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Parallel Ion Energy Spread Due to Interaction With an Electron Bunch in the RHIC

Electron Beam Cooling Solenoid

Ady Hershcovitch

Computations designed to evaluate the effect electric fields, generated by an electron
bunch, have on ions are performed in this note. Resultant parallel ion energy spread that
occurs during interaction in the RHIC electron beam cooling solenoid is found to be
negligible. Furthermore, compared to intrinsic accelerator generated energy spread that

electron bunch driven parallel ion energy spread is infinitesimal.
I. Introduction

Under present RHIC electron beam cooling scenario, electron and ion bunches are to
interact in a 30-meter long solenoid. Transverse ion temperature is to be reduced by
collisions with low temperature electrons. Ions and electron move with an identical drift
velocity. But the electron bunch, which is rather dense, is an order of magnitude shorter
than the ion bunch. Pictorially (not to scale), ions and electrons in the bunch rest frame

are shown in figure 1 below.
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Figure 1

Hence, ions in the bunch, especially those at the electron bunch edge are subjected to an
intense electric field. Those at electron bunch front will be decelerated, while ions at the
tail end will be accelerated. Additionally, due to ion motion relative to the electron bunch
during the interaction period some ions undergo energy change as they move through an

electric potential generated by the electron bunch. While this effect cannot result in net



energy exchange between ion and electrons due to the conservative nature of the
interaction, it could result in larger ion energy spread. In this note, parallel ion energy

spread due to these effects is evaluated.

Parameters relevant to the calculations are: total electron bunch charge Q. = 10 nC. In the
lab frame, interaction time T is

30meter

= - =10"sec
3x10° meter / sec

17}

Ton bunch length =30 cm

Electron bunch length =3 cm

And, bunch radii 1; = 1. = 2 mm.

Computations are next performed in the bunch rest frame. Since y = 100, ion bunch
lehgth is 30 meters and electron bunch length is 3 meters in the bunch rest frame of

reference. The interaction time t in this frame is ¢ = t/y = 107 sec.
1L Ion Energy Change Resulting From Electron Bunch Attraction

Ion energy gain (or loss) can be evaluated from change in ion velocity, which can be
determined from the force F exerted on an ion by the electron bunch and the interaction

time 1.

Change in an ion velocity Av is

But F = q; Ee. Hence,

Eebt (1)

m;

Av=gq,

Where E,, is the electric field due to the electron bunch at ion location; q; and m; are the
ion mass and charge respectively.

In MKS units q; and m; are 1.264x107' C and 3.27x102 kg respectively.

Calculating energy change is trivial once the electric Eg, is known. Use can be made of an

expression for the electric field that can be found in Sacherer’, since the electron bunch



has ellipsoidal symmetry. That expression was derived from an equation that gives the
potential of a charged ellipsoid, which can be found in Kellogg’s book.” Therefore, since
the electron bunch can be approximated by an ellipsoid of dimension a, b, and ¢, E,

along the long axis (direction of motion) x (from the bunch center) is given by,

b d.
E,= 2neabcxj n(1)ds

o (a*+ s)yleb2 +sVct+s

Where the integration ds is over a surface element, e is the elementary charge, and n(T) is

the charge distribution function. Assuming that the electron bunch has a homogenous,
hard edge, charge distribution, n(T) = n = constant.
And, since b=c= bunch radii (r; = r. = 2 mm), E¢, can be written as,

T ds
E,= 21teab2nxj(a2 (b1 3)

0

@)

Equation 2 has an analytical solution (see appendix A). If a and b are in centimeters, the

integral in equation 2 equals 3.74x10°. The volume of an ellipsoid is given by,

;nabc

And,

4
gnabcen =0,

Therefore, equation 2 becomes,
E, =374x10" % O.x

Since equation 2 is in cgs units and Q = 10 nC = 30 stC, at the bunch edge x = 150 cm,
Ee = 2.52x107 stV/em = 7.57x10* V/m (3)
Equation 3 gives the electric field at the apex of the electron bunch edge.

Now, the velocity of the most affected ions (those at the electron bunch edge) can be
computed. Substituting from equation 3 into equation 1, for a gold ion at the electron
bunch edge,

Av =2.9x107 m/sec



For a stationary ion in the bunch rest frame, this velocity change corresponds to a

negligible energy change (1 eV gold ion has a velocity of about 983 m/sec).

Even most affected ions seem to have a miniscule energy change. To ensure that it is not
a result of miscalculating the (equation 2 integral) electric field, a simple calculation for
the least affected ions is performed next. For ions at the edge of the ion bunch, the
electron bunch can be approximated as a point charge of Q. = 10 nC. In that case, E, can

be computed (in MKS units) using
1 9

“@= 4ne, R ®

Substituting, for R = 15 and for Q., Ee, can be solved to yield,
Eep=0.4 V/m

Repeating Av computations using equation 1,

Av = 1.55x10” m/sec — ~0 energy change.
III.  Ion Energy Spread Caused By Movement Through Bunch Potential Well

In the bunch rest frame, there is a relative motion between a number of ions and the
electron bunch. Consequently some ions can undergo an energy change, if their relative
motion during the interaction period results in movement through a potential difference
that is generated by the electron bunch. As a consequence of the conservative nature of
the interaction, no net energy exchange can occur. However, larger ion energy spread
could result. Figure 2 is a rough illustration of the electric potential V inside the ion
bunch along the x-axis (direction of bunch motion). Ions, whose relative position changes
from A to B and vice versa during the interaction period, undergo maximum energy

change.
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Figure 2
In addition to being in “proper” location in configuration space, ions must have a relative
velocity that results in a 1.5 meter location shift to undergo maximal energy change.
Since the interaction period is 1 nsec, their relative velocity should be 1.5x10° m/sec
(greater than c!); there are no ions that can undergo maximal energy change. And, since
the ions have AE/E of about 3x10° there are most likely ions that can undergo some

energy change.

Even though ions can undergo less than maximal energy change, that energy change is,
nevertheless, calculated to show that any energy change that results from this effect is
miniscule. To compute mid-to-edge (of electron bunch) potential difference, an
expression for interior potential V; of a uniformly charged ellipsoid from Kellogg’s

book,2 can be used. To have consistent notation, this expression can be written as,

V,=-Ax* - By’ -Cz’+D 5)
Where,
¥ ds
A= nabcne (6)
(‘)[(a2 + s)mw/b2 +sdct+s
And,
K ds
D = nabcne 7
6[\/a2+S\/b2+s«/cz+s M

Along the x-axis, y = z = 0. The potential difference AV; = Vy—g— Vx=a, Where x = 0 is the
electron bunch center. Thus with equations 2,5,6, and 7 AV; becomes,
AV =Ega

Hence, from equation 3, maximal ion energy change possible AE is



AE = qiAVi = g Ewa = 1.4x10™ eV
In fact, there might be ions that can move from a location outside the electron bunch to
the electron bunch interior. Those ions could gain an additional miniscule energy as they

move to the electron bunch edge from a location in the ion bunch (based on equation 4).

In principle parallel ion energy spread calculated in this note should pose no problem,

since AEmax << 1 eV << AE/E < 3x10*.
| AY% Remarks

Ion space charge was neglected. Its inclusion would have slightly reduced the calculated

energy spread. But, the effect is indeed negligible.

Actual charge distribution is peaked. Hence the electron bunch potential well is deeper,
yielding somewhat larger ion energy spread. However, AE/E of 3x10* corresponds to ion
energy spread that is in the GeV range. There is nothing to suggest that AEn.x can even
approach that range. Furthermore, due to kinematic compression* effects, existing energy

spread in the bunch rest frame is larger than what AE/E in the lab frame implies.
Appendix A

Assistance in computation from Mike Blaskiewicz and Alessandro Ruggiero is gratefully

acknowledged. In equation 2, the integral I

=T ds

5 @+ 5)"* (% + 5)

has an analytic solution.? In one of its forms it can be written as,

2a(+Ja—-b —-x/;ArcTanh[%]) .- bia\/a—b
= +

I
\/a_3(a—b)3/2 ava—b—-bJa—-b




Using Mathematica® in Alessandro’s PC, I = 3.74x10 for a & b in centimeters and 3.74
for a & b in meters. To confirm results, equation 2 was converted to MKS. With I = 3.74,

Eep = 7.57x10% V/m was obtained again.

Independently, Mike simplified I into a form of

T du
)= r(;[(1+u)3’2(r+u)

Where r = b¥/a®. With his own program, Mike generated a plot of G(r) versus r. Reading
(eyeballing) the value G(r) for the appropriate values of a & b (dimension of the electron
bunch ellipsoid), a value of Eq that is in good agreement (within 15%) with
Mathematica® results is obtained. Hence, there is a reasonable level of confidence in the

results.
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