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ABSTRACT

This paper studies the particle motion when the tune is in the stable
region close to the edge of linear sum resonance stopband. Results are
found for the tune and the beta functions. Results are also found for the
two solutions of the equations of motion. The results found are shown to be
also valid for small accelerators where the large accelerator approximation
may not be used.

1. Introduction

This paper studies the motion of a particle whose tune is near an edge of a linear sum
resonance stopband. It is assumed that the tune is not near any other linear resonance, and
the motion is dominated by the linear sum resonance. It is assumed that the linear sum
resonance is being driven by a skew quadrupole field perturbation. When the unperturbed
tune v, vy0 is close to the resonance line v, + vy = ¢, ¢ being an integer, the particle
motion can be unstable. The region of instability is called the stopband. Results are found
for the tune and the beta functions when the unperturbed tune is in the stable region but
close to an edge of the stopband. Results are also found for the two solutions of the
equations of motion. All the results found are shown to be also valid for small accelerators

where the large accelerator approximation may not be used.



2. Results When The Tune Is Inside The Stopband

It will be assumed that in the absence of the perturbing fields, the tune of the particle
is given by g0, vy, the z and y motions are uncoupled, and that the motion is stable
when v;0, vy is close to the line vz0 + vy0 = ¢, where ¢ is an integer. It is assumed that a
perturbing field is then added which is given by the skew quadrupole field

AB; = —Bgay =
(2-1)
ay is the skew quadrupole multipole and a; = ai(s). By is some standard field, usually the
field in the main dipoles of the lattice.

The coupled equations of motion can be written as
2

d°n
d92 a:077$ = f-’v

d?n
Wzy + Vy077y fy
Ki
frb‘ = :cO 5/2ABIU/B’p
fy = —v2By *AB,/Bp
1 1
ne =z/BE, ny=vy/B
p=Bp/By, Bp=pc/e

Bz, By are the unperturbed beta functions.

(2-2)

Eqgs. (2-2) are valid for large accelerators, and some changes are required [1] to make
them valid for small accelerators (see section 6). However the final results found below
are also valid for small accelerators that require the use of the exact linearized equations.
This is shown in section 6.

Eq. (2-2) can be rewritten as

d? 9
d02 Nz + Vzo'l'];,; = bw "7y
T
d? 9
——dGZ My + Vyolly = by Nz (2-3)

bs = —120Bs (ﬂxﬂy)% a1/p
= - yoﬂy (ﬂmﬂy) a1/p



Eqgs. (2-3) are a set of linear equations for 55, ny with coefficients that are periodic in s.
The extension of Floquet’s theorem to more than one dimension applies, and the solutions

have the Floquet form,

[ Nz ] . ( ha ]
= exp (1,0 2-4
i ny ] p ( z :l:) | hy ] ( )
h; and hy are periodic in s. The solution can also have the form
[ 1z | . [ hg ]
= exp (ivy0y) B (2-5)
LTy | |ty |

If for small a; one finds a solution of the form Eq. (2-4) where hy — 0 when a3 — 0,
then v; — vgzo. This solution reduces to the uncoupled z motion when a; — 0 and will
be called the v; mode. If for small aj, one finds a solution of the form Eq. (2-5) where
hg — 0, when a3 — 0, then vy — vy and thus this solution will be called the 1, mode.
To find the solution that corresponds to the v; mode, one can assume that 5, has the

form :
Ne = Ag exp (tvgsbz) + E Ay exp (1v5,0;)
r#s (2—6&)

Vgr = Ugs + 1, n an integer,n # 0
where for small enough ai, A, < A, and vzs — vy for a3 — 0. For the corresponding

form for 7y one might assume for 7,

r

Vyr = Vgs+n

(2-6b)

where B, < A; for small enough a;.

Eqgs. (2-6) have the form given by Eq. (2-4) for the v; mode. It will be seen below,
that the solution assumed for ny Eq. (2-6b) is valid if one is not near the sum resonance
vz + vy = ¢, q being an integer. When 40, 740 are close to the sum resonance v, + vy = g,
then one of the B, will become as large as As and this is the B, for which vy, = v — ¢.
This is shown below. Thus, one assumes for 7y the solution with the form

ny = Bzexp (ivys0y) + z B, exp (ivyrby)
r£3
(2-6¢)

Vys = Vgs — ¢

Vyr = Vgs + 1, n#_q



Here B, < A; but By ~ A,. It is being assumed that vz, vy are not close to any other
resonance other than v, 4+ vy = ¢.

Putting this assumed form for 5, 1y into the differential equations Eq. (2-3), one gets
the equations for A,, B,

(V;,?r - 1/3,2;0) Ar = —2ug0 Z by (—-er, z/yr/) B

I

(1/5, — 1/32,0) By = —2uy Z by (—vyr, Vgpt) Ap
Lo (2-7)
by (——-er, I/y.,-/) = E/o ds(BzPy)? (a1/p) exp [z (-—1/,;,«9,3 -+ yy,./Hy)]

1 L 1
by (—vyr, vap) = Z;r—/o ds (BefBy)? (a1/p) exp [1 (—vyrby + vy 0z)]

L is the lattice circumference.
Egs. (2-7) can be solved by an iterative perturbation procedure. For the initial guess

for 0z, ny in the iterative procedure one can assume
Ng = As exp (iv50z)
ny = Byexp (ivy56y) (2-8)
Vys = Vgs — q = — (¢ — Vgs)
One can put this initial guess for ng, ny in the right hand side of Eq. (2-7) and solve for
the A,, B, which gives
(1/37. — 1/20) Ar = —2u40b, (—VM, Vy-s-) B3

(1/3, — 1/;0) By = —2vyoby (—vyr, Vzs) As (2-9)

Vgr = Vgs+ Ny, Vyr =Vgs+mM
For A, = A; and B, = B; one finds
(1/23 — Vgo) Ay = —2v,0b; (—z/zs, z/yg) Bs

T
(v — v2) Bs = —2uy0bs (— vy, vas) As (2-10)
Vyg = — (q - sz)
Egs. (2-10) are two linear homogeneous equations for A, and Bsg, and to be solvable, we
must have

(1/33 — uﬁg) (1/33 — 1/30) = dugovyo |Avg|?

i 1 211
Avy = Zil; / ds (BzPy)? (a1/p) exp [—i (va08z + (g — vz0) 6y)] @)
0



where one uses by(—vyz, Vzs) = bj(—vus, vyz). Eq. (2-11) is an equation for vy, the tune
of the v; mode, which is the mode where v;s — vzo when a; — 0. It will be assumed that

V30, Vyo is close to the resonance line v; + vy = ¢ and one can write

(st - ng;o) = (V:cs + V:cO) (sz - VzO) ~ 2vg0 (V:cs - V:EO)

. (2-12)
(vyg — Vyo) = (z/yg 4 z/yo) (Il/ygl — l/y(]) & 2vy0 (¢ — Vs — Vyo)
Eq. (2-11) then becomes
(V:vs - Va:O) (q — VUgs — VyO) = IAV:cl (2—13)
To solve Eq. (2-13) one puts
Vss = UgsR — 0z
where vgz,g and g, are both real, which gives the equation
(szR - Z.g:z: - V:L'O) (q — VgsR + ig:r, - VyO) = ]AV:::|2 (2‘14)
The imagninary part of Eq. (2-14) gives
gz [V:t:sR - Vg0 (q — VgsR — VyO)] =0 (2'15)
If one is inside the stopband, then g; # 0 and one gets
1
VgsR = 5 [V:cO +q— VyO] (2‘16)
The real part of Eq. (2-14) gives
(Va:sR - V:cO) (q — VgsR — VyO) + qg = |AV$|2 (2'17)
Using Eq. (2-16) for v,zg one has
1
VgsR — Vg0 = 3 [—ve0+ (¢ — VyO)]
2 (2-18)
q — VgsR — Vyo = '2" [(q - VyO) - Va:l)]
Eq. (2-17) then gives
1 2
g2+ 30— v = )| =1
(2-19)

1/2
1 2
gr == {lAVxlz - [§ (¢ — vzo— VyO)} }



Eq. (2-19) shows that the growth factor g, has a maximum value of g, = |Av,| when v,
vyo are on the resonance line, ¢ — vz0 — vy = 0, and then decreases to zero at the edges of

the stopband given by the two lines
q — Vg0 — Vyo = £2]|Avy| (2-20)

Eq. (2-19) shows that the unstable region in vz, v is bounded by the two lines given
by Eq. (2-20). These two lines are parallel to the resonance line ¢ — vz — vyo = 0, which
lies midway between these two lines. If one wanted to define a stopband width, one might
define it as the distance in vz, vyo space across the unstable region, along a path which is

perpendicular to the two boundary lines. This is given by
stopband width = 2.828]|Avy| (2-21)

" For particle motion in 2 dimensional phase space, it has been found [2] that the real
paft of the tune is constant as the unperturbed tune moves across the stopband. This
is not in general true for 4 dimensional phase, as the real part of the tune, given by Eqg.
(2-16), depends on the path in vz, vyo which is chosen in crossing the stopband. However,
if one chooses a path which is perpendicular to the resonance line, ¢ — vz0 — vyo = 0,
then the real part of the tune does remain constant. One can see this by observing that if
starting from v40, vy one draws a line perpendicular to the resonance line, the point on

the resonance line that this perpendicular meets has the coordinates
1 1
) (vz0 + ¢ — vyo), 3 (vyo + g — vz0) (2-22)

The v, coordinate of this point is just v, as given by Eq. (2-16).
The above results are for the v, mode, the mode for which the tune approaches vz
when a3 — 0. One can find the corresponding results for the v, mode by using the following

substitutions
Vgt — Vyo

Vyo - Vg0 (2 23)
Avy — Ayy

gz — Gy



The apparent differences between g, and gy and Ay, and Av, are negligible if the vz, Vyo

are close to the resonance line. Av;, Ay, can be written as
A== [ds (8.8} (@1/) exp i (158 + 148y (2-240)
where for the v; mode, v;, vy is the point on the resonance line
Vg = Vg0, Vy = ¢ — Vg (2-24b)
and for the v, mode, vz, vy is the point on the resonance line.
Vr = q — Uy, Vy = Uy (2-24¢)

These two points on the resonance line are close if 50, vy is assumed to be close to the
resonance line, and their difference can be neglected. A reasonable compromise might be
to choose for v, vy the point on the resonance line which is midway between these two

points, which is the choice of v, vy given by

1 1
Vy = 5 (l/zo +q— Vy()) s Vy — '2‘ (VyO +q-— Va:O) (2'25)
3. Solutions of the Equations of Motion

Now let us find the solutions for 7, n, that will give the particle motion inside the
stopband. To lowest order 7, and 7y are given by Eqgs. (2-6) for the v, mode as
Nz = A exp (iszex)
1y = Byexp (ivy50y) (3-1)
Vys = Vgs — ¢
From Eq. (2-10) one finds that inside the stopband
A *
Bg = ——%—As ’(3"2)
|vys| — vy0
Since

IVy§| —Uyo = q — Vgs — Uyp

= ¢ — VgsR + 19z — Vyo

. (3-3)

=q—Vyo — i[VxO‘l'q—VyO] + 194
1

= “((] — Vg0 — VyO) +zg.'c
2



one gets
Bs = —exp [—i (815 + 624)] As

1 .
baz = ph 5 ((I — Vg0 — VyO) + 19z
where use was made of Eq. (2-19) and ph indicates the phase of a variable.

Thus, inside the stopband, n; and n, are of the same order of magnitude one can find
the first order correction to 7; and ny using Eq. (2-9). The results for 5, and n, for the
vy mode can be found by using the substitutions given by Eqs. (2-23).

Results will now be found for n; and ny which are correct to first order in the pertur-
bation and when v;0, vy is inside the stopband or in the stable region near an edge of the
stopband. 7, 7y are given by Egs. (2-6). For the v; mode

Ne = As exp (1vg56z) + Z Ay exp (ivgr0z)
T#S
ny = Bgexp (iz/ygﬁy) + Z B; exp (ivyr6y)
T (3-5)

Uys = Vgs — ¢
Vyr =Vgs + 1, NF# —q
Vgr =Vgs+1n, n#0
The first order solution is given by Eqs. (2-9) and (2-10). B;, A, and B, are given by Eq.

(2-7) 2 2

A = —2v50by (—Var, vy3) Bs/ (Vﬁr - 1/22:0)
By = —2vyoby (—vyr, Vss) As/ (Vzr - Vjo) (3-6)
Vgr =Vgs—m m#*0
Vyr =Vys+n n#0
First, let us compute Bs.

Vzﬁ - 30 = (lvysl + Vyﬂ) (|V11§| - Vyﬂ)

(3-7)
= 2vy0 (¢ — vzs — vyo)

We can write for v

1
Ves = 5 (VxO +q - VyO) — 0z (3'8)



where §; = igy, see Eq. (2-19) for g5, when the tune is inside the stopband. In the stable
region near an edge of a stopband, vzs and é; are given in section 4. Note that é; = 0

when the tune is on the edge of the stopband. Then Eq. (3-7) gives
2 2 1 ]
Vys — Vyo = 2Vy0 ('2- (¢ — vao — vyo) + 5m) (3-9)

One also finds

by (—z/y-s-, 1/,;3) = Av}

Av, . (3-10)
—5 |Avs| exp (—1615) As
7 (g — veo — vyo) + 6

81z = ph(Avy)
One may note that inside the stopband
dy = —exp [_i (511: + 52:1:)] As

dy =

1 . 3-11
b2z = ph é‘(‘]“VxO_VyO)"*‘Zgz (3-11)

One may now find the A, from Eq. (3-6)
Vgr = Vgs — M, m # 0
V2 — vk =m(m — 2ug)

b:c (—Vz'ra VyE) = b

b = 21;/ & (?) (BoBy)¥ expl=i (g = Vi) Oy + vs06s) +imby]  (3-12)

—2vz0
r — ““_——'_'_me‘_g'
A m (m — 2vg)
-2 - .

One may find the B, from Eq. (3-6)
Vyr = Vys + N, n=>0
Vys = Vgs — ¢
2y — 1 = (n = 2(q - v20)) «

(3-13)

by (“Vwra Vm) = sz

1 1 ] X
Cn = y / ds (%) (BzBy)% exp [—1 (g — vz0) Oy + vz08z) + inby]
—2vy0 N

B = 2= )™

As
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Putting these results for Bz, A,, B, into Eq. (3-5), one finds the following results for s,

ny for the v; mode.

ne = Asexp (tvgsby) |1+ Z fm exp (—tmb;)
m#£0

_ ‘_21/x0 .
fm = — o 2V$0)dzbm exp (—ib1g)
dy = -
3 (q — Vyo — V:z:O) + 65 (3"14)

ny = Asexp (ivysby) |1+ E gn exp (infy)
n#0
—2Vy0 ¥
n(n—2(g —va0)) "

Vy_-§= Vg;s_q

gn =

6z is given by i g, inside the stopband where g, is given by Eq. (2-19) as

) N
9o = {IszI2 - [5 (g~ vwo — Vyo)] } (3-15a)
In the stable region near a stopband edge, §; is given by Eq. (4-10) as

18] = {ez (|Avs| + es/4)}E

€z = lq + IQAV:,;] — Vg0 — VyOl

(3-15b)

One uses the + sign for the upper stopband edge and the — sign for the lower edge. &5 is
positive for the lower edge and negative for the upper edge.

- Equations (3-4) give the solutions of the equations of motion for the v; mode. The
solutions for the v, mode are found by replacing each parameter for the v; mode by its
corresponding parameter for the v, mode.

One may note from Eq. (3-14) that for the v, mode the dominant harmonic for n; is
m =~ 2ugg, and for ny n = 2|vyz| = 2(¢ — vg0). Keeping just the dominant harmonics give

faiﬂy simple results for 1, ny.
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4. The Tune Near the Edge of a Stopband

In this section, a result will be found for the tune in the stable region outside the
stopband but close to an edge of the stopband. It will be shown that close to an edge of
the stopband the tune of the v, mode is given by

e =3 G0+ 4 = 140) | = {eslal} Wy
€z = |q & 2|Avg| — vg0 — vyol

vz is the tune of the v; mode, € is the distance from vz, v to the edge of the stopband.

In the £, the + sign is for the upper edge, and the — sign for the lower edge. When vz, vy0

reaches the edge of the stopband, then ¢ = 0, and v, = %—(l/xo + ¢ — vy0), which according

to Eq. (2-16) is the real part of the tune inside the stopband.

Eq. (4-1) shows that near the stopband edge, v, varies rapidly with €;. As one reaches
the edge of the stopband, e; goes to zero and dv;/de; becomes infinite like e;%

To find v, in the stable region outside the stopband, where |¢ — vz0 — vyo| > 2|Avy,
one goes back to the derivation given in section 2 for v, inside the stopband, starting with
Eq. (2-13)

(V2 = v20) (¢ — vz — vyo) = |Avg|? (4-2)

Because of the condition that v, is outside the stopband or

one sees that one must have g, = 0, as Eq. (2-19) would indicate g, is imaginary which
contradicts the assumption that g, is real.

‘Let us assume that we start with vz, vy below the lower stopband edge and let vy,
vyo approach the lower stopband edge. The equation of the lower stopband edge is given
by

q — Vg0 — Vyo = 2|Avy| (4-4)
when vy, vyo arrive on the lower stopband edge, then v, will arrive at the value v, =

%(z/mo + ¢ — vyo) as indicated by Eq. (2—16). Thus below the stopband edge one can write

1
Vp = 5 (vzo +q — vyo) — 6 (4-5)



12

where 6; — 0 when vz, vyo arrive at the stopband edge. We then find

1
Vg — Vg0 ='2'(‘]—Vx0’“7/y0)—6a:
1 (4'6)
q—Vg —Vyo = i(q_VmO—VyO)‘l‘é‘:c

and Eq. (3-2) becomes

2

2 7
1 2
6s = { [—2— (¢ —vgo — Vy())] — | Ay }

Eq. (4-7) gives v; in the stable region near the stopband. It can be put in another form

1 2
[—@—uw—vwﬂ — 82 = |Au]?
(&)

that indicates the dependence on the distance from v, vyo to the stopband edge.

Below the stopband, one writes
€x = ¢ — 2|Avg| — vgo — vyo (4-8)

whére e; indicates the distance from vy, vyo to the stopband edge which is given by Eq.
(4-4). When vg0, vy is on the stopband edge and vzo + vyo = ¢ — 2|Avg| then ¢, = 0.
. Using Eq. (4-8) to replace ¢ — vz0 — Vy0 by €z + 2|Avg| in Eq. (3-7) one finds

1
bz = {ex (IAVzI +es/4)}? (4'9)
Eq. (4-9) can then be written so as to hold both above and below the stopband to give

= {ez (|Avs| + e /4)}E

1
Ve =3 (V50 + ¢ — vy0) (4-10)
€z = |q £ 2|Avg| — vzo — vyol
where €, is the distance from vz, vy to the stopband edge. One uses the 4 sign for the
upper stopband edge and the — sign for the lower edge.

Close to the stopband edge, where €; < |Av;| then Eq. (4-10) gives the result
1
ve = 5 (Voo + 0 — vn)| = {ex |Aval}!/? (4-11)

Equations (4-10) and (4-11) give the tune of the v; mode, v;, near the stopband edge. The
result for the tune of the v, mode, vy, may be found by making the substitution v, — vy,

Vg0 — Vg0, Vyo — Vg0, |Avg| — |Ayyl.
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If one varies the unperturbed tune, vzg, vyo, so that the tune approaches the edge of
the stopband, the tune on the stopband edge depends on the value of vy, vy when the
unperturbed tune arrives at the stopband edge. The stopband edges are given by the two
lines

vgo + vyo = ¢ £ 2|Av|

where it is assumed that |Avg| = |Ayy| = |Av| and the + sign is for the upper edge and
the — sign for the lower edge.
The tune of the v; mode at the stopband edge is then given by

1
Vg = é‘(Va:O‘*‘Q“VyO)

(4-12)
vy = vy £ |Ay|
where the + sign is for the lower edge and the — sign for the upper edge.
The tune of the vy mode at the stopband edge is given by
vy = vyo £ |Av]
One may note, that at the stopband edge
Vg + vy = vgo + vyo £ 2| Ay

(4-13)

v+ vy =¢q
and the vy, vy lies on the resonance line.

Egs. (4-6) and (4-7) can also be rewritten as, for the v; mode and below the resonance

1
212
Vg =vz0+ 0.5D ¢ 1 — [<2A—V> }

line,

D

(4-14a)
D=q—vg— Vyo
Av = Avg ~ Ay,
The equation for the vy mode is similar
2%

2A

vy = vy + 0.5D< 1~ l:( DV) ] (4—14:]2))

Using Eq. (4-14) one can compute how much v, vy will move given the distance from the

resonance, D, and the stopband width Av. Eq. (4-14) show that as Av is increased, vy
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and vy will move along the line from v;9, vy which is perpendicular to the resonance line.
When Av reaches 0.5 D, vg, vy will arrive on the resonance line where v, = vz + 0.5D,

vy =vy +0.5D, vy +vy = q.

5. The Beta Functions Near the Edge of a Stopband

In this paper it is being assumed that the unperturbed tune vy, vy is near the sum
resonance vgzo + vyo = ¢, ¢ an integer, and the other linear resonances are far enough away
so that the particle motion is dominated by the sum resonance. For this case, it will be
shown that the beta functions 8;, fy do not become infinite when vz, vy approach the
edge of the stopband, as was found [2] for the case of uncoupled particle motion near a half
integer resonance. If one goes to a coordinate system where the coordinates are uncoupled,
then B, for the uncoupled coordinates can become infinite, when the tune of the v, mode,
vz is close to a half integer resonance, vy ~ n/2, n being an integer. It is assumed here

that vz, and thus v, is not near a half-integer resonance.

The beta functions, B;, By, for linearly coupled motion may be defined by going to
the coordinate system where the new coordinates u, p,, v, p, are uncoupled. If the u, p,
motion goes over into z, p; motion, when the coupling goes to zero, then the beta function

of the u, p, motion will be called 8;. A similar definition is given to f,.

1
In section 2, a solution was found for g, and = B2n:, when v40, 4o are in the stable
region near the edge of the stopband. fg; can be computed from this solution using the

result, see section 6,

1 1 d
= —_— -1
/Bx Vz()ﬂz() Im do, 10g ’ (5 )

Im stand for the imaginary part and vg9, fBzo are the tune and beta function of the
unperturbed motion. Eq. (5-1) holds for large accelerators. For small accelerators, where
the large accelerator approximations are not used, it also requires that B; = 0 on the

closed orbit. Eq. (5-1) is derived in section 6.
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The change in f; due to the linear coupling field may be computed using Eq. (5-1)
1
and the solution for z = 52,7, found in section 3, Eq. (3-14),

ne = Asexp (ivg00z) {1 + E fmexp (—imﬁx)}

m#£0
—2Vz0 .
_ "0 g _
fm (= 2020) zbm exp (—i61z)
* % (q Vg — VyO) + b
_ /ds——(,b’m,@y Y/ exp [=i ((q — 50) Oy + 005) + imbs]
Avg = bg, 815 = ph (Avg)
In the stable region, near a stopband edge, é; is given by
1
bzl = {e(|Avy| +€/4)}2
6] = {e (v ] + ¢/4)) 59

€ = |q + £|2Av;| — vz0 — vyol

with the = sign for the upper and lower edge, respectively. vzs has been replaced by vy

and & is positive for the lower edge and negative for the upper edge. One then gets

d
Im 0. +Im z (—im fm exp (—imby))
m#0
1__1 V—Resz exp (—imby)
Bz B V2020 i — m EEP ¢
1 1 Vry — Vg0 1 .
—_— = —— 1 + — —Re m - 61: 5-4
Bo Bzo ( Vg0 Vz0 mzﬁ) fm eXp( o )> ( )

B, = Buo (1 B Va:;‘ Vz0 + _1_Re Z M frm €XP (-—im@x))

14
z0 z0o m£0

ﬂl‘ - 16.'120 — _Vz — Vg0 + __];_.Re Z mfm exp (—imﬂx)
Bzo V20 2~

The results for (8; — Bz0)/Bso is then

ﬂz_ﬂxﬂ _ Vg — Vg0 . _ ~
b ” 1;)—_——"1—2 ” dy Re (b, exp (—imbg — i612)) (5-5)
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If one assumes that the harmonic m ~ 2v;¢ dominate then the maximum change in f;

may be approximated by
2|ds ||bm|
| — 2v40] (5-6)

,6.7: - ,BzO

,6:130

Vg — Vg0

max Vz0

m ™~ 2v450
vy is given by Eq. (4-10).
The results for Gy may be found by replacing each parameter with the corresponding

parameter for the vy mode.

6. Small Accelerator Results

All the final results found in this paper will also hold for small accelerators where the

exact equations of motion have to be used. The exact linear equations have the form [1]

dz;
T = zAijwj, (6-1)

where 1, j for from 1 to 4 and the z; are the coordinates z, ps, y, py. For large accelerators

Py == dz/ds, py ~ dy/ds, A1 = Agg = Asz = Agq =0, and A1z = Azq = 1. The A;j for the

exact equations are given in reference 1. In particular

M _(1+2/p)(1-p}) M _(L+2/p)(1-p2)
12 - 3 9 34 - 3
P2 3
Ay =0, A= (1+ m; f) PzPy (6-2)
S

1
ps={l—p2—p2}?
where the right hand side in the equation for 4;; are evaluated on the closed orbit.

1 1
The linear differential equations for ny and 1y, 1z = /8,4, 1y = v/ ﬂ;o can be found

[1] as

2
3-9—2% + Va2;077x = fo
T
d2
d—eyz‘ﬂy + Vzo’?y = fy
2 93/2 6-3
fo= 220 (11 0/p) AB, ¢
A1z
2 53/2
v
[ NERPIN'
Aza

dfy = A12ds/vy0Bzo, dby = Aszads/vyoByo
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AB;, ABy are the perturbing fields given by Egs. (2-1). For small accelerators, in order
for Egs. (6-3) to be valid, one also requires that the perturbing fields do not shift the
closed orbit, or AB, = AB, = 0 on the closed orbit. If the closed orbit is shifted by the
perturbing field, then the non-linear kinematic terms, the terms which do not explicitly
depend on the field, will generate additional linear terms. vz0, ¥y, Bz0, Byo are the tune
and beta functions of the unperturbed accelerator.

Comparing Egs. (6-3) with the corresponding equations for large accelerators, Egs. (2-
2) one notes that f; and f, for the small accelerator have the additional factors of 1/A4;12
and 1/Asz4 respectively. Although the perturbation terms in Eqs. (6-3) now have the extra
factors 1/A;2 and 1/Ag4, these factors disappear in the final results when in the relevant
integrals one goes from the variables 8, or 8, to the variable s according to Eqs. (6-3).
Using Egs. (6-3) one can go through the derivations and show that the final results for
the tune, growth rates and beta functions are valid for both large and small accelerators.

One thing that remains to be done is to derive Eq. (5-1),

1 1 d
Im

| -:8—58 . V.’I}OIB:L‘O db, Inw (6_4)

which allows 3; to be computed from the solutions for 1z, 1.

The beta functions f;, By for linearly coupled motion may be defined by going to the
coordinate system where the near coordinates y, pu, v, py are uncoupled. If the u, p,
motion goes into the z, p, motion when the coupling goes to zero, then the beta function
of the uncoupled u, p, motion will be called ;. The solution of the equations of motion

for p, py may be related to f; by [1]

U= C’ﬂé_ exp (19;)

1 (6-5)
pu = CPs ? exp (—ag + 1) exp (19z)

C is a normalization constant. z, p; and i, py are related by the decoupling matrix, R [3]

T U
Pz | _Rp|Pe
Y v
Py Po (6-6)

R= cos ¢f Dsin ¢
~ \=D7lsing cosgl
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I is the 2 x 2 identity matrix and D is a 2 X 2 matrix and |D| = 1. One then finds

Tz = C,B,,% exp (19z)

1 , (6-7)
pr = CPy ? exp (1¢z)
From Eq. (6-7) one can relate §; to z, p, solutions by
1
L = Im(ps/) (6:8)
P
where I'm is the imaginary part. p, may be eliminated by using Eq. (6-1)
1 [dz
Ps =7 (-(E - Anz — Ay — A14Py)
which gives
1 11 (dx
—=Im|—— — Apnz— Ay — A -
3 m [m i (ds 11z 13Y 14Py)] (6-9)

In the large accelerator approximation, A1z =1 and A3 = A4 = 0 and (6-9) gives

_1_ _Im d
,6 B V:cO,BzO do,

For small accelerators, one has (see reference 1)

Alg_?_[(_lii/ﬁ)ﬂ]zo

log z (6-10)

9y Ps
o [(1 . - ;
= [( +w/p)p]:(1+m/p)p§y (6-11)
Py Ps Ps

pe=[-1—p2 —p2]"?

Thus if AB; = 0 on the closed orbit, so that p, = 0 on the closed orbit then A4 = 0

for small accelerators too. Since Ajsds = vzoBz0dfs, one gets Eq. (6-10) again for small

accelerators provided AB; = 0 on the unperturbed closed orbit.
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7. Comments on the Results

Others have worked on this subject and there is an overlap between the contents of
this paper and their work. These previous papers (4 to 12) give results for the stopband
width and for the growth rate inside the stopband.

The results in this paper include the following:

1. Results for the tune in the stable region near an edge of the stopband. The
results show that as vz0, vy approach the edge of the stopband, the tunes of the
two normal modes v, and vy begin to change rapidly and when 140, vy reach
the stopband edge then v, and vy lie on the resonance line vy 4+ vy = q. These
final values of vy, vy, when vz, vyo reach the stopband edge, are approached
like e%, where ¢ is the distance from v, vyo to the stopband edge.

2. Results for the beta functions of the normal modes, 83, fy, in the stable region
near the edge of a stopband. The results show that 8;, fy do not become
infinite when v40, vyo approach the stopband edge, unless v40, V40 are near the
half integer resonances v; = m/2, or vy = n/2, m and n being integers.

3. Results for the 2 solutions of the equations of motion in the stable region near
a stopband edge and in the unstable region.

4. The above results hold also for small accelerators, where the exact equations of
motion have to be used and the large accelerator approximation is not valid. For
small accelerators, one needs the restriction that the perturbing field gradients

do not shift the closed orbit.
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