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EFFECT OF 3D POLARIZATION PROFILES
ON POLARIZATION MEASUREMENTS

AND COLLIDING BEAM EXPERIMENTS

Wolfram Fischer∗ and Alexander Bazilevsky
Brookhaven National Laboratory, Upton, NY 11973, USA

Abstract

The development of polarization profiles are the primary
reason for the loss of average polarization. Polarization
profiles have been parametrized with a Gaussian distribu-
tion [1]. We derive the effect of 3-dimensional polarization
profiles on the measured polarization in polarimeters, as
well as the observed polarization and the figure of merit in
single and double spin experiments. Examples from RHIC
are provided.

INTRODUCTION

The Relativistic Heavy Ion Collider (RHIC) is the only
collider of spin polarized protons [2]. During beam accel-
eration and storage profiles of the polarizationP develop,
which affect the polarization measured in a polarimeter,
and the polarization and figure of merit (FOM ) in col-
liding beam experiments. We calculate these for profiles
in all dimensions, and give examples for RHIC. Like in
RHIC we call the two colliding beams Blue and Yellow.
We use the overbar to designate intensity-weighted aver-
ages in polarimeters (e.g.P ), and angle brackets to des-
ignate luminosity-weighted averages in colliding beam ex-
periments (e.g.〈P 〉).

COORDINATES

We use normalized horizontal, vertical, and longitudinal
phase space coordinates

(x, x̃′) = (x, αxx + βxx′)

(y, ỹ′) = (y, αyy + βyy′)

(s, s̃′) =

(

φ

2π

C

h
,

Cη

2πQs

δp

p

)

(1)

where (x, x′) and (y, y′) are the horizontal and vertical
phase space coordinates, and(βx, αx) and(βy, αy) the re-
spective lattice functions.φ is the rf phase,C the circum-
ference,h the harmonic number,η the slip factor,Qs the
synchrotron tune, andδp/p the relative momentum devi-
ation. In the normalized coordinates the linear motion in
phase space is represented by a circle on a Poincaré surface
of section, and all coordinates have the dimension length.
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DISTRIBUTIONS

A Gaussian intensity distribution in phase space is

I(x, x̃′, y, ỹ′, s, s̃′) =

Nb

(2π)3σ2
xσ2

yσ2
s

exp

{

−x2+ x̃′2

2σ2
x

− y2+ ỹ′2

2σ2
y

− s2+ s̃′2

2σ2
s

}

(2)

whereNb is the bunch intensity. We now assume that the
spin polarizationP can be written as

P (x, x̃′, y, ỹ′, s, s̃′) =

P0 exp

{

−x2 + x̃′2

2σ2
x,P

− y2 + ỹ′2

2σ2
y,P

− s2 + s̃′2

2σ2
s,P

}

.
(3)

With this dependence the polarization is a function of the
normalized horizontal (

√
x2 + x̃′2), vertical (

√

y2 + ỹ′2)
and longitudinal (

√
s2 + s̃′2) betatron amplitudes. The

maximum polarizationP0 is reached for zero amplitudes
in all dimensions. We also introduce the quantities

Rx :=
σ2

x

σ2
x,P

, Ry :=
σ2

y

σ2
y,P

, and Rs :=
σ2

s

σ2
s,P

(4)

that parametrize the polarization profile, and with which
Eq. (3) can be written as

P (x, x̃′, y, ỹ′, s, s̃′) =

P0 exp

{

−Rx
x2+x̃′2

2σ2
x

− Ry
y2+ỹ′2

2σ2
y

− Rs
s2+s̃′2

2σ2
s

}

.
(5)

Without any polarization profiles we haveσx,P → ∞,
σy,P → ∞, σs,P → ∞, andRx = Ry = Rs = 0.

POLARIZATION MEASUREMENTS

The average polarization over all particles, as measured
by a H-jet polarimeter [3,4], is

P =

+∞
∫

· ··
∫

−∞

dxdx̃′dydỹ′dsds̃′P (x, ...) I(x, ...)

+∞
∫

· ··
∫

−∞

dxdx̃′dydỹ′dsds̃′I(x, ...)

=
P0

(1 + Rx)(1 + Ry)(1 + Rs)
.

(6)



Here and in the following the overbar denotes the intensity-
weighted average. In a horizontal profile measurement with
a thin vertical target [5] we have

Px(x) =

+∞
∫

· · ·
∫

−∞

dx̃′dydỹ′dsds̃′P (x, ...) I(x, ...)

+∞
∫

· · ·
∫

−∞

dx̃′dydỹ′dsds̃′I(x, ...)

=
P0√

1 + Rx(1 + Ry)(1 + Rs)
exp

{

−Rxx2

2σ2
x

}

(7)

Similarly, we have for a vertical profile measurement with
a thin horizontal target

Py(y) =
P0

(1 + Rx)
√

1 + Ry(1 + Rs)
exp

{

−Ryy2

2σ2
y

}

,

(8)
and for a longitudinal profile measurement

Ps(s) =
P0

(1 + Rx)(1 + Ry)
√

1 + Rs

exp

{

−Rss
2

2σ2
s

}

.

(9)
A longitudinal profile can be obtained through time-
binning in a H-jet polarimeter [3,4] or CNI polarimeter [5]
measurement.

LUMINOSITY

For the following we recall the luminosity formula [6–8]

L = fc

+∞
∫

· · ·
∫

−∞

dxdydsdt

× ÎB(x, ..., t) ÎY (x, ..., t)

×
√

(~vB − ~vY )2 − (~vB × ~vY )2

c2

(10)

wherefc is the bunch collision frequency, and the sub-
scriptsB andY describe quantities of the Blue and Yellow
beams respectively. Note that the distributionsÎ are only
3-dimensional and also time dependent,

Î(x, y, s, t) =

+∞
∫

· · ·
∫

−∞

dx̃′dỹ′ds̃′I(x, ..., t)

=
Nb

(2π)3/2σxσyσs
exp

{

− x2

2σ2
x

− y2

2σ2
y

− s2

2σ2
s

}

.

(11)

~v is the common velocity of particles in the bunch, andc
the speed of light. The rms beam sizesσx,y,s are functions
of the timet. With neither transverse offset nor crossing
angle the luminosity can be written as [6,9]

L =
fcNb,BNb,Y

2π
√

(σ∗2
x,B + σ∗2

x,Y )(σ∗2
y,B + σ∗2

y,Y )
h(tx, ty) (12)

where the superscript∗ denotes quantities at the interaction
point, and the functionh(tx, ty) is the hourglass factor

h(tx, ty) =

∞
∫

−∞

dt√
π

exp(−t2)
√

(1 + t2/t2x)(1 + t2/t2y)
(13)

with

t2x =
2(σ∗2

x,B + σ∗2
x,Y )

(σ2
s,B + σ2

s,Y )
(

σ∗2
x,B/β∗2

x,B + σ∗2
x,Y /β∗2

x,Y

) . (14)

A similar expression holds fort2y.

AVERAGE POLARIZATIONS AND
FIGURES OF MERIT IN COLLIDING

BEAM EXPERIMENTS

Let us introduce polarization moments for two colliding
beams as

Mmn = 〈Pm
B · Pn

Y 〉, (15)

wherem and n are non-negative integers and the angle
brackets indicates the luminosity-weighted average over
the polarization function.

Important quantities for a collider experiment are aver-
age polarizations and figures of merit. For single spin mea-
surements with the Blue and Yellow beams respectively
these can be expressed through the polarization moments
Mmn as

〈PB〉 ≡ M10 FOMB ≡ L〈P 2
B〉 = LM20 (16)

and

〈PY 〉 ≡ M01 FOMY ≡ L〈P 2
Y 〉 = LM02. (17)

For double spin experiments we have

〈PB ·PY 〉 ≡ M11 FOMBY ≡ L〈P 2
B ·P 2

Y 〉 = LM22.
(18)

Polarizations, if not equal to 1, dilute the measured
asymmetries and rescaling is needed to get the physics
asymmetries. Statistical uncertainties in the measurement
scale as1/

√
FOM , so figures of merit describe the exper-

imental sensitivity or resolution.
We now calculate the momentsMmn using the luminos-

ity formulas in the previous section. With Eq. (15) we have

Mmn =
fc

L

+∞
∫

· · ·
∫

−∞

dxdydsdt

× ÎB(x, ..., t)ÎY (x, ..., t)

× P̂m
B (x, ..., t)P̂n

Y (x, ..., t)

×
√

(~vB − ~vY )2 − (~vB × ~vY )2

c2

(19)



where the time-dependent polarization functions in 3 spa-
cial dimensionŝP k (k = m, n) are given by

P̂ k(x, y, s, t) =

+∞
∫

· · ·
∫

−∞

dx̃′dỹ′ds̃′P k(x, ..., t) I(x, ..., t)

+∞
∫

· ··
∫

−∞

dx̃′dỹ′ds̃′I(x, ..., t)

=
P k

0
√

(1 + kRx)(1 + kRy)(1 + kRs)

× exp

{

−kRxx2

2σ2
x

− kRyy2

2σ2
y

− kRss
2

2σ2
s

}

.

(20)

Equation (19) can be expressed as

Mmn =
Pm

0,BPn
0,Y

L
∏

i=x,y,s

1

(1 + mRi,B)(1 + nRi,Y )

× fc

+∞
∫

· · ·
∫

−∞

dxdydsdt

× Nb,BNb,Y

(2π)3

∏

i=x,y,s

√

(1 + mRi,B)(1 + nRi,Y )

σi,Bσi,Y

×
∏

i=x,y,s

exp

{

− (1 + mRi,B)i2

2σ2
i,B

− (1 + nRi,Y )i2

2σ2
i,Y

}

×
√

(~vB − ~vY )2 − (~vB × ~vY )2

c2

(21)

The last 4 lines of the above expression have the same form
as Eq. (10). The solution of Eq. (12) can be used with the
replacements

σ∗2
i,B → σ∗2

i,B/(1 + mRi,B)

σ∗2
i,Y → σ∗2

i,Y /(1 + nRi,Y )
(22)

for i = x, y and

σ2
s,B → σ2

s,B/(1 + mRs,B)

σ2
s,Y → σ2

s,Y /(1 + nRs,Y ).
(23)

We obtain

Mmn = Pm
0,BPn

0,Y

∏

i=x,y,s

1

(1 + mRi,B)(1 + nRi,Y )

×

√

(σ∗2
x,B + σ∗2

x,Y )(σ∗2
y,B + σ∗2

y,Y )
√

(

σ∗2

x,B

1+mRx,B
+

σ∗2

x,Y

1+nRx,Y

)(

σ∗2

y,B

1+mRy,B
+

σ∗2

y,Y

1+nRy,Y

)

× h(tx,mn, ty,mn)

h(tx, ty)
(24)

with

t2x,mn =
2

(

σ2

s,B

1+mRs,B
+

σ2

s,Y

1+nRs,Y

)

×

(

σ∗2

x,B

1+mRx,B
+

σ∗2

x,Y

1+nRx,Y

)

(

σ∗2

x,B

(1+mRx,B)β∗2

x,B

+
σ∗2

x,Y

(1+nRx,Y )β∗2

x,Y

)

(25)

and a similar expressions fort2y,mn.
Note that the polarizations observed by colliding beam

experiments (Eqs. (16) and (17) with the solution of
Eq. (24)) generally differ from the average polarization
measured by the H-jet polarimeter (Eq. (6)).

SIMPLIFIED CASE

To simplify the general solution of Eq. (24) considerably
we make the following assumptions:

• short bunches, i.e. no hourglass effect
σs,B , σs,Y ≪ β∗

x,B, β∗

y,B, β∗

x,Y , β∗

y,Y ⇒ h(tx, ty)=1

• no longitudinal polarization profile
Rs,B = Rs,Y = 0 ⇒ h(tx,mn, ty,mn) = 1

• equal transverse polarization profiles in both beams,
P0,B = P0,Y = P0;
Rx,B = Rx,Y = Rx; Ry,B = Ry,Y = Ry

• round beams of the same size in both rings,
σ∗

x,B = σ∗

y,B = σ∗

x,Y = σ∗

y,Y = σ∗

Equation (24) can then be written as

Mmn =
Pm+n

0
√

(

1 + m+n
2 Rx

) (

1 + m+n
2 Ry

)

× 1
√

(1+mRx)(1+nRx)(1+mRy)(1+nRy)

(26)

and the cases of Eqs. (16), (17) and (18) become

〈PB〉 or 〈PY 〉 =
P0

[(1 + 1
2Rx)(1 + 1

2Ry)]1/2

× 1

[(1 + Rx)(1 + Ry)]1/2
,

(27)

〈P 2
B〉 or 〈P 2

Y 〉 =
P 2

0

[(1 + Rx)(1 + RY )]1/2

× 1

[(1 + 2Rx)(1 + 2Ry)]1/2
,

(28)

〈PB · PY 〉 =
P 2

0

[(1 + Rx)(1 + Ry)]3/2
, (29)

〈P 2
B · P 2

Y 〉 =
P 4

0

[(1 + 2Rx)(1 + 2Ry)]3/2
. (30)



The ratio between the polarizationP measured by the H-jet
and the polarization〈P 〉 observed in a single spin colliding
beam experiment is for the simplified case

PB

〈PB〉 or
PY

〈PY 〉 =

√

(1 + 1
2Rx)(1 + 1

2Ry)

(1 + Rx)(1 + Ry)

≈ 1 − Rx + Ry

4
for Rx, Ry ≪ 1.

(31)

EXAMPLES FROM RHIC

For illustration we take the RHIC 250 GeV polarized
proton run in 2011 [10], withβ∗

x,y = 0.6 m at Interaction
Point 8 (PHENIX) andσs = 0.6 m in both rings.

We consider the two cases ofRx = 0 andRx = Ry,
both with equal polarization profiles in both beams. The
former case is expected if all machines in the accelera-
tion chain are perfectly flat, and the horizontal and vertical
planes decoupled. The latter case is expected for fully cou-
pled machines. Profile parameters ofRx ≈ Ry ≈ 0.2 were
observed at 250 GeV in Run-11 [11]. The longitudinal pro-
file parameterRs is not yet determined for Run-11 but was
found to be small in Run-9.

Figure 1 (a) shows the relative reduction (i.e. relative to
the case without polarization profiles) of the average polar-
izationP measured by an H-jet as a function of the vertical
profile parameterRy. The two casesRx = 0 andRx = Ry

are shown forRs = 0, 0.01, 0.05, 0.1 each. Figure 1 (b)
displays the ratio of the polarization measured by an H-jet
to the polarization seen in a single spin colliding beam ex-
periment.

Figure 2 exhibits the effect of the polarization profiles on
the average polarization and figure of merit in single spin
colliding beam experiments. Figure 3 shows the effect in
double spin experiments.

SUMMARY

The development of polarization profiles are the main
mechanism for the reduction of the average polarization
in accelerators, i.e. a reduction compared to the central
valueP0. In the case of RHIC polarization profiles have
an considerable impact on both the average beam polar-
ization and the figures of merit in colliding beam experi-
ments, with typicalR-values of about 0.2 in both transverse
planes. Because of the profiles the polarization measured
by polarimeters is different from the polarization seen by
the experiments, and corrections depend on profiles in all
three planes. For precision spin experiments polarimetry
must provide measurements of theR-values.
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