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Introduction

The purpose 1is to construct empirical formulas which give quantitative
representations of the secondary particle prcduction in P-Be collision,
based on the.characteristics of the experimental data between 10 and 24 BeV/c
incident proton momenta. Except for certain kinematical constraints, the
approach is, therefore, purely algebraic ratner than physical.

Part I - Pion Production

1. Angular Dependcnce of the Momentum Spectra

The angular dependence of the momentum spectra can be studied by taking
the ratio of the production at angle 6 to the ferward production. An example
is shown for positive pionms in Fig. 1 at 18.8 and 23.1 BeV/c incident proton
momenta, by utilizing the data of Dekkers etal.l Call this ratio g, we see
that on the semi-log plot, g is well represented by a linear function whose
slope h is apparently independent ofrthe incident momentum. Clearly g
crosses unity at some value R: cf the secondary momentum P. (Note P # 0).
Similar investigation was made at 13.4 BeV/c, based on the data of Lundy et al.
Though there is no measurement of the forward production at this momentum, the

detailed data enable a fairly dependable extrapolation to zero degree. The



-2- _ JRS/CLW-1 -
study of the behavior of g at 13.4 BeV/c suppérts the observation at

18.8 and 23.1 BeV/c; nameiy, the slope h is independent of the incident
momentum P; , and is a function of the production angle 6 alone. Assuming

this to be true at 30 BeV, .we thus obtain an expression
- o h(6) (P-g;) (1)

Now h has to vanish at 8 = O, where g reduces to 1. Furthermore, the data
at 13.4 BeV/c indicate that P, decreases as 0 increases, while the data at
18.8 and 23.1 BeV/c show that P; increases as the incident momentum increases.
To accommodate these features we chose the functional forms
h=a6g" (2)
P. =b P cos™® (3)

c
where a, b, m, and n are unknown constants to be determined by the least
square analysis.
2. TForward Production
The general characteristics of the forward production as observed on the
semi-log plot are:
1. The momentum spectrum decays with a power greater than one.
2. The higher the incident moﬁentum, the slower the decay of the
momentum spectrum, and
3. The momentum spectrum has a maximum and decreases rapidly as the
secondary momentum approaches zero.
In addition to these characteristics, the momentum spectrum has to satisfy
a certain kinematical requirement, namely
4. The spectrum must vanish as the secondary momentum reaches the
incident momentum, (slightly below the incident momentum, to be

exact). To satisfy above featurcs, we assume for the forward

production spectrum the functional form
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c P 2P s
f = C, P2 (1 - ii) e P'}s (4)

where C, through C5 are unknown constants to be determined.

3. Least Square Analysis
Combining the forward production f and the angular dependent term g,

we have the complete double differential momentum spectrum

dN
= £,
dQdp g c c

3 P4 m C
Cl PCQ (1 - %_) e C - C6 e (P - C7 Pi cos 8 0) (5)
i

P’s
where C1 through C8 and m are the parameters to be determined by the least
square fitting to the experimental data (m turned out to be 1). The data
used in the analysis are from four experiments; by Lundy etal., at 13.4 BeV/cz,
Dekkers et al.,, at 11.8, 18.8 and 23.1 BeV/cl; Baker et al., at 10.9, 20.9 and
30.9 BeV/c3and Fitch et al., at 33.9 BeV/ch.

A. Normalization of the Exﬁerimental Data

In view of the relatively limited experimental data, évery bit of them is
of great value. The data of Lundy et al. cover most thoroughly the detailed
-angular dependence of the momentum spectrum, and are thus invaluable in
determining the function h (B8), while the data of Dekkers et al. are the sole
data which present the forward productions and are particularly useful in
determining the function f. The data of Baker et al. on the other hand,
covered the largest range of the incident momentum. Thus all data complement
each other and are essential in determining the complete momentum spectrum.
However, in order to take full advantage of all available data from different
experiments with completely different experimental setup, care must be taken
in their relative normalization. We have chosen the data.of Dekkers et al.,

as the standard of normalization.
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The experiment of Baker et al. and that of Fitch et al. were performed
with an internal target of which the efficiency was quoted as T = 50+ 10%.
Considering the momentum dependence ofvthe target efficiency, we assuméd
T = 50, 53 and 60% at P; = 10.9, 20.9 and 30.9 and 33.9 BeV/c respectively.
Because of the uncértainties of these efficiencies and the uncertainties of
the effect of the AGS fringe field on the secondary particles, relatively
large errors (207) were assigned to the experimental data. Whether further
normalization relative to the data of Dekkers et al. is necessary or not
will be found in the least square analysis.

The normalization of the data of Lundy et al. was checked in
two ways. First, the forward production spectra of ﬂi and protons at
13.4 BeV/c were obtained by extrapolating the data to zero degree, and were
then compared with the corresponding forward production spectra of Dekkers
etal. at 11.8, 18.8 and 23.1 BeV/c. Secondly, various normalization factors
were assumed and least square analyses were carried out with all other
experimental data ranging from 11 to 34 BeV/c. Both results are consistent
with a normalization factor of.l.S to be multiplied to the data of Lundy
et al. The errors assigned to these data in the least square analysis were 15%.

In converting the unit from (mb/nucleus) to (number of pions/interacting
proton), the absorption cross section c, was taken to be 227 mbS. To
summarize, the data from different experiments were normalized and the units

were converted by

2
jfgp (number of pions/sr/BeV/c/interacting proton)
4
N d2
= L (Eig“) (mb/sr/BeV/c/nucleus) (6)
a P Lundy et al.
1 4%
= = (dbd ) (mb/sr/BeV/c/nucleus) =
%3 ““P" pekkers et al.
Np 4%y )
= — (dCd ) (number of pions/sr/BeV/c/circulating proton)
1 “P" paker et al, :

Fitch et al.
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where NL (=1.5) and NB are the normalization factors for the data of
respective authors, and T is the efficiency of the internal target. NB
turned out to be ~ 1 with the choice of T, meantioned before.
B. least Square Analysis

The Fortran program "LEAST"6 was used to determine the parameters C, through

C,and m, by minimizing the quantity

- 2

EN e
log écd - log (dCdp)

§F§é> //// (jQ

where the superscrlpt e and ¢ refer to the experlmental and calculated

(7)

L
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values respectively, A <dﬂds) is the error pertaining to the i-th experi-
mental datum and F is the number of degrees of freedom in tne least square
fitting. Good fits were obtained for both mt and " data with m consistent
with 1. Consequently m was set to 1 and equally good fits were ottained with

the following parameters.

C4 CS Cs C7 C 5 data Q

—
[\
8}

T 1.092 | .6458 1.625 (1.656 | 5.029 | .1722 82.65 134 0.72

_L\
(]
=
o))

m { 0.821 | .5271}3.

O
wn
o

1.731 11.617 4.735 | .1984 88.75 152 0.73

The calculation was done by CDC~6600 and the results were plotted by the
CAL-COMP plotter by means of the Fortran program "YIELD" written for this
purpose. They are reproduced in Fig. 2 through Fig. 19. The fact that no
normalization for the data of Baker et al. was necessary indicates that our
assignment of the target efficiency is piobtably not far from reality.

4. Multiplicities, Mean Secondary and Transverse Mcuwenta, and Inelasticities.

In addition to the momentum spectra, an important experimental observable
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that can provide a direct check to the validiiy of the formula is the pion

multiplicities N> defined by
A

P, ' .
i J&N !
N, = fo Jo 2m andp sin 6d6dp (8)

Other quantities of interest are the mean secondary momentum p, mean trans-

verse momentum Pt and the inelasticities Kn defined respectively by

P, o 2

- _ 1 i d'N .
p = N j j 2m anap P sin 0dodp (9)
)
: i 0 2
1 j j d°N . 2
P =3 2m ——— p sin 8dédp (10)
t Nﬁ o o dQdp

and

Pi T s
Ke = %_ j f 2m SQS
i o o P

The integrations were carried out numerically, and the results are

p sin 6d6 (1)

3>

presented in Table I. A comparison of the calculated multiplicities with
the experimental measurements is given in Table II (Section 5).
Table I - Pion Multiplicities, Mean Secondary and Transverse Momentum,

and Inelasticities Predicted by the Proposed Formula.

Pi(BeV/c) N_ P P, K-

10 0.97 0.82 0.23 .080

15 1.17 1.14 0.24 .089

. 20 1.38 1.46 0.25 .101
m 25 1.64 1.77 0.26 .116
30 1.94 2.06 0.27 134

35 2.33 2.32 0.28 .155

- 10 0.87 0.70 0.22 .061
15 1.02 0.95 0.24 .065

_ 20 1.18 1.22 0.25 .072
m 25 1.37 1.50 0.25 .082
30 1.61 1.77 0.26 1 .095

35 1.91 2.02 0.27 111
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5. Discussion and Comments on Previous Formulas
One interesting feature the present analysis revealed is that the
power to the production angle @ reduced to one after the least square
fitting, despite some indications of the necessity of higher powers‘

7,8,9 :
7?7 Furthermore, the coefficient for.

called for by various authors.
the term Pg is independent of the incident momentum. Therefore, in
conjunction with the cosmic ray results at higher energies, it can be
considered as established that the transverse momentum distribution of
secondary pions is independent of the incident proton momentum Pi for.

P, > 10 BeV/c. -

Several empirical formulas for pion productions have so far been
proposed. The formula due to Cocconi, Koester and Perkins10 assumes a
Boltzman distribution for the transverse momentum, and a simple exponential
for the forward energy spectrum. It is attractive with its elegant and
simple assumptions. However, the representation is fairly qualitative
between 10 and 34 BeV/c. It is perhaps of special use at higher energies.
Von Dardel's formula7 is also rather qualitative. The formula due to
Haberler11 is reasonably quantitative, but the parameters are discontinuous.
The formula of Burns et al.8 gives good representation at 20 and 30 BeV
only with different parameters, therefore, is not suitable for general
purpose. Trilling's formula12 is based on an attractive combination of
the philosophies of the statistical and isobar models and presents very
impressive bumps on the momentum spectrum at higher energies; however, it
still remains relatively qualitative below 30 BeV. A step towazd a
quantitative representation between 10 and 30 BeV was recently presented
by Ranft by means of a ten-parameter formula, yet the prediction of the

pion multiplicities still remains quite poor.
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A comparison of the predictions of the pion multiplicities from three most
recent formulas with the experimental measurements is presented in Table I7.
Table IT - A Comparison of the Measured and Predicted Pion Multi-

. plicities, Nﬁ+ + ,Nﬁ-.

Pi(BeV/c) Experiment* Proposed Formula | Ranft Formula* Trilling Formula*
10 1.9 - 2.3 1.84 0.82 0.72
15 2.5 2.19 1.32 0.85
20 : 2.56 1.85 0.95
25 2.9 - 3.7 3.01 2.39 1.04
30 3.55 2.94 1.12

XThese items are quoted from Reference 9.
6. Conclusion 5

Aside from the goodness of fitg to the momentum spectrum, the most
remarkable achievement of the present formula is perhaps its excellent
prediction of the pion multiplicities, with which the previous formulas
really did not have much luck. It is conceivable, therefore, that the present
formula is definitely more realistic than any hitherto available formulas as
far as the quantitative representation of the pion flux from P-Be coliision
between 10 and 35 BeV/c incident momenta is concerned. Further study and
some modification of the formula may enable an extrapolation to a higher

energy. Similar study on kaon and antiproton production is quite promising,

and the resultg will appear in Part II of this report before long.

We appreciate Miss Janet Head for programming "YIELD" and other assistances.

One of us (CLW) thanks Dr. Rudolph Sternheimer and Dr. George Trilling for
useful conversations. The effort of Mr. Fred Kuehl, Mr. Paul Hallowell and

Mr. Malcolm McCrum in various stages of the data reduction and Aanalysis is

gratefully acknowledged,
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Figure Captions

Fig. 17 Momentum spectra for 1 production from P-Be collision at 27.0 BeV/c
incident momentum.
i
Fig. 18 Momentum spectra for T productionlfrom P-Be collision at 30.9 BeV/c¢
incident momentum. The data are from Reference 3.
Fig. 19 Momentum spectra for T production from P-Be collision at 33.9 BeV/c
incident momentum. The data are from Reference 4.
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study of the behavior of g at 13.4 BeV/c suppérts the observation at

18.8 and 23.1 BeV/c; nameiy, the slope h is independent of the incident
momentum P; , and is a function of the production angle 6 alone. Assuming

this to be true at 30 BeV, .we thus obtain an expression
- o h(6) (P-g;) (1)

Now h has to vanish at 8 = O, where g reduces to 1. Furthermore, the data
at 13.4 BeV/c indicate that P, decreases as 0 increases, while the data at
18.8 and 23.1 BeV/c show that P; increases as the incident momentum increases.
To accommodate these features we chose the functional forms
h=a6g" (2)
P. =b P cos™® (3)

c
where a, b, m, and n are unknown constants to be determined by the least
square analysis.
2. TForward Production
The general characteristics of the forward production as observed on the
semi-log plot are:
1. The momentum spectrum decays with a power greater than one.
2. The higher the incident moﬁentum, the slower the decay of the
momentum spectrum, and
3. The momentum spectrum has a maximum and decreases rapidly as the
secondary momentum approaches zero.
In addition to these characteristics, the momentum spectrum has to satisfy
a certain kinematical requirement, namely
4. The spectrum must vanish as the secondary momentum reaches the
incident momentum, (slightly below the incident momentum, to be

exact). To satisfy above featurcs, we assume for the forward

production spectrum the functional form
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c P 2P s
f = C, P2 (1 - ii) e P'}s (4)

where C, through C5 are unknown constants to be determined.

3. Least Square Analysis
Combining the forward production f and the angular dependent term g,

we have the complete double differential momentum spectrum

dN
= £,
dQdp g c c

3 P4 m C
Cl PCQ (1 - %_) e C - C6 e (P - C7 Pi cos 8 0) (5)
i

P’s
where C1 through C8 and m are the parameters to be determined by the least
square fitting to the experimental data (m turned out to be 1). The data
used in the analysis are from four experiments; by Lundy etal., at 13.4 BeV/cz,
Dekkers et al.,, at 11.8, 18.8 and 23.1 BeV/cl; Baker et al., at 10.9, 20.9 and
30.9 BeV/c3and Fitch et al., at 33.9 BeV/ch.

A. Normalization of the Exﬁerimental Data

In view of the relatively limited experimental data, évery bit of them is
of great value. The data of Lundy et al. cover most thoroughly the detailed
-angular dependence of the momentum spectrum, and are thus invaluable in
determining the function h (B8), while the data of Dekkers et al. are the sole
data which present the forward productions and are particularly useful in
determining the function f. The data of Baker et al. on the other hand,
covered the largest range of the incident momentum. Thus all data complement
each other and are essential in determining the complete momentum spectrum.
However, in order to take full advantage of all available data from different
experiments with completely different experimental setup, care must be taken
in their relative normalization. We have chosen the data.of Dekkers et al.,

as the standard of normalization.
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The experiment of Baker et al. and that of Fitch et al. were performed
with an internal target of which the efficiency was quoted as T = 50+ 10%.
Considering the momentum dependence ofvthe target efficiency, we assuméd
T = 50, 53 and 60% at P; = 10.9, 20.9 and 30.9 and 33.9 BeV/c respectively.
Because of the uncértainties of these efficiencies and the uncertainties of
the effect of the AGS fringe field on the secondary particles, relatively
large errors (207) were assigned to the experimental data. Whether further
normalization relative to the data of Dekkers et al. is necessary or not
will be found in the least square analysis.

The normalization of the data of Lundy et al. was checked in
two ways. First, the forward production spectra of ﬂi and protons at
13.4 BeV/c were obtained by extrapolating the data to zero degree, and were
then compared with the corresponding forward production spectra of Dekkers
etal. at 11.8, 18.8 and 23.1 BeV/c. Secondly, various normalization factors
were assumed and least square analyses were carried out with all other
experimental data ranging from 11 to 34 BeV/c. Both results are consistent
with a normalization factor of.l.S to be multiplied to the data of Lundy
et al. The errors assigned to these data in the least square analysis were 15%.

In converting the unit from (mb/nucleus) to (number of pions/interacting
proton), the absorption cross section c, was taken to be 227 mbS. To
summarize, the data from different experiments were normalized and the units

were converted by

2
jfgp (number of pions/sr/BeV/c/interacting proton)
4
N d2
= L (Eig“) (mb/sr/BeV/c/nucleus) (6)
a P Lundy et al.
1 4%
= = (dbd ) (mb/sr/BeV/c/nucleus) =
%3 ““P" pekkers et al.
Np 4%y )
= — (dCd ) (number of pions/sr/BeV/c/circulating proton)
1 “P" paker et al, :

Fitch et al.
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where NL (=1.5) and NB are the normalization factors for the data of
respective authors, and T is the efficiency of the internal target. NB
turned out to be ~ 1 with the choice of T, meantioned before.
B. least Square Analysis

The Fortran program "LEAST"6 was used to determine the parameters C, through

C,and m, by minimizing the quantity

- 2

EN e
log écd - log (dCdp)

§F§é> //// (jQ

where the superscrlpt e and ¢ refer to the experlmental and calculated

(7)

L
It
tr] | st

z
i

-

values respectively, A <dﬂds) is the error pertaining to the i-th experi-
mental datum and F is the number of degrees of freedom in tne least square
fitting. Good fits were obtained for both mt and " data with m consistent
with 1. Consequently m was set to 1 and equally good fits were ottained with

the following parameters.

C4 CS Cs C7 C 5 data Q

—
[\
8}

T 1.092 | .6458 1.625 (1.656 | 5.029 | .1722 82.65 134 0.72

_L\
(]
=
o))

m { 0.821 | .5271}3.

O
wn
o

1.731 11.617 4.735 | .1984 88.75 152 0.73

The calculation was done by CDC~6600 and the results were plotted by the
CAL-COMP plotter by means of the Fortran program "YIELD" written for this
purpose. They are reproduced in Fig. 2 through Fig. 19. The fact that no
normalization for the data of Baker et al. was necessary indicates that our
assignment of the target efficiency is piobtably not far from reality.

4. Multiplicities, Mean Secondary and Transverse Mcuwenta, and Inelasticities.

In addition to the momentum spectra, an important experimental observable
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that can provide a direct check to the validiiy of the formula is the pion

multiplicities N> defined by
A

P, ' .
i J&N !
N, = fo Jo 2m andp sin 6d6dp (8)

Other quantities of interest are the mean secondary momentum p, mean trans-

verse momentum Pt and the inelasticities Kn defined respectively by

P, o 2

- _ 1 i d'N .
p = N j j 2m anap P sin 0dodp (9)
)
: i 0 2
1 j j d°N . 2
P =3 2m ——— p sin 8dédp (10)
t Nﬁ o o dQdp

and

Pi T s
Ke = %_ j f 2m SQS
i o o P

The integrations were carried out numerically, and the results are

p sin 6d6 (1)

3>

presented in Table I. A comparison of the calculated multiplicities with
the experimental measurements is given in Table II (Section 5).
Table I - Pion Multiplicities, Mean Secondary and Transverse Momentum,

and Inelasticities Predicted by the Proposed Formula.

Pi(BeV/c) N_ P P, K-

10 0.97 0.82 0.23 .080

15 1.17 1.14 0.24 .089

. 20 1.38 1.46 0.25 .101
m 25 1.64 1.77 0.26 .116
30 1.94 2.06 0.27 134

35 2.33 2.32 0.28 .155

- 10 0.87 0.70 0.22 .061
15 1.02 0.95 0.24 .065

_ 20 1.18 1.22 0.25 .072
m 25 1.37 1.50 0.25 .082
30 1.61 1.77 0.26 1 .095

35 1.91 2.02 0.27 111
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5. Discussion and Comments on Previous Formulas
One interesting feature the present analysis revealed is that the
power to the production angle @ reduced to one after the least square
fitting, despite some indications of the necessity of higher powers‘

7,8,9 :
7?7 Furthermore, the coefficient for.

called for by various authors.
the term Pg is independent of the incident momentum. Therefore, in
conjunction with the cosmic ray results at higher energies, it can be
considered as established that the transverse momentum distribution of
secondary pions is independent of the incident proton momentum Pi for.

P, > 10 BeV/c. -

Several empirical formulas for pion productions have so far been
proposed. The formula due to Cocconi, Koester and Perkins10 assumes a
Boltzman distribution for the transverse momentum, and a simple exponential
for the forward energy spectrum. It is attractive with its elegant and
simple assumptions. However, the representation is fairly qualitative
between 10 and 34 BeV/c. It is perhaps of special use at higher energies.
Von Dardel's formula7 is also rather qualitative. The formula due to
Haberler11 is reasonably quantitative, but the parameters are discontinuous.
The formula of Burns et al.8 gives good representation at 20 and 30 BeV
only with different parameters, therefore, is not suitable for general
purpose. Trilling's formula12 is based on an attractive combination of
the philosophies of the statistical and isobar models and presents very
impressive bumps on the momentum spectrum at higher energies; however, it
still remains relatively qualitative below 30 BeV. A step towazd a
quantitative representation between 10 and 30 BeV was recently presented
by Ranft by means of a ten-parameter formula, yet the prediction of the

pion multiplicities still remains quite poor.
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A comparison of the predictions of the pion multiplicities from three most
recent formulas with the experimental measurements is presented in Table I7.
Table IT - A Comparison of the Measured and Predicted Pion Multi-

. plicities, Nﬁ+ + ,Nﬁ-.

Pi(BeV/c) Experiment* Proposed Formula | Ranft Formula* Trilling Formula*
10 1.9 - 2.3 1.84 0.82 0.72
15 2.5 2.19 1.32 0.85
20 : 2.56 1.85 0.95
25 2.9 - 3.7 3.01 2.39 1.04
30 3.55 2.94 1.12

XThese items are quoted from Reference 9.
6. Conclusion 5

Aside from the goodness of fitg to the momentum spectrum, the most
remarkable achievement of the present formula is perhaps its excellent
prediction of the pion multiplicities, with which the previous formulas
really did not have much luck. It is conceivable, therefore, that the present
formula is definitely more realistic than any hitherto available formulas as
far as the quantitative representation of the pion flux from P-Be coliision
between 10 and 35 BeV/c incident momenta is concerned. Further study and
some modification of the formula may enable an extrapolation to a higher

energy. Similar study on kaon and antiproton production is quite promising,

and the resultg will appear in Part II of this report before long.
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