1€18in ¢ (3.1b)

On the surface of constant €;, €1 +€2 = ¢; and there is a choice of €1, €5 which maximizes
ZTmax and another choice that maximizes yma.x. For example, for z,,, one can replace €
with eg = ¢, — €1 in Eq. (3.1) and find the maximum &, £max ()

1

o A 3
Tmax = (ﬂzet)
5 1
Bz = (,81 cos? @+ Be2 sin? (p) 2 (3.2a)
=2 =<2 —_—
Bz2 = D1182 + Digye +2D11D1zaa
For §max, one finds 1
gmax = (Byet) :
. . )
By = (B2 cos® ¢ + By,1 sin® ¢)? (3.2b)

By = D311 + Diymi + 2D11 D12y
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4. Examples of Using zmax, Ymax Results

4.1 Dynamic Aperture and Linear Coupling

Often the dynamic aperture is computed by finding the largest initial x, Agf, which
is stable for a specified number of turns and with the initial conditions g, yo, 2, = y§) =0
and €;, = €,,. The tracking run is often done starting at a QF in a normal cell. It has
been found? in RHIC that in the presence of linear coupling, Agy can depend strongly
on which QF the tracking run is started at. This can be understood, and estimated, by
computing Tmax, using Eq. (2.6) at the high-8 quadrupoles in the insertion region. This
Tmax depends on which QF the particle is started at, and thus explains the dependence of
Asy, on the choice of QF at which the particle is started.

4.2 Aperture Requirements at Injection

The presence of linear coupling may increase the aperture requirements at injection.
Let us assume that the injected beam in the absence of linear coupling, has maximum
emittances €; and ¢;. The particles when injected in the presence of linear coupling may
have a maximum total emittance ¢; such that ¢ is larger than e, + €y. This emittance
mismatch is one source of the possible increase in aperture requirements. Another source is
the increase in the beta functions due to linear coupling. The possible increase in aperture

A \1/2
due to this source may be computed using Eq. (3.2a) Zyax = (ﬁzet) .

5. Effect of Solenoidal Fields

The previous results were obtained assuming no solenoidal fields were present. If
solenoidal fields are present, the expressions for max, Ymax are unchanged. However ¢ and
D which appear in the expressions for zpyax and ymax, will be changed by the presence of
solenoids. The results for z! ,. and y/ .. are unchanged outside the solenoids.

If solenoids are present, then p; = z’ and py, = ¢’ are replaced by

pe =12+ Ly

(5.1)
py =y — Lz,



6 Effect of Solenoidal Fields

where L = B,;/2Bp, and B, is the longitudinal field in the solenoidal. The results for x;nax
and yj., are still valid if z],,, is replaced by pgmax, and Yhax bY Pymax. This shows that

outside the solenoids, when L = 0, the results for z} ,, and y! .. are unchanged.
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