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Simulation of radiation damping in rings using stepwise rayHigenethods

F. Méot
(fmeot@bnl.gov)

BNL C-AD, Upton, LI, NY 11973

Abstract

The ray-tracing code Zgoubi has been subject to benchngarkgprding synchrotron radiation damping in rings, in testpnonths. This
work is reported here. It has been performed in view in paldicof further spin diffusion simulations benchmarkingdaapplication to
electron beam polarization transmission in e-RHIC.
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1 Introduction

The ray-tracing code Zgoubi [1] has recently been subjeoetwhmarking regarding synchrotron radiation (SR) dampimings. This work
is reported here.

Stochastic SR was first introduced in Zgoubi for assessiriti@me perturbation in the beam delivery system of the & ésst Facility”
(an early, European, test version of the “Linear Collides§e App. A.1, or Ref. [2] for details. These developmentevased on methods
implemented earlier in the DYNAC dynamics code developetbatay [3] as a design tool for the recirculating arcs in hieS” and “ELFE”
electron recirculator projects [4, 5]. However, althougegumably straightforwardly operational in rings, sinag-tracing in rings does not
differ from ray-tracing in beam lines, the correctness ohging effects still had to be checkéd

This work is motivated by on-going activities in the field agh energy electron machines and other recirculators, egdgZgoubi in
addition allows spin tracking [8] which had motivated it®ts design studies regarding the-e~ asymmetric collider project, super-B [9],
see App. A.2. Itis planned, in the future, to benchmark SBat$fon spin dynamics, as spin diffusion, Sokholov-Teraolative polarization.
Although spin dynamics is not addressed here, the presafitrepresents a preliminary stage in that direction. A gog@rasent is to have
Zgoubi available for spin diffusion studies regarding tRe-HC project at BNL [10].

All Zgoubi input and output files that have been run and useaélation with this benchmarking work have been archivedhamZgoubi
repository area on the C-AD network, at

/rap/latticetools/zgoubi/library/SRLoss/ringgenchmarking
guidelines can be found there in a dedicated “README” fileyAngoubi.dat” file? therein can be copied and re-run, using the executabl
/rap/latticetools/zgoubi/zgoubi

Detailed indications on that are given in due place all alihvegpresent report.

2 Ray-tracing and SR methods

The ray-tracing code Zgoubi calculates particle trajéesoin arbitrary static fields by stepwise integration oflteentz equation of motion,
using a method of truncated Taylor series (see App. B), whiokides high accuracy, and relatively fast, stepwise agatfpn (see section 7).

2.1 Energy loss

Given a particle travelling in the magnetic field of an araiyr optical element or field map, Zgoubi may compute, upom'sisequest, the
energy loss due to stochastic photon emission, and itsteffethe particle motion, at each integration step. The gnless is calculated in a
classical manner, based on the two random processes, namely

- probability of emission of a photon over an integratiorpste

- energy of the emitted photon.
The effects on particle dynamics are either limited to theration of energy, or may include scattering (namely, gean the direction of
the momentum vector due to the angle of emission of the phatitrrespect to particle velocity vector), following userequests regarding
working conditions. Possible scattering involves a thaddom process,

- the photon emission angle,
otherwise assumed null.

Main aspects of the method have been detailed in Ref. [2]udlime is given in App. C.

2.2 Dynamical effects

Energy kick The energy of a particle is updated after each integratepy/st. It is obtained by summation of the individual energies (E4.
p. 17) of thek photons (Eq. 12, p. 17) emitted alorgs.

SR statistics in uniform field will therefore converge todsithe following averages :

- energy loss by a particle in a steprs = pAf

A9 2 .
AE = 2rqEyy* 3, = gTOC'ydBAG Q)
0

with B = rigidity/p the local field valueEy = moc? the particle rest energy, = E/Ey, ro = €%/ 4megmoc? ~ 2.81794032 10~1° m the
classical radius of the electron,

INote also, for completeness although in a different area Zpaubi provides as well SR spectrum computation in arkjitnaagnetic fields, and was used for the assessmel
of a mini-wiggler based profile monitor at LEP [6] and for theidasf the LHC undulator-radiation based profile monitors [7]

27goubi requires a single input data file, “zgoubi.dat”, aritl deliver outputs in,a minima “zgoubi.res” result file, and when explicitly requestedrious other files as
“zgoubi.fai”, a record of turn by turn informations as palicoordinates and spin, “zgoubi.plt”, a record of coortiiseand fieldgnside optical elements, see the Users’ Guide
for details [1].

3An other form of the familiar relatiod E/E ~ 1.8786 10~15 43 A6/ p.
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2.3 Benchmarking, preliminary steps

At this stage, the installation of the Monte Carlo simulatiio Zgoubi can be benchmarked for these quantities, usitigwfing the hypotheses
in Sec. 3,0 = 24.95549 m, iso-magnetic lattice. From a practical point of view, nder to stick to ideal theoretical conditions, a single ben
is tracked once-through (so to avoid such effects as orblégy, momentum spread, that may be sensible over a laxger in presence of
RF compensation).

Results are given in Tab. 1. The classical, theoretical fieenused are recalled in the rightmost colunff). is the total energy of the

synchronous particle,, = %77(7”5% ~ 8.846276 10~°[m/GeV 3], mo = 0.510998928 MeV. The values so computed are [ = 6 GeV,
they are converged numerically, up to the last digit showthétable, in terms of the integration step size in the bexd= 1 cm in Eq. 10,
App. B) and of the number of radiated photons (made large gimowia the number of passes), this is shown in Fig. 1 : theouartrials
displayed (various random seeds, various integrationsepin the bend) show that, for a 3000 particle batch, battetrergy los¢/; and
the critical energy,. converge to their asymptotic values in a few once-througis@sacross the dipole.

It can be seen that the agreement between Zgoubi trackiagaalt 3 in Tab. 1) and theoretical expectations (col. 4kiy\good,this is
considered to validate the SR Monte Catrlo installation iputy

Additional details regarding SR data that Zgoubi generatesrecords when ray-tracing in bends, including infos ndigg the data in
Tab. 1, can be found under the item “BEND” in App. E.2. MontelG@#osses at higher energies are further shown to yield ad ggreement

with Eq. 1, in Tab. 8, page 12.

Table 1:Preliminary benchmarking : SR loss characteristics in the Chasmam-Ge#elefined in Tab. 2. These quantities have been computed fromea la
number of once-through passes, of a 3000 particle batch, in a single dipey are shown scaled to a full turn (64 such dipoles).

6 GeV Units Zgoubi Theoretical
tracking value formula
Energy lossl/ MeV / turn 4.59565 459565 wLEd§-_ds PEle B
: | | Zr s F p(s)? P
o 3hy3c
Critical photon energy;. keV 19.2051 19.2051 “20e
Nb. of average photons fturn/particle 777.12 777.12 %z
2.4 Scattering
Trajectory scattering may assume for simplicity a cylindFisymmetric Gaussian distribution
52
_ _S 3
p(6) = exp(—5 ) 3)

of the photon emission angfewith respect to the particle velocity. For simplicity as ivel may be considered independent of photon enerc
e, with value~ 1/~. Whether these two approximations hold may be problem degrenbowever these hypotheses may easily be improv
if this is found necessary.

Accounting for scattering is an option in Zgoubi. Since ffe& on beam divergence is very small in the present bendtingaconditions
(mainly a matter of asymptotic vertical invariant valué¢joes not need be (and is not) taken into account.

2.5 Field scaling

Particle stiffness decrease upon SR loss entails pertanbaitfocusing properties due to increased strength of thgmats.
In the case of single-pass beam lines, this effect may ba tedke of upon user’s request, resulting in the scaling ofmatigfields to the
theoreticalaverage energy loss, namely (Eq. 1)

2
AEscaling[ev} = Z §T0C’Y3BA9
bends

Note the following : (i) using that analytical expressiorcomputing the scaling coefficient is preferred to averagiirgenergy loss from the
tracked particle population, since in the latter case itldmoake it dependent on the accuracy of the statistics ; ¢if)g so the contribution

“That takes the formra i, = 3.794 10714 45/2\/A6//p for electrons.
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Figure 1:Convergence (running average) of the energy loss towards 4M8%®&urn (lower curve bundle, left vertical scale), and of the criticatifrency
towards 19.20 keV (top curve, right vertical scale), as a function tineber of passes of a 3000 particle batch, through the 2.45 m dipol&e/6

of other magnets (quadrupoles, sextupoles, etc.) is natuated for in the scaling, in the present state of Zgoubimgpdhowever this can
easily be changed.

In storage rings, bends and lenses are normally operateredt field, whereas the RF takes care of restoring the enesgyHence
the damping effects. This is the subject of the present baadking study and will be discussed in detail. In pulsedmegas in booster
injectors, the same process of energy recovery by the REhibids requiring no particular measures on Zgoubi simanatside, savad hoc
synchronous RF phase considerations.

2.6 SR source

Upon user’s request, SR loss can be limited to particulasela of optical elements, for instance bends alone, or benddrupole magnets,
etc.

This is so, for the flexibility of design studies, beam anagpinamics studies, and other benchmarking purposes.

3 Chasman-Green test lattice

3.1 Properties

A Chasman-Green celakadouble-bend achromat, DBA) is considered in the presentthaarking study, for the reason that a number ¢
guantities relevant to beam dynamics under SR effects catetieed analytically in that case, as the chromatic inverfd, equilibrium
emittances, damping times, etc.

A variant of the ESRF super-cell (a double-DBA) is used, &agje ring is built from 16 such super-cells, whereas vargtoisage energies
will be considered, taken in the range 6 GeV (actual ESRFggM¢n 18 GeV.

Tab. 2 gives the general optical parameters of the lattideriag, the optical functions are displayed in Fig. 2.

3.2 RF conditions

SR losses in bends over the ring circumference amount to

C

Cy - EXGeV
Ui= 2B E L~ L El T EslGeV]

p[m]

50— E4 S
£7¢, == or, ultra-relativistic electrons U, [keV/turn] ~ 88.463

yielding for instance
Us =~ 4.6 MeV/turn - 2.45 MW power - in the ESRF

Numerical values, for 6 GeV electrons, are given in Tab. % fEdiated energy is restored by the RF system. A singleyciawiiccounted for
in the present simulations, with parameters as listed inJab
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Figure 2:Optical functions in ESRF type Chasman-Green super-cell.

4 Benchmarking method

Benchmarking is based on monitoring the only thing Zgoubi gebduce : particle coordinates, versus time or turn numbleey are dealt
with as follows.
The transverse and longitudinal motion invariants in theealse of perturbation can be written [11]

e = [22+ (az(s)z + B2(5)2")] /8- z = x ory, transverse
o = (AB) = (AE)? + + (dgtE) longitudinal “)

Under the effect of SR, individual invariants cannot be dateed, averages over particle ensembles are considestzhd) they evolve

according to
de €

G=—-+C [(x) = average over particles )
o
towards
€equil. = Cr (6)
with damping time
Trew E
— rev S 7
g Us J.'L',y,l ( )

with J, ,; the partition numbers, respectively horizontal, vertitahgitudinal, which, in passing, satisfy
Jo + Jy + 1 =4, within particular J, =1 ina planar ring.

We will in general omit the average bar ovgr, ; in the rest of the paper, as long as there is no ambiguity.

An example of Zgoubi outcomes, regarding these theoreticgjuantities :

Vertical damping, case of a single particle with 6 GeV engagy 20000 turn tracking in the 16-cell ring, tracking résare summarized in
Fig. 3.

The damping envelopes in the left plot satisfy

_t _t
tey (t) = ey equit. (1 —€ 2Ty) + €y,0€ 27y (8)
—_——

memory of the initial
conditions is lost
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Table 2:Ring parameters, as set in the tracking simulations.

2  Celllength (m) 50.800

3 Number of cells 16

4  Circumferencef = 27 R (m) 812.800
5 momentum compaction, (10~%) 3.098

6 Qx 36.20

7 Qy 11.20

9 Q% Q'y, natural -114,-34.5
10 Q'x, Q'y, corrected +0.035, -0.012
Bend parameters :

14 Nb. of bends 64

15 Bend deviation (rad) /64

16 Bend lengthf (m) 2.45

17 Curvature radiug; (m) 24.95549
Periodic functions at non-dispersive dipole end :

18 pp (m) 3.415

19 o 2.073

Table 3:RF conditions, longitudinal parameters.

Frequencyf,; = w,s/2r  (MHz) 110.651
Harmonic,h 300
Synchronous phase (deg) 30
4
- E,[GeV]
Peak voltagey (MV)  9.19123« (6000511)

A remark on the accuracy of the simulation : the presenceaoftrerse excitation (photon emission angle, assumed rz¢he present

ray-tracing simulations) would yield, — % JO}2 ¢ |§§| ds =~ pm, whereas, Fig. 3, the motion keeps damping in the preseniaiion,

Y

with constant damping time = % (the emittance is quasi-zero hetg/n ~ 1.510~*! m, after 20000 turns, 15 damping times about
s Jy

cf. Tab. 5).

Concentration ellipses

The comparisons discussed here abundantly lean on thertomtien ellipses. In order to make things clear, we recadifly the way these

are computed.
Let z;(s), #;(s), be the position and angle of the= 1, n particles observed at some tuen= z, y or AE for respectively the horizontal,

vertical or longitudinal motion). B
The second order moments of the centered variablesz;(s) — z(s), z; = zi(s) — 2/(s) are

n

— 1

I
—~
»
~
I
[
7
I
A
—~
»
~
|
IS
—~
»
~
—
[

(s) = = S (s) - 7(5))?

i=1

From these, a concentration ellipse (CE) is drawm ( Fig. 3, right), with surface. (s) and equation

Ye(8)2% 4 2a0(8) 22 + Bo2'? = S.(s) /7
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ggegleeer Yy (M) VS. lurn # Ay v (rad) vs. y (M

£

E%24 Ep‘s“/‘ pi. = 1.5E-41

20006000 d, &4 &4 Y L Y A

Figure 3:Damping of vertical motion over 20000 turns (left plot). A single particleaghed. Its vertical invariant decreases toward zero value (tresesvel
phase space in the right plot, last 1000 turns), since the stochastic @mission angle is not accounted for, in the present tracking.

Noting A = 22(s) 22(s) — 22’ (s), the ellipse parameters write
Tel(s) = 22(5)[VA, ac(s) = =22'(s) VA, Be(s) = 22(s)/]VA

With these conventions, thens values ofz andz’ projections satisfy

o, =+B.S./m and o, =+/7.S./7

Note that, the accuracy to which the expected propérty — o2 = 1 is satisfied provides an estimate of the quality of the gtesis
In addition, in the first order formalism, in non-dispersiegions, the CE surface identifies with the emittance,

S.(s)/m=¢€,/m

5 Damping simulations

A number of multi-turn tracking simulations, at the mannéFi. 3, have been performed. They are summarized in theviallg, in the
form of a few figures and a series of tables.

App. D displays the present Chasman-Green lattice parasretalelivered by Zgoubi stepwise ray-tracing. Excerptgmé€al input and
output Zgoubi data in these Monte Carlo simulations arergared briefly commented in App. E.

Tracking starts with a large emittance (just to clearly $medamping, a different choice could have been to start frem emittance and
let it grow). The tracking is carried out up to equilibrium iéignce, i.e., a few damping times away, whereas the coratént ellipse surface
(CE-S) is computed turn after turn,

Four different energies have been considered : 6, 9, 12 aGEYB

For all three motions, transverse and longitudinal, théutiam of the CE-S is considered to satisfy
e(t) = € e U 4 €f (1 - eft/T) 9)

Fitting the Monte Carlo data to that formula (see Figs. 4,i8)dg the equilibrium emittance:, and damping time.

A series of summary tables

Results for 6 GeV electron energy are displayed in Tabs.3B@0 or 6000 particles have been tracked, over 20000 or 40006, depending
on the exercise.

Several runs, however in rather limited number, have bedonpeed in each case, with various initial conditions, ramdyenerator seeds,
this will not be detailed here. Due to the limited number @l, error bars can be up to a few percent level, dependirigeoparameters of
concern, which is anyway considered encouraging as to tlmeatdehavior of Zgoubi as to SR and its effects in rings.

In addition to Zgoubi tracking and to theoretical formultdes light source code BETA [12] developed at Saclay is uséhisrbenchmark-
ing, as a follow on of the above mentioned initial work in R&f. Determination of SR parameters in BETA is based on threpatation of
the radiation integrals, from the lattice parameters, BE$A's data are expected to agree with the theoretical ftamaf concern, in these
various tables.
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Table 4: SR integrals. In the “Theoretical” column, values are derived from ¢hneadilas shown on the left, these include the reduced expressions for
iso-magnetidattice. In the “Ray-tracing” column, values have been derived indirgfollpwing the recipes given in footnote and using the numerical value
of damping times and equilibrium emittances reported in Tabs. 5, 6, as ethtmom Zgoubi multi-turn tracking in the 16-cell ring.

(§ = int. over the dipoles) Units Theoretical Ray-tracing
L=4¢ pl();”) ds —aC (m) 0.2516 0.256¢)
_ ds _ 27 -1 d)
ILy=¢ p(z)g 5 (m=1) 0.2518 0.253
I3 = 3 = 20 1072m—2 1.0089 1.017¢)
* = (s P (a0~ m™)
L=§ ﬁﬁ(l —2n)ds = ﬁ § D,pds @ (10-4m-1) 426 ~5 W)
_ H _ 2T 47 (b) —5m—1 (9)
Iy = = ds = “TH 10~°m 3.2562 3.271
5 § |p(8)|3 (C(L/))F E 6 ( )
o 1
"= 305 Shenas Hls =" pt3 (B + 5p - ) @ (mm) 3.2209 3.207"

(8)n = —p/B 0B/0z field index, zero here.
() H =~.D2 + 20, D, D!, + 3.D’2. (CG) : case of Chasman-Green lattice.
(c) From momentum compaction.
(d) From vertical damping time,. , Tab. 5 :1; = 3T en/(2rov3Ty)
(e) Fromly : I; = IZ/(27) = 0.2528%/(27).
(f) From I, and damping paramet@r, Tab. 7.
Notes :

(i) higher accuracy o® would require more statistics,

(i) using damping times instead (Tab. 5) yields even greateertainty, sincé, ~ D,./p? < Iy ~ 1/p.
(g) FromI, and fromI; /I, equilibriume,, Tab. 6.
(h) From equilibriume,., Tab. 6.

Table 5: Emittance damping times. Agreement between Zgoubi tracking and tleabexpectations is well within a percent, for the three motions. Th
values in the “Zgoubi” column are the averages over a few trials.

Units BETA Zgoubi Theoretical
code value formula
horizontal,r. ms 3.546 3.547) 3.547 =Tpevbs . 3Trey
v Usdo — 2rgy3 (12 — Iy)
turns 1308 1308 1308
vertical, 7. ms 3.540 3.547) 3.541 SYLS S 1
y USJU 2TO’Y 12
turns 1306 1308 1306
longitudinal,,,  ms 1.769 1.757) 1.769 .
sl 2797y (2]2 +I4)
turns 652 648 652

(a) Obtained by matching time-dependent CE-Surface &(ith= ¢ et 4 €cquil. (1 — e—t/f), see Sec. 4.
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Figure 4:Evolution of the longitudinal emittance with the number of turns. Damping tim&alis. 5, 8 have been determined
from similar data, by matching with the exponential decay (Eqg. 9)
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Figure 5:Evolution of the horizontal emittance with the number of turns. Damping tim&aln5, 8 have been determined
from similar data, by matching with the exponential decay (Eq. 9).
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Table 6:Natural emittances and beam sizes. They are obtained by matching they/ttum CE-S as in Figs. 4, 5, or coordinate excursions as in Fig. 3, wi
respectively Eq. 9 or Eq. 8.

Units BETA Zgoubi Theoretical
code tracking® value formula
2 1850— 2 _
horizontal e, nm 6.843 6.83 6.831 Cr” I isomr CoY o (o) ()
T T T.p
i ; ®) ~ =13 Cq . By
vertical, e, pm << pm ~0.15 57,1 ¢ |p3|ds
longitudinal,e; = o2 V. 2.22 2.117 €y’
ongitudinal,e; = a% uev.s - . . 2 Tip
- C

MSAE/E, 04 = Jyo, 107 1.03 1.023 1058 /7%y
rms bunch lengthg, mm - 9.40 9.301 %a%

(a) Statistical error bars on Zgoubi quantities are omjtggsherally within percent.
(b) Transverse excitation is off in Zgoubi for these benctkimg simulations.

(©)Cy = 5225 7 ~ 3.831938 10~ 13[m].

—13 2
(d) This yields.J, (Tab. 7), namely,, = 3-831925 1X02 4.9§5§)[1;312-683 x 3.2209[m] = 0.9984

Table 7:Partition numbers, damping parameter. Average values from a fewdrialgiven. In general the theoretical value falls within that set of value
More statistics would be required for better precisien,., so to satisfy/, = 1 with higher accuracy.

Units BETA Zgoubi Theoretical
code value formula
o 0.9984 0.998" 09984 =1 _ p Stronafoc |-
Jy 1 0.998Y 1 =1
Ji 2.0016 2.002) 2.0016 = 4 p *Tronefoc ot
.n=0
Damping parametef; 103 1.6049 1.959 1.6049 :% iso—p ac
1072 1.6049 2d) 1.6049

-6 -3
(a) Fromr.._ value, Tab. 5 3/, — Lrev s _ 271123109 x 6000.511 _ 3.54010

Us 7, 4.5956 X 7, T 35471073
-3
(b) Fromr,, value :J, = % rms value at fewt0~2 level. Deserves more statistics.

(c) Froma% or 7, values.
(d) Values obtained from, respectively,= 1 — J,, J; — 2.
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Energy dependence

Benchmarking for energy dependence of equilibrium emittarand damping times is summarized in Tab. 8. Expegtechling laws are
recalled (3rd row), as well as energy loss (2nd column). &aletween square brackets are the theoretical, expentel, A limited number
of tracking trials have been realized in general for any ekthquantities, their average value is displayed in the tdhlspite of that, the
agreement is rather satisfactory, within a few percent ttebeDifferences with formulae may have various origins rizumtal oscillation
due to synchrotron motion upon mis-centering of the beamjattion, global fluctuations of beam size with turn numbee tb the limited
stastitics (a few hundred to a few thousand particles), etc.

Table 8:Energy dependence of energy loss, and of longitudinal and horlamttiances and damping times. It can be checked that the theorgscaling
rules are satisfied.

Energy loss{ € 7 €z T
(MeV) (nev.s) (ms) (nm) (ms)
Scaling law ~4 /2 1/43 ~?2 1/+3
6 GeV 4.5956[4.5941] 2.22 [2.12] 1.76 [1.7690] 6.83 [6.83] 3.55 [3.5466]
9 GeV 23.257[23.257] 2.74 [2.717] 0.575[0.5242] 15.6 [15.37] 1.02 [1.0508]
12 GeV 73.50973.505] 3.24 [3.137] 0.222[0.2211] 28.0 [27.32] 0.447 [0.4433]

18 GeV 372.12[372.21] 3.92 [3.842] 0.0676 [0.0655] 66.5[61.46] 0.135 [0.1314]
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6 Coupled motion

6.1 Working hypotheses

The stochastic change of direction of momentum vector i ‘iafZgoubi in the present simulations. The source of vattiemittance is a
single skew quadrupole introduced in a dispersion free. drif
The difference resonaneg, — @, — int. = A =0 is considered. The coupling coefficient is

o ;%Ks (B By (@a=Qurtint)2ms/C) g
s

with K, the skew quadrupole strength.
As a consequence, in the weak coupling approximation, acoueting for the present definition of the 2-D CE-Surfacetisa 4),
- the ratio of the equilibrium beam emittances is expecteshtisfy

2
& __F

€x K2+ A2

- the sum of the invariants is expected to remain constangleéq the natural emittance,

€+ €y =¢€0, €p = uncoupled natural emittance

6.2 Typical data out of Zgoubi

Series of 3000 or 6000 particles are tracked for 20000 tufnsm their coordinates, CE-S are derived, as a functionrof twumber. The
tracking is iterated for various values of the coupling siith. The graph below is a typical result so obtained, it shthwe evolution of the
horizontal and vertical CE-S for a particular coupling sg#n.

EMITTANCES v
> 1e-08 - 1 2 -
R ] e
X [ : -
- 0
: &
O ~
O N
- c
© O
) Ey’ FAL ceveenieenns —
. E,/E, -
é‘ E,/E,, fit 0
|'_1-:| 1e-09 | | | | | | | | | 0.1 Q—l

2000 4000 6000 8000 100001200014000160001800020000 o

Turn #

Figure 6:Horizontal and vertical emittances in presence of coupling, their ratia,fasction of the number of turns, from
Zgoubi tracking, and a fit by the exponential decay law, This is similar toF;ig differs by the presence of coupling.

For the evolution of both, ande, with time, the interpolation function is of the form

et) =eoe T +ef (1 - e_t/T)

6.3 Outcome of the numerical tracking

Numerical simulations yield the discrete data (markersyshin Fig. 6, and their interpolation by the theoretical law

2
&y _ R

€x K2+ A?
In the weak coupling region of the graph, it can be observad tthe concentration ellipse surfaces satigfy + €,)/ep ~ 1, as ex-
pected [13].
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EMITTANCES
1 H ey/ex Q WO
ey/ex . : ’ @ 1.35
(ex + ey)/e0 ---&--
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Figure 7: Left vertical scale : ratio of vertical to horizontal emittances, from Zgdracking (markers), and their interpolation by the
theoretical lawg’ = - ’_‘:_ AZ (“fit” curve). Right scale :(e; + €y)/eo from these Zgoubi tracking : that ratio comes out constant in the

weak coupling limit, as expected, it becomes erratic, and anyway ladistist&g beyond:/A > 100.

7 CPU time considerations

The simulations discussed were realized on a 2.5 GHz proceRse real time consumption, in cruise regime, large nurobparticles and
large number of turns, with 1 cm integration step in all magrigar too small, however a choice aimed at ensuring coevexg of Zgoubi
numerical integration), is

20 ms / particle / turn, in that 800 long structure.

This can be roughly extrapolated to the eRHIC case, as feltow
(i) a 3800 m long structure, a factor 5 about
(ii) assuming 10 passes in the e-ring, an additonal factor 10

which means 1 second about per particle, i.e., 24 hours dboi® particles for good statistics. Or as well series of 1-2 hgensrun on a
desk computer for lattice parameter optimization triads ifistance.

Adding spin tracking won't change the CPU time much, an dolditt 20% about. Note that a 1 cm integration step should balsm
enough to warrant the accuracy (and sufficient symplegjicih spin tracking, given thaty, the number of spin precessions in a turn ir
RHIC, is 22 about (10 GeV, electradl ~ 1.1 x 1073), i.e., less than a full precession, in a single bending refigat highest energy (for
reference, 1 cm is the step size used for tracking - sucdssfib0 GeV polarized protons in RHIC [14], where they redeh ~ 455 at top
energy).

8 Comments / conclusions

High accuracy stepwise ray-tracing of 6-D motion in Zgouhpiesence of SR seems established. The computationalah&defurther spin
diffusion benchmarking against theoretical expectatisitisere, a follow on is essentially a matter of additionalations.

The benchmarking conditions here howevbgusands of turns in ringare challenging beyond necessity regarding simulatitarsned
in eRHIC, namely a few passes in a 3.8 km long recirculatipg tyf accelerator structure.

Worth inspecting further on the other hand, or keeping aroeye

- effects of scattering, which are not addressed here. liicpéar, and also a test of accuracy : decay pfowards minimal invariant in
presence of transverse scattering,

- conservation of the average values of Eigen invariamts;y, in presence of strong coupling.

- beam dynamics in presence of synchrotron radiation in atimets.
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APPENDIX

A SR in Zgoubi, earlier benchmarking

A.1 Tesla Test Facility BDS

Some essential aspects of Zgoubi outcomes are recalledlieg®R effects in beam lines, namely here the Tesla Teditifdoeam delivery
system. The details of the code developments and theircapipln to lepton beam lines can be found in Ref. [2].

As an illustration, the two plots below show the growth of deecentration ellipse surface (the quantity of conceredslled in detail in
Sec. 4, p. 7), at IP, due to SR in the TTF BD2SL0* particles where tracked. The numbering of the curves indftelot correspond to, (1)
zero initial emittances, (2) nominal 6-D emittance, (3)arhaticity corrected optics.

The next six plots illustrate two types of deleterous efeas follows.

A fosused beam at the IP is considered, left column, assuiBg in the sole bends and (ii) scaled magnet fields so toatheoretical
average beam rigidity decrease along the BDS. Then, defarissobserved (middle column) if the magnetic field in theduwpoles is,

instead, not scaled to the energy loss along the line. Dsfiogus also observed (right column) if SR is accounted foallnmagnets
(quadrupoles and sextupoles, in addition to the dipoles).
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Eps/pi. Beta. Alpha:  1.462E-14 4.497E-04 1.643E-02 (NKSA) Eps/pi. Beta. Al pha: 1.458E-14 4.136E-03 2.874E+00



A SR IN ZGOUBI, EARLIER BENCHMARKING 16

A.2 Super-Brings

An early application of these newly developed SR dampingikitions in rings concerned the super-B project, an assynurex 7 GeV
collider, with the goal of, later, including spin transpf8}. The figures below show the optical settings in the higargy ring (HER), as of
Zgoubi.

HER — betaX (m) wversus s (m)
T T T

HER — betay (m) wversus s (m)
T T T

T T
ray-tracing —— ray-tracing ——
MAD MAD

400 1000 1200

s (m)

The left table below summarizes the LER and HER ring parammgtiee top right one gives the main, theoretical, SR relgtezhtities.
The lower right table displays typical beam dynamics patamseesulting from SR. The values for the natural emittgagcgr) and lon-
gitudinal damping timex(r) from Zgoubi tracking (rightmost column) differ from thelgished expected quantities (left column). Regardles
of the detailed reasons for these disagreements (they wésgwnately not investigated in detail at that time, thegyrhave to be looked for
in the iso-magnetic hypothesis in the theoretical datap tné SR in all magnets on Zgoubi side), that was an early o for undertaking

tight benchmarking investigations.

e Theoretical SR parameters in LER, based on radiation in$enty

« Super-B rings parameters, comparing MAD8 and and iso-magnetic lattice.
Zgoubi data. Synchronous energy, Gev 4.18
HER Orbit duration s 4.20
Energy /GeV 6.7 Average energy loss /particle/turf;,.s keV  864.84
Orbit length /m 1258.3581 1258.3582 - ) E*GeV]
Qu) Q, 40.5750, 17.5950  40.5750, 17.5950 Equivalenty: 88463 " Thev] mo 32
@y, 0.042, -0.0038 0.062, -0.0019 V sin(¢s) kV 865
a,/1/a 4.3611074,47.88 4.371107*, 47.83
Max 3;, 8, /m  388.57, 1126.40 388.55, 1126.35
Max Dx /m 0.6346 0.6346 ¢ SRin LER. Col. 3 : theoretical, in bends only, assuming
LER iso-magnetic lattice. Col. 4 : Zgoubi tracking, SR in all mats.
Energy /GeV 4.18
Orbit length /m 1258.3581 1258.3582 Theoretical Zgoubi
Qz, Qy 42.5744,18.6019 42.5749, 18.5949 Eoss  keViturn 865.1 878.4
@, -0.620, -0.678 -0.624, -0.676 Nphot 541.4 541.3
a,\/1/a 4.0491074,49.69 4.05310%, 49.67 € /T m 1.810-9
Max 3, B, Im  396.54, 1013.17 387.25, 1146.77 Ta ms ~ 28
Max Dx /m 0.5118 0.5118 UE/E 0.67 1073 0.68 1073
TE ms 20.3
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B Zgoubi method

Details can be found in Zgoubi users’ guide, Ref. [1].

Motion Zgoubi pushes particles step by step, with stepsém
to ~10s cm range, depending on the problem.
Thus the equation which Zgoubi integrator solves is

-,

d(mv) = q(€+Txb)dt

Reference

It is solved using truncated Taylor seriesfirand@ = /v ( (*) =d(*)/ds):

R(My) = R(My) + @(Mo) As + @' (Mo) &5 + ... + @"" (M) 25
(10)

A(My) =~ @(Mo) + @(Mo) As + @' (Mo) 25> + ... + @ (Mp) A

Fields The derivatives of the velocityl"i/ds™, needed in the Taylor series above, are computed from theetiadield and its derivatives,
d"=1B/ds"~* (noting B = b/ Bp, and assuming, heré& = 0)

1" =ud xB+uxB

4" =d'"xB+2d x B +4xB" (11)
,L—L*//l/ — ﬂ:’” X B + 3,&/‘// X B/ + 3,L—L’/ X B// + ,E[ X B///

etc.

Fields and derivatives are provided using either analytizadels of fields, or 1- to 3-D field maps.

C Simulation of energy loss

Probability of emission of a photon Given that the number of photons radiated within an intégmastepAs is normally small (units or
fraction of a unit)® a Poisson law
A_k —k
p(k) = T
is accounted fork is the number of photons radiated over an arc of trajectahguch that, the average number of photons over an integrati

step expresses s

with A=<k > A=< (Ak)? > (12)

20erq
8%v/3
with 7q = e?/4megmoc? the classical radius of the particle of rest-masg e the elementary chargé, = h/27, h the Planck constant,

B8 = wv/c, Bp the particle stiffness ands = pAf. At each integration step is first evaluated from the current values®fBp andAs, then
a value ofk is drawn from Eq. 12 using a rejection method.

<k>=A=

% BpAs (13)

Energy of the photons These k photons are assigned energieshr at random, in the following way. The cumulative distributtiof the
energy probability law(e/e.)de/e., i.e., the probability that the photon has its energyare], writes (Fig. below)

3 €/€c oo
Plefec) = o /0 // Ks s ()de (14)

with K5 /3 the modified Bessel functior, = fw., w. = 3v3¢/2p the critical frequency of the radiation. The latter is eedhd at each
integration steg from the current values of andp. In the low frequency regiote/e. < 1072), P(e/e. (EqQ. 14) is approximated in Zgoubi
(at better than 1% precision) using

12¢/3

Wp(%)(e/ﬁc)l/g (15)

Ple/e.) =

Beyond, ovel0=2 < ¢/e. < 10, P(e/e.) is interpolated from a set @) values that have been tabulated in Zgoubi source software.

SFor instance, a0 GeV electron will radiate on average = 20.038 E[GeV] x Af ~ 206 x Af photons over a stefs = pAd, i.e., about 2 photons for a 10 cm step
under the effect of a 10 m radius bending.

6This leads for instance to the usual formula for electrong Af[rad] ~ 129.5E[GeV]/2r = v/94.9.

“From a practical viewpoint, the value of the magnetic fieldrist Gomputed for a one-step push of the particle, and thentasgatainp, following what, SR loss corrections
are applied.
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D CHASMAN-GREEN LATTICE PARAMETERS, OUT OF ZGOUBI

Thus, In order to get/e., a random valu® < P < 1 is first generated uniformly,
thene/e. is drawn from Eq. 15 ifP < 0.26, or by inverse linear interpolation from the
tabulated values iP > 0.26.

Note that - a checking means, see Tab. 1 -
field statistics is expected to converge towards the folgwiensemble aver-
ages:

- critical energye.(eV) = 3hy3c / 2pe,
- average photon energy= 8¢, / 15v/3,

_ 1/2
- rms energy width(e2 - 62) =4/211/675 ¢,
- number of average photons per particleAF /e.

D Chasman-Green lattice parameters, out of Zgoubi

These details aim at making the working conditions clegarding the present benchmarking simulations.

in a uniform magnetic

ZGouBl

18

ele,

1

I I
2 3

4

Cumulative distributiorP(e/e.).

All the figures are produced from the stepwise ray-tracirgpubi has a dedicated toolbox for that. Note that, as exgeittéhe paraxial
approximation (small angles) Zgoubi delivers the same dataould be obtained using any matrix code.

Optical functions

H V closed orbits along ring

H V dispersion along ring

Figure 9:Left : betatron functions. Right : phase advance.
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Orbit length versus dp/p
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Figure 10:Top : momentum dependence of orbit length. Bottom : revolution period.

Lo = 812.80219, ¢ = 61.025505, crg = 2.68520380F — 04, oy = —9.00838813E — 07, ap = 27.340271
Ty = 2.7112164, n = —3.08261689E — 04, n; = 8.78189132F — 03, 2 = 1.05943894F — 02

Tunes (fractional) versus dp/p
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Figure 11:Momentum dependence of tunes, and matching polyno@éis = Qo + Q'6 + Q”5°Q"'5°.

Horizontal : Q, = 0.19742838, @), = 2.98930947F — 02, Q!) = —125.03857
Vertical : Q, = 0.20254529, @, = —1.69357145EF — 03, Q) = —24.214762
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E Typical Zgoubi i/o files

The two sections below show typical input (“zgoubi.dat"ylayutput (“zgoubi.res”) zgoubi files, as manipulated in thesent benchmarking.
There may be additional output files from Zgoubi, if requdstes for instance “zgoubi.fai”, a record of local partictelaspin coordinates,
turn after turn, “zgoubi.plt”, a record of coordinates araldsinsideoptical elements,

E.1 Input data file zgoubi.dat

Zgoubi execution requires an input data file, zgoubi.daatTata file contains the ring optics sequence, a sequendeadés, quadrupoles,
sextupoles and other drifts. Special instructions appreaaddition, usually at the top or at the bottom of the stablkytare executed in
sequence with the transport of the particles through thieopequence.

Excerpts from zgoubi.dat (top and bottom of the file) are shbereafter.

'OBJET’
20015.55015183794151
2
11
0.02.0.0.01 kK DRIET .
1 300.00000
'QUADRUPO' 2
0
'SCALING’ POWER SUPPLY COMMANDS 30.0%0 10.000 -0.1949
14 4 02490 53630 24100 09870 00000  0.0000
QUADRUPO 0. o
5 i. Cmo.zzlgo 53630 -2.4100 09870 0.0000  0.0000
20.01555015183794151 20.01555015183794151 tooo
1 999999 'DRIFT' 3
BEND 15.00000
2 I
20.01555015183794151 20.01555015183794151 THE ESRF RING OPTICS STACK FILLS THE GAP HERE
1 999999 g
SEXTUPOL
2 'QUADRUPO' 2
0
20.01555015183794151 20.01555015183794151 go.ogo 10.000 -0.1949
1 999999 4 02490 53630 -2.4100 09870 00000  0.0000
MULTIPOL 0. o
2 i Cm0.2490 53630 -2.4100 09870 0.0000  0.0000
20.01555015183794151 20.01555015183794151 tooo
1 999999 'DRIFT' 1
300.00000
'PICKUPS’ 'SRPRNT'
1 "CAVITE' RF CAVITY
#End 81;80224 542 orbit length (M), h
0.1912274E6  2.617993877991494365  u (volts), phi_s (rad)
'PARTICUL’ REBELOTE'
0.511 1.602176487D-19 0. 0. 0. 4?:,3;9 03 99
'SRLOSS’ SR ON/OFF SWITCH
1
BEND SR IN 'BEND’ FAMILIY ONLY, IN THIS SIMULATION
0 123456

E.2 Output data file zgoubi.res

When executing, zgoubi producesminimag the output file zgoubi.res. Excerpts are displayed andlypgemmented, here.

o Switching on SR Monte Carlo simulation :

6 Keyword, label(s) : SRLOSS
S.R. TRACKING REQUESTED

* Accounted for SR in BEND only

* Magnetic strengths will NOT scale with energy lost in dipole fields
* Loss entails dp only, no angle kick

* Reference dynamical parameters :

B.rho = 20015.55 kG +*cm
beta=v/c = 1.000000
gamma = 11742.68

Kinetic energy = 6000.000 MeV
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o Each time “BEND” is met, SR statistics data are printed oute Tollowing is at the last bend in the ring, after 100 turr3) particles,
yielding a summed 459561.37 keV/particle energy loss d%b63MeV/turn, the value quoted in Table 1. Also quoted in &ahlthe present
19.204983 keV critical energy, and 77712.607, the totallmemof average photons radiated by the 100 particles, ai@turns.

1880 Keyword, label(s) : BEND 188
* Theoretical S.R. parameters in local +dipole * field :

Local bending radius : 24.955495 m, deviation angle : 9.8174 7704E-02rad

Mean energy loss per particle : Eloss = (2/3).r0.c.gamma’3. B.Ang/1000 = 71.806465 keV
Critical energy : Ec = 3.gamma’3.c/(2.rho) * (Hbar/e)/1000 = 19.204983 keV
Mean energy of radiated photons : <Eph> = 8/(15.sqrt(3)).Ec = 5.9136013 keV
rms energy of radiated photons : Eph_rms = 0.6383.Ec = 12.258 541 keV
Number of mean photons per particle inside dipole : N = Eloss/ <Eph> = 12.142595

Mean energy loss, summed over magnets UP TO THIS POINT : 45956 1.37 keV/particle
Relative to initial energy : 7.65870396E-02

# of mean photons, summed over magnets UP TO THIS POINT : 77712 .607 [particle

rms energy of radiated photons  122.58248 keV

+++++ BEND .
Length = 2.449016E+02 cm
Arc length = 2.450000E+02 cm
Deviation = 5.625000E+00 deg., 9.817477E-02 rad
Field = 8.020498E+00 kG
Reference radius (BRo/B) = 2.495550E+03 cm
Skew angle =  0.000000E+00 rad
Entrance face
DX = 0.000 LAMBDA = 0.000
Wedge angle = 0.049087 RD
Exit face
DX = 0.000 LAMBDA = 0.000
Wedge angle = 0.049087 RD
Field has been  * by scaling factor 20.015550
Automatic positioning of element, XCE, YCE, ALE = 0. 0. -4.90 87E-02 cm/cm/rad

Integration step : 1.000 cm

Cumulative length of optical axis = 805.752230 m ;
Time (for ref. rigidity & particle) = 2.710981E-04 s

e When “REBELOTE”" is met, i.e., at the end of each pass throughofitics sequence, the program execution pointer is sekttbdbe top
of the zgoubi.dat stack.

1900 Keyword, label(s) : REBELOTE 190

* Multiple pass,

from element # 1 : MCOBJET /labell= to REBELOTE /labell=
ending at pass # 20000 at element # 1900 : REBELOTE /labell=19 0 Nlabel2=
* Theoretical S.R. parameters in BEND and MULTIPOL +dipole * field :
Average energy loss per particle, summed UP TO THIS POINT : 45 95.6137 keVv
Relative to initial energy : 7.658E-04
* Theoretical S.R. parameters in BEND and MULTIPOL xdipole * field :
Average energy loss per particle, summed UP TO THIS POINT : 91 91.2275 keVv
Relative to initial energy : 1.531E-03

NI T HHH
INFORMATION IS STACKED, AT EACH PASS
N i

* Theoretical S.R. parameters in BEND and MULTIPOL xdipole * field :
Average energy loss per particle, summed UP TO THIS POINT : 91 903083. keVv
Relative to initial energy : 15.315876
----- REBELOTE = -----

End of pass # 19999 through the optical structure
Total of 3000 particles have been launched
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¢ SR information output using “SRPRNT”

1899 Keyword, label(s) : SRPRNT 190

Total #pass * #part, #photons, total loss (MeV)

20000 = 1 0.1554001E+08  92562.57
20000 = 2 0.1554463E+08  92595.75
20000 = 3 0.1553770E+08  92523.71
20000 = 4 0.1554339E+08  92604.16
20000 = 5 0.1554159E+08  92522.50
20000 = 6 0.1554270E+08  92599.34
20000 = 7 0.1554380E+08  92525.74

[T

DATA FOR PARTICLES 8 TO 2994, STACKED HERE
M

20000 * 2995 0.1554670E+08  92583.41

20000 * 2996 0.1553866E+08  92592.50

20000 2997 0.1554412E+08  92632.86

20000 2998 0.1554557E+08  92626.57

20000 2999 0.1553822E+08  92584.98

20000 3000 0.1554097E+08  92573.30

E I

S.R. statistics, from beginning of structure,
on a total of 202162176 integration steps :

Average energy loss per particle : 4595.6 keV.
Relative to initial energy : 7.71E-04
Critical energy of photons (Average) : 19.20498 keV
Average energy of radiated photons : 5.957 keVv
rms energy of radiated photons : 10.99 keV
Number of photons radiated :
- Total : 4.6627E+10
- per particle : 777.1

F Tracking, typical data

F.1 Longitudinal motion

gemio  dE/E  vs. = Turn #

1000 2000 3000 4000 5000 6000 7000 8000 9000

22

Damping of the longitudinal motion : 1000 particles are letued, with Gaussian energy density with width about 10 tithesaturab az .

A fit of the last few 1000 turns yields :

- average dE/E 0.381073,

- rms spreatr 4z ~ 1.023 1072 m (theoretical is..028 1073),

- average RF p’l%ase is 2.6136 rad,

- rms phase~ 2.2847 10~2, hence bunch length28471 1072 x ¢/(27 freqrr) = 9.40 mm (theoretical i9.30 mm).

E
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F.2 Horizontal motion

1000 particles are launched, with Gaussian 2-D horizomtiasiy and CE-Surfacg, ;,,:i.:/m = 300 nm, about 44 times the natural emittance
(Fig. 12), with zero vertical invariants and zero startingmentum spread.

Initial and final horizontal phase spaces are given in Figs1B respectively.

Damping of the horizontal motion at 6 GeV is shown in Fig. 1de®nvelopes, = +./8.¢,/m (solid lines) follow from Eq. 8 with
€x.equit/m™ = 6.83107% m.rad therms beam emittance and with damping timg = n, [turns]x T}, = 7.08 ms (v, = 2610, twice the
emittance damping time, see Tab. 5, page 9).

0. 00 ?Z: 9}&35[128% x (rad)  vs. x (M .
0. 0002 L
0. 00
0.0
0.0
2
-. 00¢ -4
-. 0002 = : : 24
-.001 -. 0005 0.0 0.0005 0.001
-.008 -.004 0.0 0. 004 0. 008

Figure 13:Final horizontal phase-space, a projection of turns number
Figure 12:Starting horizontal phase-space. to 10000. The asymptotiems emittance is; /7 ~ 6.4 nm, close to th
expected, theoreticél8 nm.

£9°4Bn! §B°P  x (M vs. Turn #

by e b e by e b b b
1000 2000 3000 4000 5000 6000 7000 8000

Figure 14:Damping of the horizontal motion, 6 GeV, with exponential decay envelope

F.3 Vertical motion

Sample outcomes similar to the previous ones are displayEi 3 p. 8.
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F.4 Coupled optics

Coupling is obtained by introducing a skew quad at the aZinsa0
(Fig. 2) in the lattice. Tracking of a (few) hundred partglever
20000 turns, is performed with various coupling strength$3 p with

bs the quadrupole field at pole tip.

The following figures display typical turn dependence oftthas-
verse excursions, X, and y, and their evolution with the Gogstrength , o
(horizontal motion is damped, vertical motion is growinghe short
tables display typical numerical data drawn from thesekiragtrials.

In presence of stronly, (first cases), the horizontal motion damps to-
wards a larger equilibrium emittance than in the case of &argg
(last cases). This type of data yielded the results display€&ig. 7.

6 GeV

eb, =0.07102T.m;

{gpue) L zpor X y (m vs. Pass#

-. 0015

1000 2000 3000 4000 5000 6000 7000
turnrange e, /m e /m  ey/m/eg/T
(1e-9) (le-10) (%)

6500-7200 6.745 4.735 7.02
6000-7200 6.720 4.818 7.17
5500-7200 6.605 4.939 7.48

eb, =0.04510"3 T.m

{gpu8) L zpor X y (m vs. Pass#

2000. 4000. 6000. 8000. d, . L2
turn range €x/T €T €)T/eg/T
(1e-9) (1e-10) (%)
13000-13400 5.970 1.546 2.590
12000-13400 5.570 1.479 2.655
10000-13400 5.382  1.492 2.772

eb, =0.0371073 T.m

Oozlg,ﬂggﬂzpop X y (m vs. Pass#

0. 00¢

-. 00f

2000. 6000. 1. 1.4 1.8
turn range €x/T €T €)T/eg/T
(1e-9) (le-10) (%)

17000-18522 6.21 1.169 1.88
16000-18522 6.00 1.146 1.91
15000-18522 6.08 1.156 1.90
Final (x,x") Final (y,y")
after 20000 turns.
fgReLeeop  x' (rad) vs.  x (m Zg048iL#p0p  y' (rad) vs. y (m
21 Bl
&3 g8
24 @,
# @4
-.001 -. 0005 0.0 0. 0005 0.001 -.0001 0.5 0.0 ns 0. 0001
eb, =0.01e31073 T.m
ZE?BE}L.ZWP X y (m vs. Pass#
0 5
. 0015
2000. 6000. 1, 1.4 1.8
turn range €x/T €T €)T/€g)T
(1e-9) (le-12) (%)
19000-19845 6.38 9.089 0.142
18000-19845 6.92 9.365 0.135
16000-19845 7.22 9.527 0.132
16000-19845 7.29 9.626 0.132
Final (x,x") Final (y,y")
after 20000 turns.
ilZeop  x* (rad) vs. X (m ZgopbiLZeoP  y' (rad)  vs. y (m
e:ﬁﬂ&mx 02 sase e
’ 7
&7 2% i
24 25 AR
2, =2 H?\

-.0015 -.001 -.0005 0.0 0.0005 0.001 0.001¢

0.3

0.2 0,1 00 fF Pz 03
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