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Abstract 

The expressions for vector potential of a single helical conductor have been derived 

from the definitive integral form, treating a single helical current as a current 

distribution on the surface of a infinitely thin cylinder due to the delta function.   
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1  INTRODUCTION 

There are a plenty of helical conductors or coils in various fields of the electrical 

instruments.  The analytical expression for the divergence-free vector potential of a 

single helical conductor is useful for the evaluation of the magnetic energy and the 

magnetic flux enclosed by the helical conductor.  Following the Caspi’s mathematical 

treatment for the multipole field due to the helical wiggler magnet [1], the expressions 

for vector potential due to a single helical current carrying thin conductor can be 

directly derived from the definitive integral form.  

 

2 EXPRESSIONS FOR VECTOR POTENTIAL 

2.1  Analytical expression of vector potential for a helical conductor  

The vector potential can be directly derived from the following integral form of the 

definition.  

 

A
→

=
µ0

4π
j

→
d ′ S 

r
→

− ′ r 
→∫                                                                                                               (1) 
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where a single helical current located at (r=a, θ=ϕ, z=0) with a pitch length L (= 2π/k), 
as shown in Fig. 1, can be treated as a current distribution on the surface of a infinitely 
thin cylinder due to the delta function as follows, 
 

    
jz =

I
a

δ( ′ θ −ϕ − k ′ z ) =
I

2πa
1 + 2 cos n( ′ θ −ϕ − k ′ z )[

n=1
]

∞

∑ 
 
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 
 
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                                           (2) 
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Ik
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                                        (3) 

 
Furthermore, the distance between a field point (r, θ, z) and a source point (a, θ’, z’) of 
a current distribution related to a single helical current, can be expressed as follows, 
  

r
→

− ′ r 
→

= a2 + r2 + (z − ′ z )2 − 2ar cos(θ − ′ θ )                                                                 (4) 

 
In addition, the relation between the unit vectors on the circular cylindrical system of 
both a field point and a source point as shown in Fig. 2, can be expressed as follows, 
 

    

′ ˆ z = ˆ z 

′ ˆ θ = sin(θ − ′ θ )ˆ r + cos(θ − ′ θ ) ˆ θ 
                                                                                     (5) 

 

2.2  The z component of the vector potential  

The z component of the vector potential can be expressed with the following integral 

form,  

 

Az (r,θ, z) =
µ 0

4π
I

2πa
1 + 2 cos n( ′ θ −ϕ − k ′ z )[ ]

n=1

∞

∑ 
 
 

 
 
 ∫∫

× ad ′ θ d ′ z 
a2 + r2 + (z − ′ z )2 − 2arcos(θ − ′ θ )

                                                     (6) 

 
With the introduction of the following working variables, 
 

  

z − ′ z = s
θ − ′ θ = t

,                                                                                                                       (7) 

 

the term of the integrand can be reduced to the following from, 

 



cos n( ′ θ − ϕ − k ′ z )[ ]=

cos n(θ −ϕ − kz)[ ]cos n(t − ks)[ ]
+ sin n(θ − ϕ − kz)[ ]sin n(t − ks)[ ]
= cos n(θ −ϕ − kz)[ ] cos(nt)cos(nks) + sin(nt)sin(nks){ }
+ sin n(θ − ϕ − kz)[ ] sin(nt)cos(nks) − cos(nt)sin(nks){ }

                                                (8) 

 

Neglecting the terms those result zero, the z component of the vector potential can be 

reduced to the following from. 

 

Az (r,θ, z) =
µ0 I
8π 2 −∞

∞

∫0

2π

∫

× 1 + 2 cos n(θ − ϕ − kz)[ ]cos(nt)cos(nks)
n=1

∞

∑ 
 
 

 
 
 

× dtds
a2 + r2 + s2 − 2ar cost

                                                               (9) 

 

Furthermore, from the mathematical manipulations, the following result of the 
integration can be obtained [2,3]. 
 

dtds
a2 + r2 + s 2 − 2ar cost−∞

∞

∫0

2π

∫

= −2ln a2 + r 2 − 2arcost + C{ }dt
0

2π

∫

=
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n
r
a
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n
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∞
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0
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1
n

a
r
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 

 
 

n
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∞

∑ cosnt
 
 
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0
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=
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                                                               (10) 

 

Similarly, the following result of the integration can be obtained [4,5]. 



cos(nt)cos(nks)dtds
a2 + r2 + s 2 − 2ar cost−∞

∞

∫0

2π

∫

= 2 K0 nk a2 + r 2 − 2arcost( )cos(nt)dt
0

2π

∫

=
4 Kn(nka)In (nkr)cos(nt)cos(nt)dt,

0

2π

∫ r ≤ a

4 In(nka)Kn (nkr)cos(nt)cos(nt)dt,
0

2π
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 
 
 

  

=
4πKn (nka)In (nkr), r ≤ a
4πIn(nka)Kn (nkr), r ≥ a

 
 
 

                                                           (11) 

 
Finally, the following expressions for the z component of the vector potential are 
obtained in the form of the infinite sum, 
 
for r ≤ a, 
 

Az (r,θ, z) = −
µ0 I
2π

ln a +
µ0 I
π

Kn(nka)In(nkr)cos n(θ − ϕ − kz)[
n =1

∞

∑ ]                               (12) 

 
for r ≥ a, 
 

Az (r,θ, z) = −
µ0 I
2π

ln r +
µ0I
π

In (nka)Kn(nkr)cos n(θ −ϕ − kz)[
n =1

∞

∑ ]                               (13) 

 

2.3  The r component of the vector potential  

The r component of the vector potential can be expressed with the following integral 

form,  

 

Ar (r,θ, z) =
µ0

4π
Ik

2π
1 + 2 cos n( ′ θ −ϕ − k ′ z )[ ]

n =1

∞
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 ∫∫

× sin(θ − ′ θ )ad ′ θ d ′ z 
a2 + r2 + (z − ′ z )2 − 2arcos(θ − ′ θ )

                                                    (14) 

 

Neglecting the terms those result zero, the r component of the vector potential can be 

reduced to the following from. 

 



Ar (r,θ, z) =
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8π 2 ka
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                                                              (15) 

 

Furthermore, from the mathematical manipulations, the following results of the 
integration can be obtained [2-5]. 
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a
r

 
 

 
 

n

n =1

∞

∑ cosnt
 
 
 

 
 
 

sin tdt,
0

2π

∫ r ≥ a

 

 
 

 
 

= 0

                                                         (16) 

 
sin(nt)cos(nks)sintdtds

a2 + r2 + s 2 − 2ar cost−∞

∞
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                (17) 

 
Finally, the following expressions for the r component of the vector potential are 
obtained, 
 
for r ≤ a, 
 

Ar (r,θ, z) = −
µ0 I
2π

ka Kn+1 (nka)In+1(nkr) − Kn −1(nka)In −1(nkr){ }
n=1

∞

∑
× sin n(θ − ϕ − kz)[ ]

                              (18) 

 
for r ≥ a, 



 

Ar (r,θ, z) = −
µ0 I
2π

ka In+1 (nka)Kn+1(nkr) − In −1(nka)Kn −1(nkr){ }
n=1

∞

∑
× sin n(θ − ϕ − kz)[ ]

                              (19) 

 

2.3  The θ component of the vector potential  

The θ component of the vector potential can be expressed with the following integral 

form,  

 

Aθ (r,θ,z) =
µ0

4π
Ik
2π

1 + 2 cos n( ′ θ −ϕ − k ′ z )[ ]
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                                                    (20) 

 

Neglecting the terms those result zero, the θ component of the vector potential can be 

reduced to the following from. 

 

Aθ (r,θ,z) =
µ0 I
8π 2 ka

−∞

∞

∫0

2π

∫
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n=1

∞
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× costdtds
a2 + r2 + s2 − 2ar cost

                                                             (21) 

 

Furthermore, from the mathematical manipulations, the following results of the 
integration can be obtained [2-5]. 
 

cos tdtds
a2 + r2 + s 2 − 2ar cost−∞

∞
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0
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=
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1
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r
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a
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=
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a
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                                                       (22) 



 
cos(nt)cos(nks) costdtds

a2 + r2 + s2 − 2arcos t−∞

∞

∫0

2π

∫

= 2 K0 nk a2 + r 2 − 2arcos t( )cos(nt) cos tdt
0

2π

∫

=
2 Km(nka)

m =−∞

∞

∑ Im(nkr)cos(mt)
0

2π

∫
cos(n +1)t + cos(n −1)t

2
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2 Im(nka)
m =−∞

∞

∑ Km(nkr)cos(mt)
0

2π

∫
cos(n +1)t + cos(n −1)t

2
   
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 

 
 

 
 

=
2π Kn+1(nka)In+1(nkr) + Kn−1(nka)In−1(nkr){ } r ≤ a
2π In+1(nka)Kn+1(nkr) + In−1(nka)Kn−1(nkr){ } r ≥ a

 
 
 

                   (23) 

 
Finally, the following expressions for the z component of the vector potential are 
obtained, 
 
for r ≤ a, 
 

Aθ (r,θ,z) =
µ0 I
4π

kr +
µ 0I
2π

ka Kn+1(nka)In+1(nkr) + Kn −1 (nka)In−1 (nkr){ }
n=1

∞

∑
×cos n(θ − ϕ − kz)[ ]

                  (24) 

 
for r ≥ a, 
 

Aθ (r,θ,z) =
µ0 I
4π

k
a2

r
+

µ0I
2π

ka In+1(nka)Kn+1(nkr) + In −1(nka)Kn −1(nkr){ }
n=1

∞

∑
×cos n(θ − ϕ − kz)[ ]

               (25) 

 

3  FIELD OF A SINGLE HELICAL CURRENT CONDUCTOR 

The magnetic fields B due to a single helical current carrying thin conductor can be 

obtained from the vector potential as follows,  

 

B
→

= ∇ × A
→

                                                                                                                     (26) 

 

As a result, following the recurrence relations of modified Bessel functions [6], the 

following expressions are obtained, 

for r < a,  

 



Br (r,θ,z) = µ0 I
π

k2 a n ′ K n (nka)
n=1

∞

∑ ′ I n(nkr)sin[n(θ −ϕ − kz)]

Bθ (r,θ,z) =
µ0 I
π

ka n ′ K n (nka)
n =1

∞

∑ In (nkr)
r

cos[n(θ − ϕ − kz)]

Bz (r,θ,z ) =
µ 0I
2π

k −
µ0 I
π

k2a n ′ K n (nka)
n=1

∞

∑ In(nkr)cos[n(θ −ϕ − kz)]

 

 

 
 

 

 
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                     (27) 

 

Similarly, for r > a, 

 

Br (r,θ,z) = µ0 I
π

k2 a n ′ I n (nka)
n=1

∞

∑ ′ K n(nkr)sin[n(θ − ϕ − kz)]

Bθ (r,θ,z) =
µ 0I
2πr

+
µ0 I
π

ka n ′ I n (nka)
n=1

∞

∑ Kn (nkr)
r

cos[n(θ − ϕ − kz)]

Bz (r,θ,z ) = −
µ0I
π

k2a n ′ I n(nka)
n=1

∞

∑ Kn (nkr)cos[n(θ −ϕ − kz)]

 

 

 
 

 

 
 

                       (28) 

 

These results of magnetic fields are identical to those described in the reference [7,8].  

Instead of the above-mentioned divergence-free vector potential, alternative forms of 

vector potential that individually are divergence-free in their respective regions(r < a 

and r > a) [7], are not continuous across the boundary at r = a.  However, such 

alternative forms can not be applied for the evaluation of the magnetic energy and the 

magnetic flux enclosed by the helical conductor. 

 

4  CONCLUSION 

The vector potential due to a single helical current carrying thin conductor can be 

directly derived from the definitive integral form, following the Caspi’s mathematical 

treatment for the multipole field due to the helical wiggler magnet.  The resultant 

expressions of the vector potential of divergence-free are useful for the evaluation of the 

magnetic energy and the magnetic flux enclosed by the helical conductor.  As a result, it 

is realized that the fields produced by a helical current can be computed by first 

determining the vector potential, using the explicit integral expression, and then 

obtaining the magnetic field by taking the curl. 
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Figure captions 

 

Fig. 1.  Schematic view of a single helical current conductor. 

 

Fig. 2.  Cross section of a single helical current conductor at z=0. 
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