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Introduct ion 

I It i s  poss ib le  t o  reduce o r  e l iminate  i r o n  s a t u r a t i o n  e f f e c t s  i n  high f i e l d  
cosine t h e t a  d ipoles  by pu t t ing  a l a r g e  gap between t h e  c o i l  and t h e  i ron ,  but 
p a r t  o r  most of t h e  of t h e  f i e l d  added by t h e  i r o n  w i l l  be l o s t .  With a s m a l l  
gap between c o i l  and i r o n  and with su f f i c i en t  i ron  on t h e  midplane, i ron  
s a t u r a t i o n  always occurs f i r s t  at t h e  poles. Thus t o  delay s a t u r a t i o n  onset ,  it 
may be s u f f i c i e n t  t o  remove i r o n  near t h e  poles. 

The RHIC d ipole  as present ly  designed is  an  i d e a l  candidate f o r  a study of 
poss ib le  improvement, s ince  it a t t a i n s  a quench f i e l d  greater than  4.5 T and has 
a s m a l l  gap, about 5 mm, between c o i l  and i ron.  The c o i l  designed f o r  it , 
which has 4 blocks of 16, 9, 6 and 3 t u rns ,  respec t ive ly ,  is c lose  t o  per fec t  at 
low f i e l d ,  as shown i n  Table 1. 

(1) 

Table 1 
Harmonic Content of t h e  RHIC Coi l  at a mu, 10-4B0 

b18 
.08 

radius  b2 b4 b6 b8 b10 b12 b17 b16 
25 mm -08 0. 0. 0. -02 -.05 -.11 -.13 
32 rnm .14 0. 0. 0. .22 -1.00 -3.62 6.60 6.93 

A t  i n f i n i t e  mu, t h e  a lgebra ic  sum of t h e  harmonics a t  32 m given i n  Table 1 i s  
-3 .78 ,  which i s  c lose  t o  t h e  desired value (2)  of 2. 
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The i r o n  cont r ibu tes  s u b s t a n t i a l  sextupole  and decapole a t  both intermediate  and 
high f i e l d ~ ( ~ ) a s  shown i n  Table 2. 
nul led t o  f i r s t  approximation by ex te rna l  t r i m  sextupoles , 

The moderately l a r g e  b2 a t  3.44 T can be 

Table 2 
Harmonics at 25 mm, BO 

Bo,T -1-l 0.141 0.395 3.44 4.10 

1 ,kA 0.177 0.496 4.37 5.39 

T F , T / ~ A  0.805 0.798 0.798 0.780 0.749 

0.09 -20. 0. 7.2 20. 

0.0 - 0.4 -0.4 0.7 -1.2 

0.0 - 0.1 -0.1 -0.4 -0.5 
b 2  

b 2  

and t h e  b4 and b6 terms add a lgeb ra i ca l ly  t o  0.1 a t  r = 32 mm. 
bene f i t s  of a shaped i r o n  aper ture  may arise at higher f i e l d s ,  where b4 and b6 
don't cancel and b2 requi res  subst  ant i a l  cor rec t  ion. 

The poss ib l e  

The aper ture  chosen f o r  study has a 3 mm gap between c o i l  and i r o n  at t h e  
midplane r a t h e r  than  5 i n  order t o  get a l a r g e r  i ron  benefi t .  

In a preliminary r epor t (4 ) ,  it has been shown tha t  a basic  e l l i p t i c a l  
aper ture  with a ha l f  height  about 5 mm grea te r  than  t h e  midplane half-width of 
52.84 nun reduces t h e  b2 s h i f t  due t o  i ron  sa tu ra t ion  at 4.1 T t o  e s s e n t i a l l y  
zero. The e l l i p s e  introduces at low f i e l d ,  a l a rge  b2 and a smaller b4 t e r m  
which must be compensated f o r  by a matching c o i l  design. The combination of new 
c o i l  and e l l i p t i c a l  aper ture  has a b4 s a t u r a t i o n  s h i f t  l a r g e r  than  t h e  o r i g i n a l  
c i r c u l a r  design, and t o  compensate f o r  t h i s  s h i f t ,  t h e  e l l i p s e  is perturbed by a 
bump at 54 degrees of maximum height  -0.9 mm. This perturbed e l l i p s e  plus a new 
matching c o i l  has e s s e n t i a l l y  zero s h i f t  i n  both b2 and b4 due t o  sa tu ra t ion ,  but 
has a b6sa tura t ion  s h i f t  l a r g e r  t han  i n  t h e  o r i g i n a l  c i r c u l a r  design. 

The present paper shows t h a t  t h e  b6 s h i f t  can be cont ro l led  by an  add i t iona l  
bump at 64.3 degree. 
matching c o i l  introduces a b8 s h i f t ,  but continuing t h e  t rend  t h a t  each new 
higher  harmonic s h i f t  introduced w a s  smaller than  t h e  preceeding, t h e  b8 s h i f t  
introduced i s  
present work and t h e  earlier i s  t h a t  sharper bumps are used. 

As  might be an t ic ipa ted ,  t h e  r e s u l t i n g  aper ture  p lus  

s m a l l  enough t o  be to l e ra t ed .  Another d i f f e rence  between t h e  
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Procedure 

It i s  a supposi t ion t h a t  t h e  per turba t ion  should be placed p rec i se ly  at t h e  
harmonic pole pos i t ions  nearest  t h e  fundamental pole,  which i n  a d ipole  magnet 
are given by eq. 1. 

0, = A (1/2 - l / ( n + l ) ) ,  n = 2, 4,  6,-- 

What one would l i k e  t o  achieve by choice of t h e  per turba t ions  is  complete separa- 
t i o n  of t h e  s a t u r a t i o n  e f f e c t s ,  i.e., a bump at 90 degree ( t h e  e l l i p s e  elon- 
ga t ion)  would change only t h e  sextupole sa tu ra t ion  s h i f t ,  and t h e  one at  54 
degree would change only t h e  decapole s a t u r a t i o n  s h i f t ,  e tc .  

An a l t e r n a t i v e  method of looking at t h e  problem is t o  assume t h a t  an ape r tu re  
shape with matching c o i l  exists which has t h e  property t h a t  it provides a pure 
d ipole  f i e l d  a t  low f i e l d  and a t  t h e  highest  f i e l d  p r i o r  t o  midplane i r o n  satura-  
t i o n  becoming t h e  predominant inf luence on f i e l d  shape. With t h i s  viewpoint, t h e  
per turba t ions  can be regarded as a set of bas i s  func t ions  which can be used i n  a 
v a r i a t i o n a l  process. U s e  of an a r b i t r a r y  set of orthogonal funct ions f o r  basis  
funct ions may r equ i r e  evaluat ion of t h e  e f f e c t s  of a l a r g e  number of perturba- 
t i o n s  and it appears t h a t  t h e  more general  approach can be bypassed by t h e  use 
of t h e  per turba t ions  mentioned above. 

The form f o r  t h e  per turba t ion  used i n  t h e  earlier r epor t4  cons is t s  of an 
e l l i p s e  f o r  t h e  sextupole  and a bump normal t o  t h e  e l l i p s e  with magnitude propor- 
t i o n a l  t o  0 1'225 s i n 2  20 f o r  t h e  decapole. 
bumps should have zero magnitude and s lope at 0 = 0 and 0 = ~ / 2  and should have 
peak magnitude at t h e  angles given by eq. (1).  
f i e s  t hese  requirements is given by eq. (2 ) ,  

The mathematical form used f o r  t h e  

A more general  form which satis- 

(2)  Dn = AnGnO k sinm20, m = 2,3,--- 

with k i n  (2 )  s a t i s f y i n g  eq. (31, 

k = -2 m 0, c t n  2 0, ( 3 )  

where O n  i n  eq.(3) i s  given by eq. (1). 
An is  t h e  peak amplitude of t h e  bump. 
A l l  of t h e  harmonics have more than  one pole i n  t h e  quadrant, i.e. b2 at 
30 degree,  b4 a t  18 degree and b6 at 38.6 degree. The l a t t e r ,  i n  p a r t i c u l a r ,  may 
be c lose  enough t o  t h e  pole t o  be a f fec ted  by sa tura t ion .  However, it is not 
obvious whether a bump t h e r e  should be of t h e  same s i g n  as t h e  one at 64.3 degree 
o r  more general ly ,  what t h e  magnitude of it should be compared t o  t h e  pole-most 

Gn is a normalizing constant such t h a t  
This form has one bump i n  t h e  quadrant. 
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bump. I f  t hese  add i t iona l  bumps are independent of t h e  pole-most bump, a more 
powerful minimization process,  such as MINUIT must be used, r a the r  than  t h e  
Newton-Raphson process ac tua l ly  used, s ince  t h e  number of independent va r i ab le s  
is  grea te r  than t h e  number of parameters being optimized. The form of eq. (2)  
cannot be used f o r  bumps at angles less than  45 degrees, because k of eq. 
then  negative,  giving an i n f i n i t y  i n  Dn a t  0 = 0. 

(3)  is  

One add i t iona l  form f o r  t h e  b4 bump was  s tudied.  Equation (4)  is  an e l l i p s e  
i f  n = 2, and c lose ly  resembles an e l l i p s e  i f  n is c lose  t o  2. For n = 1.9 

(x /a ln  + (y/b)n = 1 (4)  

t h e r e  i s  a bump peaked at about 49 degree of amplitude -1 mm i f  a = 5.284 c m  and 
b = 5.784, t y p i c a l  values f o r  t h e  RIIIC aperture.  Forty-nine degrees is c lose  
enough t o  54 t h a t  t h i s  form, termed "2+6", i s  s u i t a b l e  f o r  a b4 bump. 

4 Three forms w e r e  s tud ied  i n  d e t a i l  f o r  use as b4 bumps: s i n 2  20 ,  s i n  2 0 
The b4 s h i f t  due t o  sa tu ra t ion  at 4.1 T i s  denoted by Ab4, and t h e  and "2+6". 

change i n  Ab4due t o  a bump is  denoted by A b4. 
by a -1 mm bump caused by each of t h e  t h r e e  forms and t h e  harmonic s h i f t s  
obtained. I n  a11 cases ,  t h e  aper ture  was used with a matching c o i l  which at low 
f i e l d  r e s u l t s  i n  a l l  bi, i < 18 being less than  .05 at 2.5 cm radius .  The A2b4 
f o r  t h e  t h r e e  forms are 2.81, 3.32 and 2.18, respec t ive ly  f o r  a 1 mm bump. Thus 
t h e  s i n  20 form gives t h e  l a rges t  b4 s a t u r a t i o n  s h i f t  per mm of bump. Each bump 
a l s o  introduces s a t u r a t i o n  s h i f t s  i n  t h e  o ther  harmonics. Table 3 gives A bi, i 
= 2 ,  6 and 8, normalized t o  A b4. 

2 A t y p i c a l  e l l i p s e  w a s  modified 

4 
2 

2 

Table 3 

bum type A2b2 A2b6 A2bg 
s i n  20 

4 s i n  20 
2 + 6  -1.33 -. 14 -. 0046 

-. 68 -. 15 - . O l l  
-1.07 -. 11 -.021 

4 

2 4 The da ta  of Table 3 shows t h a t  A b is  a minimum f o r  t h e  s i n  20 bump, but t h a t  

A bg,and only 27% more A b6 than  t h e  s i n  20 form. It thus appears t h a t  t h e  2 + 6 
form i s  t h e  best .  Unfortunately,  t h e  2 + 6 form gives t h e  least A2b4 per  mm of 
bump. It was  i n i t i a l l y  t r i e d  with 6 = -.39 ( n  = 1.61 i n  eq ( 4 ) ) ,  and t h e  roughly 
-4 m bump was  too  c lose  t o  t h e  c o i l  (about 1 / 2  rnm) f o r  ractical  construct ion,  
s o  t h i s  form w a s  dropped. Of t h e  two remaining, t h e  s i n  20 form i s  more 
s u i t a b l e ,  s ince  it requi res  t h e  smallest bump and has t h e  least A b6. 

4 
t h e  s i n 4  20 bump has t h e  l a r g e s t  A B b8. The 2 + 6 bump causes t h e  least 

2 2 

2 
E 
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2 Two forms, s i n  20 and s i n 4  20 were s tudied f o r  Ab6 correct ion.  The A2b 
26 obtained were .29 and .36 p e r  mm, respect ively.  

normalized t o  A b6 are given i n  Table 4. 
The e f f e c t s  on t h e  o the r  A bi, 

2 

Table 4 

bum type  A2b2 A2b4 A2b8 
s i n  20 

4 s i n  20 
-1.17 -11.8 -. 10 
-1.75 -3.06 -. 11 

5 

4 2 2 The s in  20 bump gives t h e  lesser A b4 and about t h e  same A b8 . 
sinn20 with n > 4 would be b e t t e r ,  but none w e r e  t r i e d .  

Possibly a 

To f i n d  t h e  proper ape r tu re  shape, a set of t h r e e  l i n e a r  equations i n  t h e  
t h r e e  unknown bump s i z e s  must be solved. Since t h e  s a t u r a t i o n  s h i f t s  are not 
s t r i c t l y  l i n e a r  i n  bump s i z e ,  more than  one i t e r a t i o n  may be required.  The f i r s t  
i t e r a t i o n  is  t o  pick an approximate e l l i p s e  elongation o r  bump. The pe r tu rba t ion  
matrix does not have t o  be obtained using c o i l s  exac t ly  matched t o  t h e  aperture ,  
as was  done f o r  Table 3 and 4; an inaccurate  matr ix  may inc rease  t h e  number of 
i t e r a t i o n s  required. 

Resu l t s  

I n  t h e  present  case, t h e  f i r s t  i t e r a t i o n  was  t o  pick a 5.4 mm e l l i p s e  bump. 
Per turbat ion of t h i s  e l l i p s e  gave t h e  following set of l i n e a r  equations (e, A and 
B denote t h e  b2, b4 and b6 bumps). 

i e A B -Abi 
2 -8.6 4.20 -1.24 -5.43 
4 .2 -3.48 -2.28 2.85 (5 ) 
6 . 085 .37 .70 53 

The Abi are t h e  s a t u r a t i o n  s h i f t s  of t h e  e = 5.4 mm e l l i p s e .  The second 
i t e r a t i o n  reduced the Abi t o  -1.78, -.23 and .27, and t h e  t h i r d  i t e r a t i o n  t o  
0.22, .O2 and -.06, wi th  Ab8 = -.27 (not control led) .  
a t i o n ,  termed "EL5H", has e, A and B equal t o  4.7, -1.87 and 1.446 my 
r e spec t ive ly  . 

The r e s u l t i n g  configur- 
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Obtaining a matching c o i l  with in teger  t u rns  f o r  EL5H w a s  not easy. 
found, termed "I", w a s  a 16, 9 ,  7 ,  4 t u rns  per block configuration. 

The best  

The dimensions of c o i l  "I" are given i n  Table 5. 

Table 5 

Turns Theta S ta r t  Theta end 

16 .14 26.9844 
9 28.7666 43.8666 
7 48.1564 59.9008 
4 68.2134 74.9245 

The c o i l  inner  and ou te r  r a d i i  are t h e  sane as t h e  reference design co i l ( ' ) .  
estimated harmonic content of t h e  EL5H/I combination at low f i e l d  and 25 mm 
radius  is given i n  Table 6. 

The 

Table 6 

i 2 4 6 8 10 12 14 
bi -1.6 -.25 -.58 .03 .07 -.20 .06 

These harmonics are not bad, but they do not s a t i s f y  t h e  AB/B = 2 x a t  
3.2 cm 
( t h e  b2 t e r m  is  compensated f o r  by ex te rna l  sextupole magnets). 

s t a t e d  at t h e  beginning, mainly because of t h e  b6 t e r m  

It was  pointed out i n  t h e  previous paper(4)  t h a t  s m a l l  amounts of bi due t o  
t h e  in t ege r  t u r n  cons t ra in t  can be eliminated by s m a l l  changes i n  e, A and By 
without g rea t ly  changing t h e  sa tu ra t ion  s h i f t s .  The matr ix  f o r  doing so is ob- 
t a ined  from t h e  s h i f t  due t o  an  added bump at  low f i e l d .  
c o i l  configurat ion,  t h e  appropriate  set of l i n e a r  equations is (6)  : 

For t h e  EL5H/I iron- 

i e A B -bi  

2 18.615 -8.56 6.76 1.6 
4 8575 9.08 5.4 .25 
6 -005 - .55 -1.48 . 58 
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The so lu t ion  of t h i s  set i s  A e  = .406, AA = -.300 and AB = -.502, g iv ing  
5.106, -1.57 and .944 f o r  e, A and B y  respect ively.  This new i ron  configurat ion,  
termed "EL5I" w a s  run  wi th  t h e  "I" c o i l  giving t h e  harmonics at  25 mm l i s t e d  i n  
Table 7. 

Table 7 

b2 b4 b6 b8 10 b12 14 b16 18 

.382 - -10 -.15 .12 -.08 .06 -.20 .07 -.l5 (.05) 
3.29 -1.74 .17 .13 -.12 .06 -.20 .07 -.15 
4.13 -1.36 -.02 -.17 -.28 .07 -.20 .07 -.16 

.382 - .17 -.39 .51 -.54 .70 -3.84 2.19 -7.90 (4.25) 
32mn 

Besides b2, t h e  l a r g e s t  s a t u r a t i o n  s h i f t  i s  i n  b6; Ab6 = -.29, compared t o  
-.06 f o r  EL5H from which EL51 was  derived. 
so  i t ' s  magnitude is  always s m a l l .  

For tunately,  b6 starts off  pos i t i ve ,  

The f i n a l  row i n  Table 7 is  t h e  low-field bi computed at 32mm radius  in s t ead  
of 25, f o r  comparison with Table 1. The a lgeb ra i c  sum of the harmonics ( a t  32 mm 
rad ius  (omit t ing b2) i s  -5.02, almost as good as t h e  re ference  design value of 
-3.78. 
harmonics bI0 through b16 given i n  Table 7 are i d e n t i c a l  t o  those  f o r  t h e  "I" 
c o i l  computed w i t h  00 pm i r o n  wi th  a c i r c u l a r  aper ture  by the a n a l y t i c  program 
used f o r  c o i l  design. 
gram, r a t h e r  t han  from MDP, which does not c a l c u l a t e  harmonics above b17. 

Of course, harmonics higher  t han  b18 may be present.  The values of the 

The low-field b18 term i n  parenthes is  is from tha t  pro- 

A t  4.13TY t h e  use fu l  ape r tu re  would appear t o  be about 30 mm, where t h e  alge- 
b ra i c  sum of t h e  harmonics, t h r u  b18 excluding b2 is -3.83. 

It should be noted t h a t  MDP computes t h e  f i e l d  on t h e  assumption t h a t  t h e  
c o i l s  are constant cur ren t  dens i ty ,  but i n  f a c t ,  t h e  current  dens i ty  v a r i e s  more 
near ly  as l/r.  An approximation t o  t h e  l / r  v a r i a t i o n  can be achieved by sub- 
d iv id ing  t h e  r a d i a l  s e c t o r  blocks r a d i a l l y ,  with equal current  i n  each r a d i a l  
s tep .  Only a few r a d i a l  subdivis ions are needed, f i v e  were used. The r e s u l t  is 
a change i n  t h e  low-field b2 (2.5 cm) of Table 6 from -.lo t o  -1.45, a change i n  
b4 from -.15 t o  + .01, a change i n  b6 from .12 t o  .14, and a change i n  t h e  
transfer func t ion  from 8.135G/A t o  8.142. 
Figure 1 shows one quadrant of EL51 w i t h  t h e  subdivided "I" c o i l .  

A l l  h igher  harmonics were unchanged. 
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Summary 

A procedure is  presented f o r  sys temat ica l ly  per turbing t h e  c i r c u l a r  i r o n  
aperture  of a cosine-theta d ipole  i n  such a way as t o  postpone sa tu ra t ion  effects 
up t o  t h e  point  where i n s u f f i c i e n t  i r o n  is  present on t h e  midplane. The r e su l t -  
i ng  configurat ion has l i t t l e  l o s s  i n  f i e l d  compared t o  t h e  a l t e r n a t e  procedure of 
p u t t i n g  a l a r g e  annulus between t h e  c o i l s  and t h e  i ron.  The necessary sa tu rab le  
i ron  program used was  MDP, but t h e  procedure could be performed with any program. 
The per turba t ion  funct ions used t o  modify t h e  i ron  shape provide good separa t ion  
of e f f e c t s  so  t h a t  only one per turba t ion  per harmonic is needed, thus minimizing 
t h e  amount of computation required. 

A c o i l  and ape r tu re  configurat ion with low-f i e l d  harmonic content approaching 
t h e  s t r ingen t  RHIC requirements i s  presented which requi res  no b4 o r  higher order  
co r rec t ion  c o i l s  up t o  4.1 T, wi th  a good f i e l d  aper ture  at  low f i e l d  of 32 mm 
and at 4.1 T, 30 mm. The b2 cor rec t ion  required is l a r g e s t  at an intermediate  
f i e l d ,  and has a maximum amplitude of about -3.2. The t r a n s f e r  func t ion  of t h e  
configurat ion is  about 2% higher  than  t h a t  of t h e  reference design. 
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