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Symplectic Tracking Using Point Magnets and a Reference
Orbit Made of Circular Arcs and Straight lines

G. Parzen

Brookhaven National Laboratory
Upton, NY 11973, USA

1. Introduction

In order to study long term stability, it appears desirable that the particle tracking
be symplectic. One way to achieve symplectic tracking' is to replace the magnets by
a series of point magnets and drift spaces. This approach is modified here by using a
reference orbit that is made up of arcs of circles and straight lines which join smoothly
with each other. This makes the symplecticity more evident, and simplifies in some way
the particle tracking, as the coordinate system based on this reference orbit is not changing
discontinuously between elements. It also allows the use of transfer matrices to find the
linear orbit parameters. For this choice of reference orbit, the required results are obtained
to track particles, which are the transfer functions, the transfer matrices and the transfer
time, for the different elements present in the accelerator. It is shown that, in the absence
of longitudinal magnetic fields theses results provide a symplectic, second order integrator.
Existing tracking programs that use a reference orbit, made up of arcs of circles and
straight lines, can be modified, using the results given here to do symplectic tracking with
point magnets. The results have been used to modify the ORBIT tracking program?. The
ORBIT program will now, by changing an indicator, either track using the usual large
accelerator approximation for the transfer functions or do symplectic tracking with point
magnets, and will use the same reference orbit in both cases.

2. Equations of Motion

The equations of motion for the transverse coordinate when no longitudinal magnetic
field is present may be written as®

dz 1+4z/p

“_ree, 2.1
T P (2.10)
P =B S(142/p)B

ds p y

dy _(1+z/p)

ds ps Y



dpy e
1/2
ps = (p* —p%—p2)"

x, y are the transverse coordinates in a coordinate system based on a reference orbit
with radius of curvature p(s). As the longitudinal coordinates one can use t, the particle
time of arrival at s, and E the particle energy. The longitudinal coordinates obey the
equations.

dt _l+4+z/pp

E= o (2.1b)
dE
- —e(l+2/p)&

In equation (2.1) it has been assumed that the magnetic field has no longitudinal
component, Bg = 0, and the electric field has only a longitudinal component, £. One can
show that the equation for dt/ds is equivalent to, see Eq. (5.7),

it =% (2.1¢)
v

at = (14 /)" + (da/ds)? + (dy/ds)?) '

where dl is the path length of the particle over ds.
The equations of motion, Eq. (2.1) may be derived from the hamiltonian

H=—(1+2/p) (=02 —2)"" = (c/c) (1 + /p) A, (2.2)

where the fields are related to the vector potential Ay by,

1 0
By = A +2/p) 02 [(1+2/p) As] (2.2b)
0
Ba: - _a_yAs
104,
b= =05

It then follows that transfer functions across any element found by integrating Eq.
(2.1) exactly are symplectic transfer functions. The phrase transfer functions is used here
to indicate the set of functions that relates the final coordinates to the initial coordinates.



3. The Approximate Lattice

One procedure! for symplectic integration of Eq. (2.1) is to replace each magnet in
the given lattice by a series of point magnets and drift spaces. The equations of motion
(2.1) for the approximate lattice which has only point magnets and drift spaces can be
integrated exactly when the reference orbit is made up of a series of smoothly joining arcs
of circles and straight lines. This will be shown below. In addition, the result obtained by
integrating the approximate lattice of point magnets and drift spaces is correct to second
order in h (see section 7) where h is the distance between the point magnets, provided one
chooses the strength of the point magnets as given below. Thus as one increases the number
of point magnets, decreasing h, the result obtained by integrating the approximate lattice
will converge to the solution of Eq. (2.1) for the given lattice. The particle motion found
by integrating the approximate lattice is symplectic, as the transfer functions proposed
below for the points magnets will be shown to be derivable from a hamiltonian.

4. Transfer Functions for Point Magnets

In the region of the lattice outside the rf cavities where the particle velocity is constant,
it is convenient to use the coordinates ¢;, g, instead of p;, py

4z = P= /Py 9y = Py/P, (4.1)

6=(0-g2 - =p,/p

For large accelerators ¢, ~ dz/ds and gy ~ dy/ds. In the lattice region where p is
constant, Eq. (2.1) can be written as

dz l4+z/p
— == el g 4.2
. P (4.2)
dgz s 1
E_?+Bp(1+$/p)3y
dy l+z/p
B g "
s qs
day 1
Sy __ * B,
1 Bp(1+$/P)
Bp =pc/e

To construct the approximate lattice, each magnet is broken up into pieces with length
h. h can be different for each piece. Each magnet piece is replaced by point magnets in
one of the following ways:



1) each magnet piece is replaced by 2 point magnets at the ends of the piece separated
by a drift space of length h.

2) each magnet piece is replaced by 1 point magnet in the center of the piece sur-
rounded by drift spaces of length h/2.

Equation (4.2) suggests the following transfer functions for the point magnets. If the
point magnet is located or s = sy,

T2 =21, Y2=Y1 (4.3a)
1h :
0z2 = o1 + B2 (14 z1/p) By (z181y1) point magnets at the ends

15
W= = gy (14 z1/p) B (x15191)

1
9z2 = qz1 + _.-B—ph (1 + :vl/p) By (xlslyl) (4.36)

1 .
Qy2 = Qy1 — B—h (1+z1/p) B, (z151y1) point magnet at the center
p

It will be shown in section 7, that using the transfer functions given by Eq. (4.3), the
results found using the approximate lattice are correct to order h?. For the most part,
results given below will be for the case where the point magnets are placed at the ends of
the magnet piece.

The transfer functions in Eg. (4.3a) can be derived from the hamiltonian

H =~ (14 o/p) 0= 55 (1 +e/p) gAS (s = 1) (44)
where
1 15)
By = A+2/p) 02 [(1+z/p) A
0
Bz == —@As

The transfer functions given by Eq. (4.3a) have one inconvenient feature, which is that
in the case where dipoles are uniform field dipoles, the central closed orbit in a magnet



piece is not in general the chord of the reference orbit between the ends of the piece. This
can be corrected by introducing the factor sin6/6,0 = h/2p, in Eq. (4.3) to give the
transfer function

Ty =21, Y2 = Y1 (4.5)
sind
9z2 = Gzl ‘l" =5 (1 +21/p) By (z181y1)
1 0
9y2 = qy1 — B D) (1 + :c1/p) B, (fv181y1)

0="h/2p

Since the factor in sin 6/ only changes the right side to Eq. (4.3) by terms o (h3)

Eq. (4.5) is also correct up to terms of order A%. Using Eq. (4.5), when the dipoles have
uniform fields and the reference orbit is a circular arc, the central closed orbit is the chords
of the circular reference orbit as defined by the magnet pieces.

5. Transfer Functions for Drift Spaces

The result for the transfer functions for drift spaces depends on the 1/p value of the
reference orbit, on whether 1/p =0 or 1/p # 0.

5.1 1/p = 0 drift space

Eq. (4.2) becomes

= 9z /s, e = 0 (5.1)
dy dgy _
o= y/ s, 7 =0

One finds,

4z2 = @1, T2 = 21+ g1 (82 — 51) /gs1
Qy2 = Qy1, Y2 = Y1 + qy1 (82 - 81) /qsl

qds2 = (sl



One may note that (s — s1) /gs1 is just £12 the path length between s; and s2, as

dl = [(1+2/p) /5] ds.

5.2 1/p # 0 Drift Space

Eqgs. (4.2) give

@_zl—l-m/pq dgs _ gs

ds gs O ds  p
dy l+z/p dgy
ad A 7, =2 =0
ds qs ds

For the y motion, ¢, is constant and

9y2 = 41
Y2 = y1 + gy b2,

using df = [(1 + z/p) /qs} ds. A result for £33 is given below.
For the z motion Eq. (5.2) can be solved by using the transformation

gz = asina
a=(1-g)"

2 )1/2

qs:(a — ¢ =acosa

one finds that

a=0+a, 0=(s—s1)/p

gz, = asinai, gs1 = @COS ]

this gives

gz2 = qg1cos @+ gslsin
gs2 = —gz1Sin 0 + gs1cos 0

6= (s2— 1) /p

(5.2)

(5.3)

(5.4)

(5.5a)

(5.56)



Eq. (5.5) show that ¢z, gs are rotated by the angle § = (s3 — s1) /p. The z equation

can be solved, using ¢; = asin(0 + a1), ¢s = acos (6 + a1)

qz1 €08 0/2 + qg15in6/2

m=ot(Lhai/p) 2 sinb/2 =~

Eq. (5.6a) can also be written as

g: (6/2)

zo=z14+(14+ =z 2p sin6/2
a=z1+(1+z1/p) 2p / (6

(z2+p)gs2 =(z1+p) g1

5.3 Path Length of Drift Spaces

Using

df = ((1 +2/p)? + (dz/ds)? + (dy/ds)z) ds,

one finds that

1+z/p
gs

dl = ds

For 1/p = 0 drift spaces, g5 is constant and
1

l1g = — (52— 51
Qsl( )

For 1/p # 0, Eq. (5.7b) can be integrated using

pt+x gs1 _ cosog
p+ 1 qs cosf + ay

gs = acos (0 + ay)

(5.6a)

(5.6b)

(5.6¢)

(5.7a)

(5.7b)

(5.8)

(5.9)



and gives
Lz = (1+21/p) pzi:;a (5.10a)
0=(s2—s1)/p
another expression for £15 is
by = 205002 (z1+ 22) /2p] (5.100)

ds (6/2)

6. Comments on the Longitudinal Tracking

The longitudinal variables are F, the energy of the particle and t, the time of arrival
at s. These are usually measured relative to the synchronous path.

To simplify things, the case discussed here is the case of the stationary bucket. In this
case the particle energy in the synchronous path, Ej, is constant. The RF frequency, w,f
is chosen so that the synchronous particle arrives at the RF cavity when the RF voltage
1S zero.

The particles on the synchronous path may be chosen to follow the central closed orbit
of the lattice. If the lattice is made up of quadrupoles and uniform field dipoles, then
for the approximate lattice, the closed orbit in the dipoles will follow the chord that join
the end points of each magnet piece. Thus the path length of each magnet piece for the
synchronous particle is given by

Ls; =2psin/2 (6.1)

= Lm/p

Ly, is the magnet piece length along the reference orbit.

If the dipoles are not uniform field magnets then the central orbit of the lattice has to
be computed by the tracking program which will also compute L.

Using the L, for each magnet piece, Eg. (6.1), one can compute the total path length
L of the approximate lattice, and then w, is given by

Vs

Wrf = h,.f27rL

(6.2)



where h; ¢ is the chosen harmonic and v, is the velocity of the synchronous particle. Note
that w,; depends on how many pieces are used for the magnets. As the number of pieces
is increased, w, will approach the correct w, s for the actual lattice. The above assumes
that there is one RF cavity around the lattice.

In tracking a non-synchrous particle, one has to compute the change in ¢ across each
magnet piece. Where

F=t—t, (6.3)

ts is the time of arrival for the synchronous particle. At across each piece is given by

Af = At — Aty (6.4)
_L L
v Vg
v v Vg

L is given by Eq. (5.10) or Eq. (5.8). To avoid the cancellation that may occur, one
can use the following expression for 1/8 —1/8;, B =v/c.

1 1 7 (Y+7) 1 (6.5)

B B (B +Bs)7sBBs
F=(Y=7s) [V, 7= (1—ﬁ2)1/2

Using the above result for At for each magnet piece, one can track ¢ around the lattice.
At the 1f cavity the phase of the rf is given by w,st, from which the cavity voltage and the
energy gain of the particle can be computed.

7. A Second Order Integrator

In this section, it will be shown that the results obtained using the approximate lattice
are correct to terms of order A2 for each magnet piece of length h. The equations of motion
will be written in this form

dz; )
= fi(z), e =1,7 (7.1a)

where the seventh equation is

ds
—=1 7.1b
) (7.1b)
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The fi(z) do not then depend on )\, which simplifies the algebra. One can then obtain
the Taylor series result which is correct to order h? for the transfer functions for a magnet
piece of length sy = 31 = h.

hz
h| ® (72)

i1

zio =z + firh + Z
j=1.6

25

z;1 and z;3 are the coordinate at s = sy and s = sy fi = fi(zi1). Eq. (7.2) can be
derived from the Talyor series expansion.

dx; 1 [ d%z; 9
dz;
(dA)zzl - fll

P\ (AR ofi\ dz; ofi .
(d)‘z )xn B <EX> Ti1 N zj: <axj)$i1 d_)‘J N Z <—53§f]> T3]

J

The transfer functions given by Eq. (7.2) are correct up to order A% Thus it is
necessary to show that the approximate lattice gives the same result, up to terms of order
h? as Eq. (7.2). Two approximate latices have been studied. The first where the point
magnets are put as the end of each magnet piece, and the second where the point magnet
is put at center of the magnet piece.

7.1 Point Magnets at the Ends

The equation of motion may be written as

dz; .
N =g¢g; + K; (7.4)
fi=gi+ I

and K; — o when B;, By — o

It may be seen from Eq. (2.1) that in the absence of longitudinal fields, K; = o when
¢ =1,3 and Ky and K, do not depend on ¢, ¢y. In drift spaces, K; = o, and the motion
is determined by the g;.

The z; begin at z;;. After the kick due to the point magnet at s = s1, the z; change
to z;2. The particle then drifts and just before the kick at s = s, the z; become z;3. The
transfer function relates ;4 to z;1, where z;4 are the coordinates after the kick at s9.
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For the kick at s1, one writes
Tip = zi1 + Aq (7.5)
A= 1 hK;
1l — 2 tl

After the drift space Eq. (7.2) gives z;3

0g; h?
Tz =iz +gi2 h+ Y (aij 9;') 5 (7.6)
j Tiz

The last term in Eq. (7.6) can be evaluated at z;; instead of z;, with an error of order
R3. The g;» can be evaluated as

gi2 = i (xz‘l + 5 Kz‘l) (7.7)

0g; h
:9i1+z(ax-1{f> 2
j J zi1

Thus one finds

1 h? [ Bg; 0gi
T3 =2z +h (gzl + 5&1) + 5 (&cj g; + ng K]>x,~1 (7.8)

The last kick gives
1
Tia = Ti3 + 3 h K;3 (7.9)

0K; 1
Kz-3=1<ﬂ+z(a%,) 5
g e

b (-4 3550 ) +0 ()
1

[

h? 0g; 0g; 0K; 0K; K;
R . : . . - . =1 x;
Ty =51 + k(g + Ki) + 5 ZJ: <6a:j g5 + 9z, K; + 8z; g5 + oz; 2 1
B2 of; . OK; K;
o G Ofi o Ofi B 7.10
zu=zp+h fii+ 5 SJ_: (Bwj fy 8s; 2 >z51 (7.10)
Eq. (7.10) agrees with the Taylor series result Eq. (7.2) except for the term
h? OK; K;
- - — 7.11
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In the absence of longitudinal fields this term is zero as Ky = K3 = o and 8K; /0z;=o0
when j = 2,4. The result found using point magnets at the ends of each piece agrees with
the Taylor series result up to terms of order h2.

In the same way, it can be shown that the approximate lattice with a point magnet at

the center of each magnet piece also give a transfer function that is correct up to terms of
order h?.

8. Transfer Matrices for the Approximate Lattice

For the lattice without RF, the linear orbit parameters can be found using transfer
matrices. For a magnet piece which goes from s; to sy, and the coordinates go from z;;
to z;2, the transfer matrix is defined as

9gi
T = 8.1
where the g; are the transfer functions
Tio = g; (:1:,1) (8.1b)

The right hand side of Eq. (8.1a) is evaluated on the closed orbit for a certain Ap/p,
and:=1,4and j =1,4.

For the reference orbit used here, where the slope of the reference result does not change
abruptly, the transfer matrix for one turn is just the product of the transfer matrices for
each magnet piece. The linear orbit parameters, the tune, beta functions, etc. can be
computed from the one turn transfer matrix.

8.1 Transfer Matrices for the Point Magnets

For the point magnets that replace the magnets in the approximate lattice, the transfer
functions Eq. (4.5) can be used to compute the transfer matrices. One can see that
T;j =1 for i=yj, and the only other non zero T;j are Ty, Ths and Ty, Tys. Thus

1 0 0 07
To1 1 To3 0
T = (8.2a)
0O 0 1 0
Tyy 0 Ty 1]
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TZl_SmG(/gz/‘?);‘; [(1+ /)i+ BJ
- S0 b 1 -
B L oy )
T =202 Bip(ux/p)

0 =(s2—s1)/p, h=139— 51
Eqgs. (8.2) are for the case where the point magnets are put at the ends of each magnet
piece which goes from s1 to s3. For z,y,s one uses the coordinates of the particle just

before the point magnet. If one puts one point magnet at the center of the magnet piece,
then in Eq. (8.2) one replaces h/2 by h.

8.2 Transfer Matrices for the Drift Spaces

For the drift spaces, the transfer functions given in Egs. (5.3, (5.6) and (5.10) can be
used to compute the transfer matrix by computing the various requlred derivatives of the
transfer functions. The transfer functions are summarized as follows for a magnet piece
that goes form s3 to ss.

Y2 = Y1 + qy1f12 (8.3)
9y2 = qy1

Lig=(1+z1/p)psinf/qs

gz2 = qy1cos 8 + gs1sind

ds2 = —(qz1 sin @ + gs1 COS 0

9z (9/2)

8

2 =x1+ (14 21/p)2psin(6/2)
9z (0/2) = qg1c0s0/2+ gs15in 6/2

g5 (0/2) = —qg18in60/2 + g51 cos 6/2

0=(s2—s1)/p



One can then find the T;; using Tj; = 8¢;/0z; which gives

" T
0

T3

0

For 1/p=0,T11 =T22=1, T31=T24=0

Ty, — 1+'772/P_ gs1
n=-—=" ==

14+z1/p  gs
T =1,1/p=0

Tis = (14 z1/p) 2psin 624212 (9/2)

Ty
Ty
T3

0

952951

(1+

0 Ti47
0 Ty

1 Ty

0 1 |

2
Tyy = (s2=21) <1+ (qz_l) ) , 1/p=0
ds1 gs1

. 1
Tia=(1+21/p) 2psm§/2q—2

(82— s1) 9r19y1 1

Ty = >
gs1 d5 P

Ty = gs2/gs1

Ty =1,1/p=0

Tos = — (qy1/gs1)siné
Toa=0, 1/p=0

T31 = (gy1/gs2)sin b

T51=0, 1/p=0

T3y = %Elz <g$—1c059 4 sinf

qds2 gsi

0
(COS gde\U/2) 9yl (9/2) gy — sin - 21
952451

’ ~=0

)

9z (9/2) dz2
qs (9/2) qs2

14

(8.4)

(8.5)
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2
sl
q2
T34 = 012 (1 + yi c059)
52951

T34 = b1z (1+ Q§1/931) 1/p=10

8.3 Large Accelerator Approximation

The transfer matrices are not used in tracking particles for long times. They are
primarily used to find the tune and other linear orbit parameter. Approximations in
computing the T;; will produce small errors in the linear orbit parameters which may be
acceptable.

One interesting limit is the large accelerator approximation which is usually valid for
large accelerators. This assumes that

z/p K1 (8.6)
P <1, ¢l

g is the bending angle of each magnet piece.

In this limit one finds that for drift spaces

1 Ty, 0 0

. lo 1 0 o0
Ty=10 0 1 tg
0 0 0 1

Tio=(1+x1/p)2psin6/2, 6 =(s2—31)/p (8.7)
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