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23 July, 2006.

Dear Mario, Pete, and Chris,

Consider a rectangular traveling-wave structure with a TE mode having he following
vector potential

~A(x, y, z, t) =





B0

k
sin πy

b
sin(kz − ωt + φ)

0
0



 , (1)

where the beam moves parallel to the z-axis at height y = b/2, and the phase velocity
matches the initial particle velocity

βc = vph = ω/k.

The particle enters the structure at

z0 = 0 (2a),

t0 = 0 (2b),

and exits at

z1 = L (3a),

t1 =
L

βc
(3b),

In the rest system of the particle these transform to

z�0 = γ(z0 − βct0) = 0 (4a),

t�0 = γ(t0 − βz0/c) = 0 (4b),

and

z�1 = γ(z1 − βct1) = 0 (5a),

t�1 = γ(t1 − βz1/c) =
L

γβc
(5b).

The transverse coordinates are the same in both systems with x� = x and y� = y.
Since there is no static potential, the vector potential transforms to

~A�(x�, y�, z�, t�) =





Ax(x, y, z, t)
0
0



 (6)
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however, this is still expressed with respect to the lab coordinates with

A�

x(x�, y�, z�, t�) =
B0

k
sin

πy

b
sin(kz − ωt + φ) (7)

Writing the coordinates in terms of the rest system this becomes

kz − ωt = kγ(z� + βct�) − ωγ

(

t� +
β

c
z�

)

= γ

(

k −
ωβ

c

)

z� + γ(kβc − ω)t�

= γk(1 − β2)z�

=
k

γ
z�, (8)

since we want the wave traveling with the particle, i. e., in the rest frame, the wave is
stationary.

~E� = −
∂ ~A�

dt�
= 0, (9a)

~B� = ∇� × ~A� =







0
B0

γ
sin πy�

b
cos

(

kz�

γ
+ φ

)

−πB0

kb
cos πy�

b
sin

(

kz�

γ
+ φ

)






. (9b)

For ~µ� = µ�ŷ,

~F �(z� = 0) = −∇�(~µ� · ~B�) = −µ�
∂B�

y

∂z�

=
πµ�B0k

γ2
cos φ, (10)

and the final momentum in the rest system after the wave-guide passes by the particle is

p�z1 =

∫ t�
1

t�
0

F �

z dt�

' F �

z

L

γβc

=
πµ�B0kL

γ3βc
cos φ, (11)

Not that the maximum kick comes from a phase of φ = 0 The final energy in the rest
frame is approximately

U�

1 =
√

m2c4 + (p�z1c)
2, (12)
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and boosting back to the lab this yields

U1 = γ

(

√

m2c4 + (p�z1c)
2 + βp�z1c

)

' γmc2 +
πµ�B0kL

γ2
cos φ. (13)

So the energy change for this wave is only proportional to 1/γ2.
Well this looks bad for a wave traveling with the particle. Naively one might expect

that the wave length 2π/k should have transformed as with 1/γ since the waveguide must
be shortened by a factor of 1/γ when boosted to the rest system. But the wave is moving
with respect to the waveguide and is actually boosted to rest with a lengthened wavelength

λ� = γλ. (14)

Comparing this with Compton scattering, we know that a photon traveling with the elec-
tron will barely change the electron’s energy when it scatters. The large energy momentum
transfers come from a head-on collision, so I guess we should expect this result.

In Eq. 50 of Ref 1., our problem is that we had the particle enter the cavity at a peak
of the vertical magnetic field and exit a peak of the magnetic field of the opposite sign in
order to get a significant energy shift (∝ γ2). This ignored the fact that a little bit farther
upstream of the entrance and downstream of the exit, the particle must be in a field free
region. In order to travel between the field free regions outside the cavity, into the peak
fields at the edges of the cavity, the particle must experience gradients which are opposite
to the gradient experienced inside the cavity. In effect the particle will experience a net
energy change proportional to something like

∫ L+ε

0−ε

df(z)

dz
dz = f(L + ε) − f(0 − ε) = 0 − 0 = 0,

even though f(0) 6= 0 and f(L) 6= 0. Well outside the cavity the function f(z) must be
zero on both sides.

Presumably in Compton scattering the high momentum transfer for backscattering
would have to come from the radiating of the transversely oscillating electron which would
be driven by the rapidly oscillating E�

x of the backwards traveling wave in the rest system.

Best ragards (standing on the chiappa de luogo),

Waldo
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