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One of the hallmarks of linear coupling is the exchange of oscillation
energy between the horizontal and vertical planes when the difference
between the tunes is close to an integer. The standard derivation of this
phenomenon can be found, for example, in the CERN reports of

Guignard [1, 2]. One starts with an uncoupled lattice and adds a linear
perturbation which couples the two planes. The equations of motion are
expressed in Hamiltonian form. As the difference between the unperturbed
tunes approaches an integer, one finds that the perturbing terms in the
Hamiltonian can be divided into terms that oscillate slowly and ones that
oscillate rapidly. The rapidly oscillating terms are discarded (or
transformed to higher order with an appropriate canonical transformation).
The resulting approximate Hamiltonian gives equations of motion that
clearly exhibit the exchange of energy between the two planes.

If, instead of the Hamiltonian, one is given the four-by-four matrix for one
turn around a synchrotron, then one has the complete solution for the
turn-by-turn motion. However, the phenomenon of energy exchange is not
obvious from a casual inspection of the matrix. What approximation to
the matrix gives turn-by-turn equations that clearly exhibit the energy
exchange? This approximation is identified in the following notes and
applied in various instances including the analysis of turn-by-turn data
from BPMs (Beam Position Monitors). The formulae are general in that
no particular form of linear coupling is assumed. The only assumptions are
that the one-turn matrix is symplectic and that it has distinct eigenvalues
on the unit circle in the complex plane.



1 The One-Turn Matrix

Let Xy, X{), Yo, Yy be the initial horizontal and vertical positions and
angles of a beam particle at some point along the equilibrium orbit of a
synchrotron, and let X, X', Y, Y’ be the positions and angles at the point

on the nth turn around the machine. Writing

X
X/
z=| 5 | 2=
Yl
we have
7 = T"Z,
where
T T2 Ti3
T — To1 T o3
T31 T30 133
Ty Tio Tz

Xo
X
o )

Y

(2)

is the four-by-four transfer matrix for one turn around the machine. It will
be convenient to partition Zgy, Z and T into two-component vectors and

two-by-two matrices. Thus

X X
w= (%) x-(%

(i)

X X Y
and
M n
T= < m N (6)
where
M1 Mo Ni1 Nio
M = 5 N = 7
< Moy Moo ) ( No1 N ) (™)

m m
m = 11 12 ., n=
ma1  Ma22

nip N2 ) (8)

n21 N22

The matrix elements of m and n are proportional to the skew quadrupole
or solenoidal fields that give rise to linear coupling between the horizontal

and vertical planes of oscillation.



2 Symplectic Conditions

The matrix T is symplectic. This means that

TIST =S (9)
where
01 0 0
-1 0 0 0 S o0
S = 00 01 | < 0 S ) (10)
00 -1 0
and

0 1 0 0
so(01) 0-(22). "

Here we use S to denote both a two-by-two and a four-by-four matrix. A
dagger (1) is used throughout these notes to denote the transpose of a
vector or matrix. Similarly we define

I 0 10
:<0 I)’ I:<01>' (12)

S? =1 (13)

o O O
o O = O
O = OO
o O O

The matrix S has the property

Taking the inverse of both sides of (9) we obtain T~'S(TT)~! = S and
therefore
S = TST' (14)

which is an equivalent form of the symplectic condition. Following Courant
and Snyder [3], we define the symplectic conjugate of a two-by-two or
four-by-four matrix A to be

A = —SATS. (15)

For two-by-two matrices we have

Air Agp 01 — Ay —Aro
A= . s= . A- 16
< Ao Ago ) < -1 0 ) < —As An ) (16)



and it follows that
AA = AA = (A1 Agy — ApAg)I = |A]L (17)

A+A= (A +Ap)I=(TrA)L (18)

For the symplectic four-by-four matrix T we have
TT =-ST/ST=-82=1, TT=-TSTIS=-S8>=1  (19)

and therefore T = T~!. Writing

(22

and

TT:<MH %)(M n>:<MM+mm Mn+ﬁN> (21)

= |

m )\ ( MM+nn Mm+nN
N )/ | mM+Nn mm+ NN

n m N nM + Nm fan+ NN
we find that TT = TT = I implies
M|+ |m| =1, |N|+|n/=1, Mn+mN=0 (22)

and
M|+ n| =1, |N|+|m|=1, Mm+nN = 0. (23)

Equations (22) and (23) are actually equivalent, and, as shown by Brown
and Servranckx [4], they impose a total of 6 independent constraints on
the 16 matrix elements of T. The four-by-four symplectic matrix T is
therefore specified by 10 independent parameters. Equations (22) and (23)
also imply

M| = [N|,  |m| = [n]. (24)

3 Eigenvalues

It follows from the symplectic condition that if A is an eigenvalue of T
then so is 1/ [3, 5]. We shall assume that the four eigenvalues of T are
distinct and that none of them are equal to 1 or —1. One then has Ay,
1/A1, A2 and 1/\9 as the eigenvalues, with A\ # Ag. The eigenvalues of

(25)

= M+M n+m
T+T_< m+n N+N>



are then
Alz)\l—l-l/)\l, AQZ)\Q—I-l/)\Q (26)

and the corresponding characteristic equation is

(M—A)(N—-A)—m+n|=0 (27)

where
M=TrM = M1 + My, N =TrN = Ny1 + Nos. (28)

Thus
2A =M + N+ /(M — N)? +4jm + 0 (29)

from which one can obtain A\; and As. Defining

A = et = cos iy + isin iy, (30)
Ao = €2 = cos1hy + i sin ¥y (31)

where the phases ¥ and 9 are in general complex, we have

4cos¢1:2A1:M+N+\/(M—N)2+4ym+ﬁy (32)

dcostpy =203 = M + N — /(M — N)2 + 4jm + 01 (33)

Note that since the elements of T are real, the complex conjugate of an
eigenvalue is also an eigenvalue. We shall assume that the four distinct
eigenvalues of T lie on the unit circle in the complex plane. In this case 1y
and 19 are real with cos; # cos . The tunes associated with the
eigenvalues are

Q1= % Q2 = g—; (34)
and, under our assumptions, neither Q1, 2Q1, @2, 2Q2, @1 + Q2 nor
Q1 — Q2 is equal to an integer.

4 Block-Diagonal Form

If we assume that T has distinct eigenvalues, then a theorem of linear
algebra [6] tells us that T is similar to a diagonal matrix and the four
eigenvectors associated with the eigenvalues are linearly independent.



Since the distinct eigenvalues are assumed to lie on the unit circle in the
complex plane, the four eigenvalues are A\i, A\J, A2, A3, and we have

Tu = Aju, Tu" =Aju*, Tv=D>Xv, Tv' =A\v" (35)
where
Uy uj U1 v}
* *
’LL2 * U2 U2 * ’U2
u= , ut= S, v= , V= " (36)
U3 U3 'U3 '1)3
(2 uy Uy v}

are the linearly independent eigenvectors. Defining matrices

up uj vy ] M 0 0 0
| u2 uy v w3 [ 0 AF 0 0
V= ug uj vy vy |’ A= 0 0 X O (37)
U4 uy vg Uy 0 0 0 Aj
we then have
TV = VA. (38)

Since the columns of V are linearly independent, the determinant of V is
nonzero and the inverse V! exists. Thus we have

T=VAV™! (39)

and the similarity transformation V~'TV yields the diagonal matrix A.
However, the diagonal elements are complex. We can obtain a
block-diagonal matrix with real elements by working with the real and
imaginary parts of the eigenvectors u and v. Following the treatment of
Iselin [7] we let

u=a+ib, v=c+id (40)
where a, b, ¢, d are the real vectors
a by c1 dy
| a2 | b | e | da
a= a | b= by | c= o | d= ds (41)
ayq b4 C4 d4
Then we have
aq bl C1 d1 1 1 0 0
| a2 b2 co do i = 0 0|
V= as bg C3 dg 0 0 1 1 - Wj (42)
as by c4 dy 0 0 72 —2



where

ap by ¢ dy 1 1 0 0
o a9 b2 (&) d2 o 1 —1 0 0
W_ as bg C3 d3 ’ j_ O 0 1 1 (43)
ag by cy dy 0 0 i —i
The matrix T then becomes
T=VAV I =WIJAT W =wuw! (44)
where
U=JAJg" (45)
Writing
(T 0 (A O
i=(5 %) a=(% %) (19

where Z, A1, Ag are the two-by-two matrices

(1 1 (M0 _ (X O
I_<z‘ —z’)’ Al_(o x;)’ A2_<0 A;) (47)

we then have

(A 0\ [T O A O Zt o
u_<0 B>_<O I)(O A2><0 I_1>' (48)
Carrying out the matrix multiplications we then find that

A=TA T = ( cosy  sinyy ) (49)

—sint; cos

and

—sins  cosyo

B=TAT ' = < cosyz  sin gy ) . (50)

The similarity transformation W~!TW therefore yields the block-diagonal
matrix U which has real elements. Note also that

AAT =1, BB =1, UuU'=1. (51)
In Appendix I it is shown that the normalization of the eigenvectors can

be chosen so that the matrix W is symplectic. If there is another
symplectic matrix W for which

T = WUW-! (52)



then we have .
w=wo (53)

where, as shown in Appendix II, O must be of the form

P O
o-(% o) 54

- 1 5 _ C2  S2 (00
P_<—81 Cl>’ Q_<—82 C2>’ 0_<0 0) (55)

and ¢ + 53 =1 and 3 + 53 = 1.

with

5 The Matched Ellipsoid

Writing the one-turn matrix in the block-diagonal form

T =WUw* (56)
we consider the matrix
E = WWwh (57)
One finds that
TET! = Wuu'wt (58)
and since UU' = T we have
TET' = E. (59)

By construction the matrix E has unit determinant and is real, symmetric
and positive definite. (A real symmetric matrix E is positive definite if and
only if the quadratic form ZTEZ > 0 for every vector Z # 0.) It follows
that the set of initial positions and angles X, X{), Yo, Y defined by

ZIE'Zo = ¢ (60)

is a four dimensional ellipsoid. On the nth turn around the machine we
have
7 = T"Z (61)

and
Z'E~'Z = Z{ (T E~' T"Z,. (62)



But TET' = E implies

TIE-!T=E"! (63)
and (by induction)
(TH"E'T" =E~L (64)
Thus
ZIE'Z=ZE'Zy=¢ (65)

and we see that the particle positions and angles lie on the same ellipsoid
after each turn. The ellipsoid is then said to be matched to the lattice.

If there is another symplectic matrix W for which
T = WUW~! (66)

then, as shown in Appendix II, we must have

w=wo (67)
where
00" =1. (63)
Thus we have R
WWH = woowt = wwt (69)
and therefore o
E=WW =WWw', (70)

This shows that E is uniquely defined.

6 Edwards-Teng Parameterization

Edwards and Teng [8], and more recently Billing [9] and Roser [10], have
shown that the symplectic four-by-four matrix T with eigenvalues

M= N=e 1 Ny=e2 A= W2 (71)
can be expressed in the form
T = RUR™! (72)

where



(a W L (a W
R_<—W dI)’ R _<W dl )’ (74)

Wi Wis % Wa —Wi
W — . W= ; 7
( War Woo ) ( —Wa Wi ) ( )
A _ [ costntarsing, Businty = I+ 5100 (76)
—~1 sin ¥y cos Y — aq sinyy

B [ Cos¥ztazsingy fzsinipz = ol + S5Js  (77)
—y2 sin 19 COS P9 — iy Sin g

C1 =costy, S1=-siny, Co=cost, Sy =siny (78)

_ a1 51 . a9 0o
1= < -7 —Q )7 J2 = ( —Y2 —Q2 ) (79)

Bim—ai=1, Boyr—aj=1 (80)

Here the four-by-four matrix U is block-diagonal. The two-by-two
matrices A and B have unit determinant and are expressed in terms of
Courant-Snyder parameters. The four-by-four matrix R is symplectic and
the two-by-two matrix W has determinant given by

and

?=1—|W]|. (81)

The one-turn matrix T is therefore given in terms of the 10 independent
parameters a1, 51, Y1, a2, B2, Y2, Wir, Wiz, War and Was.

Writing

M n da W A 0 dal -W
T:<m N>:<—W dI)(O B)(W dI) (82)

and carrying out the matrix multiplications we find
M = d’A + WBW, N =d’B+ WAW, (83)

m = d(BW — WA), n=d(WB—AW). (84)

10



Note that d = 0 implies m = n = 0. Since we are considering one-turn
matrices T for which m and n are nonzero, we must then have d # 0.
Equations (83) and (84) can be inverted to obtain A, B, W and d in terms
of M, N, m and n. One finds

nWwW Wn m-+n
A=M-—= B=Ni— W=-—0 (85)
where U+T 1 T
2
- — 4 T=Tr(M-N
d U 2 au it ) (86)
and

U=Tr(A -B)==44/T% + 4/m +n|. (87)

Here the sign in front of the square root is chosen so that U has the same
sign as T'. It then follows that d? > 1/2. If there are no magnetic elements
that couple the horizontal and vertical planes of oscillation, the matrix
elements of m and n are zero and we have [m+ 0] =0, U =T, and d? = 1.

Note that

U=2costpy —2cos2, 1 =2mQ1, v2=21Q1 (88)

and
4m + 1| = U? — T? = 4U%d*(1 — d%). (89)

These equations give the value of |m + @l if Q1, Q2 and d? are known.

7 The Matched Ellipsoid Matrix in Terms of
Edwards-Teng Parameters

Let us compare the block-diagonal form of Section 4 with that of Edwards
and Teng. We have

T =WUW='!=RUR™! (90)
where
A 0 A 0
u_<08>, U_(OB) o)
(a W L [ da -W
R_<—W dI)’ R _<W dI) (92)

11



A:< cos 11 sind)l)’ B:< COs 19 sind)g)'

—siny; cosyYy —sinsy cos o

The matrices A and B can be expressed as

A=FAF ' B=¢gBG!

_L ﬁlo _L /320
D]

Thus we can write

where

U=NUN"!
F 0 A0
NZ(O g)’ uz<0 B)'

T=RNUN R =Wuw— =wuw!

where
We then have

where

W =RN = WO
and, as shown in Appendix II,
00" =1.
Thus, we have

E = wWW' = Wit = RVANTR! = RDR'

_ « (FFT 0 Y _(f o0
o= (7 g )= (0 3 )

where

and

f:fﬁ:( % _O‘1> gzgg*:< P _a2>-

—Qq it —Q 72

In terms of two-by-two matrices we then have
E— F C\ al W f o dal  —wt
“lcte)7\-w a)log) W a

12
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(101)

(102)



and
F = d’f + WgW', G =d’g+ WIW', C=dWg-fW'). (105)

Note that since AA" =T and BB' = I we have

AfAT = FAATFI = FFI = ¢ (106)
BgB! = gBBIGI = GGt = ¢ (107)

and
UDU' = NUUTNT = NNT =D. (108)

8 Weak Coupling Fields

Let us assume that the fields responsible for coupling between the
horizontal and vertical planes are weak compared to the focusing fields of
the lattice. Expressing T in the form

T =wWuw! (109)
we find that
(¢
W= ( D W, ) (110)

where Wi, W, C, and D are two-by-two matrices and the elements of C
and D are small compared to those of W; and Ws. As the coupling fields
go to zero, the elements of C and D go to zero. In terms of Wy, W, C, and
D, the matched ellipsoid matrix is

F C
_ T
E_Ww_<cT G) (111)
where
F=wWW +cct, G=mw,Wi+ DDl (112)
and
c = {wipt +ewi}. (113)

Thus, the matrix elements of C are small compared to those of F and G
and go to zero as the coupling fields go to zero. In terms of the
Edwards-Teng parameters we have

F = d*f + WgW', G = d’g+ WfW' (114)

13



C =d(Wg—fwWT) (115)

—Q1 it —Q 72

_ fr —a . B2 —az _ m+n
() (B ) we e

fl=8m—al=1, |g|=PFr—a3=1 [W|=1-d (117)

2 _ _

T=Tr(M-N), U==,/T?+4m+n|. (119)

Since the sign of U is taken to be the same as the sign of T', we have

d? > 1/2, and it follows that the elements of Wg — fWT go to zero as the
coupling fields go to zero. Thus if the coupling fields are sufficiently weak
we may write

d

and

Wg — fW' ~o0. (120)

This approximation clearly holds if the elements of W are sufficiently
small. It also can be true if the elements of W are not small, as we show in
the next section.

9 Weak Coupling Fields with Small T'

Weak coupling fields imply that
T ~ 2cos 1, — 2cos 1y (121)

where

Vg =21Qy, Py =27Qy (122)

and @, and @, are the tunes one would obtain with no coupling between
the horizontal and vertical planes. If the difference between these tunes is
close to an integer, then 7" will be small. Let us assume that this is the
case and assume further that

T2

o< ——
Sqm+n °°

1. (123)

14



In order to satisfy this inequality, we adjust the lattice quadrupoles so that
T? =4m+1|E (124)

where E is a fixed parameter chosen to satisfy
0<E << (125)

With T2 given by (124), the expressions for U and d? become

1 1/ E
U=+V1+E,/4m+n], d2:§+5 5 E (126)

and for 0 < F << 1 we have

1 1
U=~ +4/4/m + 0], dzwg, |W|z§ (127)

These approximations become exact if £ = 0. Here we see that if (123) is
satisfied, the elements of W are finite and not small. Moreover, since

lg| =1 and |f| = 1, the elements of Wg and fW are also finite and not
small. Thus, if the coupling fields are sufficiently weak, the elements of
Wg — fWT will be small compared to those of Wg and fWT. We may
then write

Wg ~ fW', (128)
Multiplying this by W from the left or by W' from the right, we have
WEW' ~ (1 — d%)g, WgW =~ (1 — d*)f. (129)
We also have
F=df+WgW ~f, G=dg+WW ~g. (130)

We shall see that the approximation Wg ~ fWT gives turn-by-turn
equations that clearly exhibit the exchange of oscillation energy between
the horizontal and vertical planes.

10 Approximate One-Turn Matrix

Let H be any two-by-two matrix that has determinant

H =1-d*>>0 (131)

15



and satisfies
Hg = fH.

Multiplying by H from the left we have
HfH' = (1 - d*)g.
As shown in Appendix III, we must then have

H=G¢0F "/1-—d2

L B0 1 [ B0
F= ﬁ1<—a1 1)7 g_\/E<—a2 1)

0- cosw sinw
—sinw cosw |

where
and

The elements of H are

Hy1/V1—d?=/B2/P1 {cosw+ a; sinw}
ng/\/ 1-— d2 = \/ﬂgﬁl sin w

Hao/V1—d? =/B1/P2 {cosw — agsinw}

and the angle w must satisfy

Hi, BiH11 — o1 Hyo

sinw = —————— COSW =

VBBl — d?)’

Thus, if the approximation Wg ~ fWT is valid, we have

W=x~H
(a = L (a -®E
RN(—H dI)’ R N(H dI)

16

VBBl —d%)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)



and

dal H A 0 dl —H
C(ANGYED -
where
1—d? B2 0 cosw sinw 1 0
"= @( —ay 1 ) < —sinw cosw ) < a1 B ) (145)
sinw = LQ’ cosw — PV — 041”212 (146)
B1B2(1 — d?) BBl — d2)
_ [ costy + agsingy B1 sin 1)y
A= < —ysingy costhy — aq singy (147)
_ [ costhz+ azsingy Ba sin 1)y
b= < —7y2 8in 19 cOoS Yo — (uo Sin Yo ) ’ (148)

In this approximation the matrix T is symplectic and has the same
eigenvalues as the exact matrix. However, it is completely specified by only
eight parameters (ay, 01, Q1, a2, P2, Q2, d, w) rather than the ten (ay, 51,
Q1, ag, B2, Q2, Wiy, Wia, Way, Wag) that specify the exact matrix. The
parameters d and w are analogous to the complex coupling coefficient
obtained in the Hamiltonian treatment of linear coupling.

11 Normal-Mode Coordinates

On the nth turn around the machine, a beam particle whose initial
positions and angles were X, X{, Yo, Y has positions and angles X, X,
Y, Y’ given by

Z =T"Z, (149)
where
_ [ Xo _ [ Xo _ [ Yo
ZO_(YO)’ X0—<X6>7 Y0—<}/0/>7 (150)
X X Y
zz<Y>, X:(X,>, Y:(Y,> (151)
and

T" = RU"R L. (152)

17



Defining

Z=R7'Z, Zy=R'Z, (153)
we then have
Z =R 'T"Z; = R"{RU"R™1)Z, = U"Z,. (154)
Here
7= )}f// . Zo= )}Afoé , U”:(%ﬂ &) (155)
Y Yy

where Xy, )2'6, Yo, 370’ and X, X', Y, Y’ are the initial and final (nth turn)
normal-mode positions and angles. Partitioning into two-component
vectors we have

5 Xo - Xo 5 Yo

Zy = ~ Xy = -~ Yo=| -~ 1
0 <Y0>7 0 <X6>7 0 (Yvol> (56)
g\ . (% )

z_<?>, x_<X,>, Y_<?,> (157)

and Z = U"Zo becomes

=D

X = A"X,, Y =B"Y,. (158)

Thus the turn-by-turn evolution of the normal-mode coordinates is
decoupled into two sets of equations. The matrices A™ and B" are

n [ cosmipr + aq sinniy (1 sin nan
AT = ( —1 sin nan cos np, — o sin na (159)
n [ cosnis + apsinns (B2 sin ng
B" = < —79 sinnay cos by — g sin NPy (160)
where
1 =2mQ1, P2 = 2mQs. (161)

Writing Z = RZ and 20 =R'Z in terms of the two-component vectors
defined above, we have

X a W X
(V)W i) (3)

18



Xo\ [ dl -W X
Y, ] \W dI Y,
X =dX + WY = dA"X, + WB"Y,
Y = -WX +dY = “-WA"X, + dB"Y,

and therefore

where R R
Xo=dXo— WYy Yo=WX;+dY.

(163)

(164)
(165)

(166)

These equations show that the turn-by-turn motion in each plane is the
superposition of two modes of oscillation, one with tune @J1 and the other

with tune Qo.

12 Courant-Snyder Invariants

It follows from the identities
f=AfA", g=BgBf

that
ATf'A=f"! Big'B=g!

and (by induction)
(AH"f A" =f"1 (BH)"g'B" =g
Using the normal-mode turn-by-turn equations
X =A"X;, Y =B"Y,

one then has

XX = X)) (AN £ TAX ) = X[ £71 X = )
and

Yig 'y = \?g BH g 'B"Y, = \?g g 'Y= e
In terms of the matrix elements and vector components we have

€1 = 71)%2 + 20415(0)?6 + 51)262 = 715(2 + 26115()?/ + ﬁ1ff/2

€y = ")/25}02 + 2a2§70}70’ + 62}/}0/2 = 725}2 + 20&2}75}, + 525},2.

19
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(168)

(169)

(170)

(171)

(172)

(173)

(174)



These are the Courant-Snyder Invariants of the motion. They also can be
written as

€161 = X¢ + (a1 Xo + 51 X0)? = X + (X + B X')? (175)

€afs = Y§ + (a2Yp + 52Yg)? = Y2 4 (oY + BoY)? (176)

which show that each invariant is zero if and only if the corresponding
normal-mode positions and angles are zero.

Note that since

=1 0

-1

D! = ( 0 gt ) (177)

we have R R R R R R
ZIDZ=Xf1X)+(Yg'Y) =€ + e (178)

Writing the matched ellipsoid equation ZTE~1Z = ¢ in terms of
normal-mode coordinates and using E = RDR' we have

e=Z'E7'Z=Z'RIE"'RZ=Z'D'Z (179)

and therefore
€ =€+ €. (180)

13 Envelope Parameters

Constraints on the range of the turn-by-turn positions and angles X, X",
Y, Y’ follow from projections of the matched ellipsoid onto the X, X’ and
Y, Y’ planes. The matched ellipsoid

ZE1Z = (181)
has projections [11]
X'F X <e, YIGlY<e (182)
where
F=df +WgW', G =d’g+ WEW' (183)
and

X Y
- (5) v (1) -
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The positions and angles in the two planes are therefore constrained to
remain inside the ellipses

X'F'X=¢ YGly=e (185)
Further constraints are imposed by the Courant-Snyder invariants

XX =¢, Yig ¥ =e. (186)
Returning to equations (164) and (165) we have

X=X1+X2, Y=Y1+Y> (187)

where R R R R
X, =dX, Xo=WY, Y;=-WX, Y,=dY. (188)

Now if d # 0 and [W/| # 0, the matrices d>f, WgWT, WIWT, d2g all have
inverses and are all positive definite. We may then write

X)X = X 1X = ¢, (189)
X5 (WeW')1X, = Yig™V = e, (190)
YIWIWH 1y, = XTF1X = ¢, (191)

Yi(d?g) 'Yy =Yg Y = ¢ (192)

and we see that X1, X9, Y1, Yy are each constrained to lie on an ellipse.
The motion in each plane is therefore the superposition of motion on two
ellipses. This characterization of the motion was first given by

Ripken [12, 13]. The maximum possible values of X, X’ Y| Y’ are given
by the diagonal elements of the ellipse matrices. Thus

X <\/dfue + (WeW )16 (193)
| X'| < \/d? fazer + (WeW')azer (194)

Y] < \/(WfWT)llel + \/d291162 (195)
[Y'] < \/(WfWT)22€1 + \/d292262 (196)

where
Jiu1="051, fo=7, g11=702, g2=m7 (197)
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(WEWT);; = % {W12 + (a1 Wi — /1 Wi 2} (198)
(WEW )9, % {ng + (a1 Way — 11 Wa 2} (199)
(VVgWT é {ng + (aaWha + 52W22)2} (200)
(WgW')gs = % {W3 + (aaWar +32W11)?} (201)

If the approximation Wg ~ fWT is valid then
WEW' ~ (1 - d%)g, WgW ~ (1 - d*)f (202)

and equations (193-196) become

| X] < \/d25161 + \/(1 — d?)B1e (203)
| X' < \/d2’71€1 + \/(1 —d*)7ieo (204)
Y| < \/(1 — d?)fae1 + \/d25262 (205)
Y| < \/(1 — d?)y2e1 + \/dz’mez. (206)

14 Formulae for the Analysis of Turn-by-Turn
Data Acquired from BPMs

Writing out the components of the equations
X = dX + WY = dA"X, + WB"Y, (207)
Y = —-WX +dY = —-WA"X, + dB"Y) (208)

one finds [14] that the horizontal and vertical positions and angles of a
bunch at a given BPM (Beam Position Monitor) on the nth turn around
the machine are given by

X = Aj cos(ny + ¢1) + As cos(nig + ¢2) (209)

Y = Bj cos(niyy + n1) + Ba cos(nis + 12) (210)
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X' = ‘% {siné + a1 cos €1} — }i—i {1=@)sing — Breosee}  (211)
1

Y' = _% {sin(a + ap cos (o} — % {(1 —d*)sinG — By COSCI} (212)

where
1 =2mQ1, P2 =2mQ2 (213)
§1=nY1+ o1, S =nar+ P2 (214)
G =nY1+m, C=ns+mnm (215)
Dy = (WegW )11 = 5sW + 200 Was Wiz + 12 W (216)
Dy = (WEW )11 = BIWE — 200 Wi Wia + nWh (217)
and

By = (WgWT)lz = —[2Wo1Wag — agW — 72W11 Wi (218)
Ey = (WEW )1y = 811 Way — an W + 51 W12 Wao (219)
W = W11 Wag + W12 War. (220)
Defining parameters

Do N —Es = D N —Eq

5 _ -~k _ - 291
bhi=i"p a1t RTise 2T g (221)
equations (211) and (212) become
A A
X' =—ZL{sing +ajcos&i} — =2 {sin &y + @y cos &y} (222)
A 63}
B B
Y = —5—2 {sin(a + agcos (2} — B_l {sin(1 + agcos(1}. (223)
2 2

If expressions (209) and (210) are fitted to the turn-by-turn positions
obtained from a given BPM, then one obtains fitted parameters Ay, Ao,
By, By, Q1, Q2, ¢1, ¢2, n1, and 9. If the turn-by-turn angles at the BPM
are also known, then a fit of expressions (222) and (223) to the data yields
values for parameters 31, a1, (2, ao, and for parameters 31, aq, (2, da. We
shall see that having the values of all of these parameters allows for a
determination of all of the Edwards-Teng parameters. This then gives the
complete one-turn matrix. We will also show that if the approximation
Wg ~ fWT is valid, then some of the Edwards-Teng parameters can be
determined from a smaller set of fitted parameters.
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14.1 Amplitudes and Phases

The amplitudes Ay, As, B1, Bs and phases ¢1, ¢2, 11, 12 are given by

Al COS ¢1 = dXO, (224)

—Arsing; = d(ay Xo + B1.X}), (225)

A cos ¢y = Waa Yo — Wi2Yy, (226)

—Agsin P9 = (Wgzag + ng’}/g)i}o + (WQQﬁQ + ngag)?ol, (227)

and R
By cos e = dYp,

(

—Bysinng = d(azi}o + 525}0/)7 (229
Bicosm = —Wi1 Xo — Wia X), (

—Bisinn = —(W11a1 - W1271)X'0 - (Wnﬁl - leal)f((/) (231

where Xy, X(), Yo, Yy are the initial normal-mode coordinates. These in
turn are given by

Xo = dXg — WaaYo + WiaV], Yo =WiXo+WpX)+dY,  (232)

X(/] = dX(/) + Wo1Yy — Wllif(]/, 170/ = Wo1Xo + WQQX(/] + dYb/ (233)

where Xy, X(), Yo, Yy are the initial positions and angles of the bunch at
the BPM. Equations (224-231) give

Ay =/d?Brer, A =+/Daey, By =+/Die1, By=\/d?’Baes (234)

where
e1 = NX2 4 200 Xo X))+ 1 XE, €2 =1VE +202Y0Y] + Bo¥g?.  (235)

Here we see that by forming the ratios [15]

D1 2_ D2
”d% 2_1/d2—ﬁ2 (236)

A2B1_i DDy
A1By &\ BiP2

and

R=

(237)
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one obtains functions of the Edwards-Teng parameters that are
independent of the initial conditions.

Using the identities
cos(A — B) = cos Acos B + sin Asin B (238)
sin(A — B) = sin Acos B — cos Asin B (239)
equations (224-231) also give

~ Wigan = Wi Wia

COS(¢1 - 771) = \/m ) Sin(¢1 - 771) = \/m (240)

cos(po —12) = Wz?%;—g:u%a sin(¢o — 12) = \;% (241)
where

B1Dy = (Wizeq — W11 ) + Wi (242)

BaDy = (Waa By + Wigan)? + W (243)

Here again one obtains functions of the Edwards-Teng parameters that are
independent of the initial conditions.

14.2 Determination of d?> and the Coupling Strength

The fitted parameters Ay, As, B1, B, b1, (o, Bl, 32 allow for a
determination of the parameters d?, Dy, and D,. Using the relations

D 5 D
1—ad2 7?1

B, | Dy Ay | Do
Rl A1 d2ﬁ1 ’ R2 B2 d2ﬁ2 ( 5)

1-d> BRY  1-d (R

d? B & B
which give the value of d?. The values of D and Dy are then given by

Bi

(244)

and the ratios

one finds

(246)

Dy =d’BR?, Dy =d*BR3. (247)
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The coupling strength is determined from relation
4m + 0| = U? — T? = 4U%d*(1 — d?) (248)

where
U=2cost1 —2cospa, U1 =2wQ1, 1o =2w(Q)>. (249)

Here the determinant |m + 1| is proportional to the square of the skew

quadrupole or solenoidal fields that couple the motions in the horizontal
and vertical planes. Note that one also can obtain |m + nn| by adjusting
the lattice quadrupoles so that 7' = 0. In this case one has

Im 41| = U?/4 = {cos(2nQ1) — cos(2mQ2)}*. (250)

Now, if the approximation Wg ~ fWT is valid, then

WIW! ~ (1 - d%)g, WgW' ~ (1 —d))f (251)
and we have o
Dy = (WgW )iy ~ (1 d?)py (252)
Dy = (WEWT); ~ (1 — d?)5s. (253)
Thus
Al = d26161, A2 ~ (1 — d2)ﬂ162 (254)

Bl ~ 1/(1 — d2)ﬁ2€1, BQ = \/d2ﬁ262 (255)

and the ratios Ri, Ro, R become

By (1—d*ps Az (1-d*)p

Ri=—~y—-"2, Ro= " my|—0nt" 256

A 26 7T B d? 3 (256)

AsB; 1 —d?
R 1.5, 7 (257)
The parameter d2 is then given by
1 R
2 2
~N— —d*~ ——. 2
R+1 R+1 (258)

Here we see that only the fitted parameters A, As, By, B are needed to
obtain d?.
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14.3 Determination of Wy, Wiy, and Wo,

Having obtained parameters «q, (1, as, (2, D1, D2, and phases ¢1, ¢2, 11,
72, we can obtain Wiy, Wis, and Was from the relations

cos(p1 —m) = leiy/l[i_g?lﬂl, sin(¢1 —mp) = 2?1231 (259)

:

cos(p2 —1m2) = W22fjﬂ—i2‘_g:12027 sin(gy —m2) = \;{% (260)

If the approximation Wg ~ fWT is valid, then

Dy = (WgWh~(1—d)B, Di=(WEWh~(1—d?)p (261)

and the expressions for the cosine and sine of (¢ —n1) and (¢2 — 72)
become
Wigan = Wupi . Wia
cos(py — 1) = , sin(¢r —m) 8 ————— (262
(o1 =m) V(1 —d?)B1 2 (01 =m) (1—d?)B1f (262)

W 1% W
cos(d — 1m2) ~ 2(2152_22)5125227 sin(¢a — 12) ~ e ToTS d;;ﬂlﬁz. (263)

In this case one does not need the values of Dy and D> to obtain Wiy,
ng, and WQQ.

14.4 Excitation of a Single Normal Mode

If just one of the normal modes is excited, say the one with tune @1, then

we have
/ Al .
X =Ajcos(npr + ¢1), X = 3 {sin&; + ay cos &1} (264)
1
/ Bl . ~
Y = Bicos(nyy +m1), Y' = A {sin¢y + @z cos (1} (265)
2
where
Y1 =21Q1, &G =n1+d1, G=nP1+m (266)
D, . —E

Al = \/d2ﬁ1€1, Bl =V D1€1, BQ = 1_—(12, a9 = m (267)
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Dy = (WfWT)y;, E; = (WfWT),. (268)

Thus R
a1 X + ﬂlX/ =—Aysin&;, Y + ﬁgY’ = —Bjsin(; (269)
and
X%+ (a1 X + 51 X")?2 = A = By, (270)
Y24 (@Y + BoY’)? = B? = Dyey. (271)

Here we see that the turn-by-turn positions and angles in the X, X’ and
Y, Y’ planes lie on ellipses. If turn-by-turn data are available for X and

X', then a fit of equations (264) to the data yields values for parameters

Q1, A1, ¢1, B1, and aq. Similarly, a fit of equations (265) to turn-by-turn
data for Y and Y’ yields values for Q1, By, 71, Bg, and Q.

The turn-by-turn positions in the X, Y plane also lie on an ellipse. Here
we have

X =Ajcos&, Y =DBjcos(§ —wr) (272)

where
w1 = ¢1 — M. (273)

Thus
Y = By {cos & coswy + siné; sinwy } (274)

and assuming sinw; # 0, we can write

Y = B;sinw; {sinfl + (C,Osw1> cos&l} (275)
SN Wy
and
Ay
Y = 5 {sin& +acos&} (276)
where 4
1 COS W1
-t = . 277
g Bysinw;’ @ sin wy (277)
Thus
X%+ (aX +8Y)% = A} (278)

and we see that the horizontal and vertical positions lie on an ellipse with
Courant-Snyder parameters § and «.
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15 Turn-by-Turn “Action” Variables

As mentioned at the beginning of these notes, one of the hallmarks of
linear coupling is the exchange of oscillation energy between the horizontal
and vertical planes when the difference between the tunes is close to an
integer. Here we exhibit this phenomenon by examining appropriately
defined “action” or amplitude variables under the approximation

Wg ~ fWT. (279)

Consider the projections
XF1X<e, YIGlY <e (280)

of the matched ellipsoid
ZIE1Z =« (281)

onto the X, X’ and Y, Y’ planes. As already mentioned, these show that
the positions and angles in the two planes are constrained to remain inside
the ellipses

X'TF X =¢ YGlY=¢ (282)

where

F = df + WgW', G =d’g+ WFW'. (283)

This suggests that we define “action” variables J, and .J, such that
2Jpby = X2 + (@, X + b, X)%, 2Jyby = Y2+ (a,YV +b,Y)>  (284)
where
b, = F11/F, a,=—Fi2/F, g.=Fn/F, F=|F"? (285)

by =G /G, a,=—G12/G, g,=GC»n/G, G=|G|'/? (286)
are the Courant-Snyder parameters of the two ellipses.

The turn-by-turn positions and angles X, X', Y, Y/ are given by
X =Ajcos&y + Azcosée, &1 =n1+ o1, S =na+ ¢ (287)
Y = BicosC + BacosCe, G =nP1+m, G2=nr+n (288)

X' = A {sin&; + ay cos &1} — % {sin&s + @ cos &} (289)
1 1
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B

B
V' = = {sin (a2 + az cos (2} — =1 {sin(; + @z cos (1} .
B2 By
where
P =2mQ1, P2 = 27Q2
and
o2 g B o5 Do
T T P TP -

If the approximation Wg ~ fWT is valid, then
WIW! ~ (1 - d?)g, WgW' ~ (1 —d))f

and B R
Dy = (WgW )y ~ (1—d*)B31, Bi=p

Dy = (WEWH = (1 - d*)Bs, o= o
E, = (WgWT)lz ~—(1-d*)ay, Gr~o
El = (WfWT)lg ~ —(1 — d2)a2, ag ~ 9.

The expressions for X’ and Y’ then become

A A
X~ {sin&; + ajcos&} — 5_2 {sin&s + ay cos&a}
1 1

B B
Y ~ —ﬁ—l {sin(1 + agcos (1} — 6_2 {sin (s + agcos (2} .
2 2

We also have

and therefore
ap = oy, by=p, ay=az, by~ [
Using these approximations we then have
az X + b, X' =~ o X + /X =~ —A;sin& — Aysinéy

ayY +b,Y' =~ oY + 3Y' ~ —Bjsin(; — Basin(y

and
X%+ (az X + b, X")? = A? + A3+ 2A; Ay cos(&1 — &)

Y2+ (ayY +byY")? = B} + B3 + 2B By cos((1 — 2).
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Thus

and

Here

and

b, J, ~ AT + A2 + 241 Ay cos(€ — &)
2b,J, ~ B% + B% + 2B1 By cos(¢1 — ¢2)

N A%—I—A% n A1 A,

T 25, 5 cos(&1 — &2)
- B% + B22 BBy
Jy ~ 262 + 52 COS(Cl — Cg)

A1Agy = \/d?B1Drerer = Bry/d?(1 — d?)erez
B1By = \/d?BaD1erea = [Boy/d*(1 — d?)eren

§1 — & =2mn(Q1 — Q2) + (o1 — ¢2),
G — G2 =2mn(Q1 — Q2) + (m — n2).

The approximation Wg ~ fW also implies

cos(p1 —m1)

and

It follows that

sin(¢o — m2) = —sin(¢p1 —m),

and therefore

(P2 —m2) = (¢ —m) £,

Thus

_ Wisan — Wi

- Waafa + Wisag . ~ —Wha
cos(¢ — 12) =~ (1—d2)515s , sin(gz =) & m

WaaBa + Wiaag = W11 81 — Wiaay.

cos(C1 — C2) = —cos(&1 — &2)

31

: N Wia
S e dng O m R =

cos(pa — 12) = — cos(p1 — M)

(p2 — 1) =~ (N2 —m) £ .

(306)
(307)

(308)

(309)

(310)

(311)

(312)
(313)

(314)

(315)

(316)

(317)

(318)

(319)



and we have

A2 4+ A2
J, ~ % +1/d?(1 — d?)ereg cos(&r — &) (320)
1
2 2
J, ~ % —/d?(1 — d?)erez cos(&1 — &2) (321)
2

ﬁ+£+%+%

201 20,
Here we see clearly the periodic exchange of oscillation amplitude between
the two planes. Since {1 — & = 2mn(Q1 — Q2) + (¢1 — ¢2), the period of
the exchange is

Jo +Jy =

(322)

P=1/(Q1 - Q2) (323)

turns. The sum of the “action” variables is approximately constant, a
result that also follows from the standard Hamiltonian treatment of
difference resonances. Note that we also have

A2+ A2 P 1—d)Brea 1 5 2
T _§{dq+m1—dkg} (324)
B+ B (1—d*)paer  d*faey 1 ) )
T et _g{u—dyq+dgﬁ (325)

and therefore
20y + Jy) €1 + e (326)

as one might expect.

16 Propagation of Edwards-Teng Parameters

We include here for completeness a derivation of the formulae for
propagating the Edwards-Teng parameters from one point in a synchrotron
to another. The derivation is similar to that given in Ref. [16] except that
an alternate proof is given for the result that the four-by-four matrix (L)
which transforms U from one point to another is block diagonal.

Let Ty and T be the transfer matrices for one turn around the machine
starting at sg and s respectively, and let M be the transfer matrix from s
to s. Then we have

T = MToM™}, (327)
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and it follows that Ty and T have the same eigenvalues which we have
assumed are distinct and all lie on the unit circle in the complex plane. In
terms of the Edwards-Teng matrices we have

To = RyUyR,', T =RUR™! (328)
where o o
[ doI Wy (Al W
Ro = < ~Wy  dol ) R= ( -W dI ) (329)
[ Ay O (A0
UO_<O BO), U_<O B) (330)

Ay =1Icosvy; +Kisinyy, By =1Icosys+ Kssiniys (331)

A =TIcosyyy +Jysiny;, B =1Icosy + Jysins. (332)

K = ( @ b ) , Ko= ( o b ) (333)
—g1 —a1 —g2 —a2

J, = < aq b1 ) R P ( a2 B2 ) (334)
-7 o —Y2 —Q2

bigi —al =1, bygp—a3=1, Bip1—ai=1 Payp—a3=1 (335

We have assumed here that A has the same eigenvalues as A and that B
has the same eigenvalues as Bg. The only other possibility is that A has

the same eigenvalues as By while B has the same eigenvalues as Ag. This
second possibility is discussed in Ref. [16] and will not be considered here.

16.1 The Matrix L
In terms of the Edwards-Teng matrices, the equation
T = MTyM™? (336)

becomes
RUR ™! = MRyU)R; ' M. (337)
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Multiplying by R™! from the left and by R from the right we obtain
U =R 'MRoU)R;' M 'R = LUL™* (338)

where L is the four-by-four matrix

L=R MRy = ( 11“11 11422 ) (339)

and L1, Lo, 11, I are two-by-two matrices. Since Ry, M, and R are

symplectic, so is L. These equations show that once L is known, we can
obtain U and R from Uj and Ry, i.e.

U=LUL! (340)
and

R = MRyL™%. (341)

16.2 Proof that L is Block-Diagonal

We now show that, under our assumptions, L must be block-diagonal.
Writing (340) as UL = LU, we find

AL1 = LlAO, BL, = L2B0, A12 = 12B0, B11 = 11A0, (342)

and therefore
A|L;| =L1AoL;, B|Ly| = LsBgLo, (343)

Ally| = 1,Boly, BL| =1 Aql. (344)

Now, if [I1] # 0 or if |12| # 0, then either B and Ay, or A and By are
related by a similarity transformation. It then follows that A and B have
the same eigenvalues, which contradicts our assumption that the
eigenvalues of T are distinct. Thus we must have

L = [lo[ =0. (345)
Since L is symplectic we then have

[Li| = |L2| = 1. (346)
Equations (343) and (344) then become

A= Llefl, B= LQB(]EQ, lgBoIg = O, lleil =0 (347)
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and using
Ay =TIcosyy + Kisiny,

A =Tcosyy + Jisiny,

By =Icosye 4+ Kgsin i

B =1Icosys + Jasinys

we obtain
Ji =LiKiL;, Jy=LyKsLy, LKy, =0, LK;l;=0.
But
Ji=fS, Jo=gS, K;=1££S, Kjy=gS
where

f — ff"i‘ — /31 —Qq g = gg"‘ — /32 —Q2
—o v )’ —Q Y2

— T by —a _ T by —ay
fo—fofo—<_a1 91>’ go—gogo—<_a2 gz)

f:i< b1 0), G=

B2 0
()

- 8-

1 by 0
f — =
‘ \/E<—al 1)’ o

Equations (350) therefore become

f=Lifg L], g=LygoL}, Lgli=0 Lfl=0

and we have

LF)LF) =0, (15G0)(12Go)" = 0.

(348)

(349)

(350)

(351)

(352)

(353)

(354)

(355)

(356)

(357)

It is easily shown that if a matrix M satisfies MM = 0, then all of its

elements must be zero. Thus we have

1170 =0, 1Gy=0.

A B
(e 5)
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we then have

A B by 0 00
<C‘ D)(—c;l):(O 0) (360)

where by # 0. It follows immediately that all elements of 1; must be zero.
One finds the same for 1. Thus L is block-diagonal and we can write

L=R 'MR( = ( I(’)l 1?2 ) . (361)

16.3 Calculation of L, W, A, and B

Let

My My,
M = 362
< My My, ) (862)

where M;; are two-by-two matrices. Writing (361) as RL = MR we have

dI W L1 0 o M11 M12 d(]I WO (363)
-W dI 0 Ly / |\ My, My —Wgy dol

and therefore

dLy = dgM1; — M15Wy, dLy = My Wy + dgMas (364)
~WL; = doMy; — M2usWy, WLy = M1 Wq + doMjs. (365)
Then since |L;i| = |Lg| = 1, equations (364) give
d? = |dgMy; — M1oWo| = Moy W + doMa| (366)
and
L = (doM1; — M12Wy)/d, Ly = (Mo Wy + doMas)/d. (367)

Thus L; and Ly are completely determined by dg, Wq, M1, Mis, Moy,
and Mgg.

Once Lj and Ly have been calculated from equations (366) and (367), we
can obtain W from either of equations (365). One finds

W = —(doMaz; — M2 Wy)L;. (368)
As already shown, we also have

A =L,A(L,, B=L,B(L,. (369)
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17 Appendix I

Following the treatment of Iselin [7] we have
Tu = Aju, Tu" =Aju*, Tv=D>X v, Tv' =Xv" (370)

where
u=a+ib, v=c+id (371)

and a, b, c, d are the real vectors

a1 bl C1 dl
| a2 | b | e | d
a= a | b= bs | c= e | d= ds (372)
a4 b4 Cq d4
The matrix W is
aq b1 C1 d1
| a2 b2 2 do
W = a3 by cs ds (373)
ay by cq dy
and we have
afSa afSb afSc afSd
i i i il
Wisw — b'Sa b'Sb b'Sc b'Sd (374)

cfSa ¢'Sb ¢fSc c¢fsd
dfSa dfSb dfSc dfsd

(Here and throughout these notes, a dagger denotes the transpose of a
vector or matrix, not the Hermitian conjugate.) Since ST = —S, we have
for any two vectors j and k,

jtSk = kfsfj = —k'S;j (375)

and it follows that
u'Su=0, viSv=0, (376)
alSa=0, bfSb=0, c'Sc=0, disd=o. (377)

Thus
0 afSb afSc afsd

—a’Sb 0 bfSc bfsd
—afSe —bfSc 0 cfSd
—a’Sd —bfSd —cfSd 0

WISW = (378)
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Now, using TTST = S we have

(Tu)'STv = u'T'STv = u'Sv (379)
and therefore
AMdou'Sv = ufSv. (380)
Similarly, one finds
AuTSv = u*fSy (381)
and
MAuTSu = u*fSu,  MAvTSv = vTSv. (382)

Since the eigenvalues are assumed to be distinct, we have A1 Ao # 1 and
AfA2 # 1, and we see that (380) and (381) imply

u'Sv =0, ufSv=o. (383)

Furthermore, since the eigenvalues are assumed to lie on the unit circle in
the complex plane, we have A\]JA; = 1 and A3\y = 1, and therefore (382)
imposes no constraint on the values of u*'Su and v*tSv.

Let us now write out the products ufSv, u*'Sv, u*fSu, v*{Sv in terms of
a, b, c, and d. We have

u'Sv = a’Sc — b'Sd +i(a’Sd + bSc) = 0, (384)
u*'Sv = a'Sc 4 bfSd + i(a’Sd — b'Sc) = 0, (385)
u*'Su = a'Sa + b'Sb +i(a’Sb — b'Sa) = 2i(a’Sb), (386)
vTSv = ¢/Sc + d'Sd + i(c'Sd — dSc) = 2i(c'Sd), (387)
and it follows from the first two of these equations that
alSc=0, a'Sd=0, bfSc=0, bfSd=o0. (388)
Thus we have
? a'Sb 0 0
waw=| 08 L e
0 0 —cfsd 0

Since the matrix W is by construction nonsingular, WSW is nonsingular
and neither a’Sb nor ¢fSd can be zero. Moreover, equations (386) and
(387) show that we may choose the normalization of u and v such that

afSb=1, ¢Sd=1. (390)
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Thus we have

0O 1 0 O
-1 0 0 O
tQUY — _

wisw=| "= =~ | |=s. (391)

0 0 -1 0

18 Appendix II

Suppose that L

T =WuUw=— =wuyuw-1 (392)

where W and W are symplectic. Multiplying this by W™! from the left
and by W from the right we have

U=WIIWUW ' W = 0Uo! (393)
where .
O =ww. (394)
Thus
Uo = ou (395)
and writing
PV
0= < L Q ) (396)

where P, Q, L, V are two-by-two matrices, we have

(F(EY-C(E) e

Carrying out the matrix multiplications one then finds
AP =PA, BQ=QB, BL=LA, AV =VE. (398)
Suppose now that |L| # 0. Then we have
B=LAL™! (399)

and it follows that B and A have the same eigenvalues. This contradicts
our assumption that the eigenvalues of T are distinct. Thus we must have
|L| = 0. Similarly, one finds that |V| = 0. Thus the equations BL = LA
and AV = VB imply

LBL=0, LAL=0, VAV =0, VBV=0 (400)
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where
L11 L12 = L22 _L12
L= . L= 401
( Lo1 Lo ) < —Loy L1y ) (401)

V11 V12 X7 V22 _V12
A . V= 402
( Vo1 Vao ) < Vo1 Vi1 ) (402)

.A:( cos 11 sin%)7 B=< cos Y2 sin@!)g)' (403)

—siny; cosyYy —sinigy cos o

and

Carrying out the matrix multiplications, one finds
(LY, + L3y)sintps =0, (L3, + L3;)sinepy =0 (404)

(L3 + L}y singhy =0, (L3, + L3)singhy =0 (405)

with similar equations for the elements of V. Since having both siny; =0
and sin e = 0 would contradict our assumption of distinct eigenvalues, at
least one of these must be nonzero. It then follows that all elements of L
must be zero. The same is true for V. Thus

L=0, V=0 (406)

Now, writing out the matrix elements of PA = AP and QB = BQ, one
finds

(P12 + P21) Sinwl = 0, (P11 — ng) Sinwl =0 (407)
(Qi2 + Q21)sintpy =0,  (Q11 — Q22)sinep = 0. (408)

Here our assumption that no eigenvalue is equal to 1 or —1 implies that
neither sin 1 nor sinyy can be zero. Thus we have

P21 = —P127 P22 == Pll, Q21 = _Q127 Q22 = Qll' (409)

The matrices O, P, and Q therefore must be of the form

(P O . 1 Ss1 _ C2  S2
o= (T8 po(m o) ae( 2 %)

Furthermore, since O is symplectic, we must have ¢? + s? = 1 and
c3 + 53 =1, and therefore

PP =1, QQi=1 00'=1 (411)
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19 Appendix III

Let M be a two-by-two matrix that has unit determinant and satisfies

Mﬂ\/IT:g
where
t &) Qaq _ et B2
f ff <—Oél 71)7 g_gg (_a2
_ pi 0 b 2
f‘m(—al 1)’ g‘%(—az
and

Bim—ai=1, [oyr—aj=1

Then we have
MrFFM = ggt

(G'MF)(FIMIg) =1

and
Uu' =1

where

U=¢'MF.
Thus

M = GUF !
where

U= ( a b ) IU| = ad — be = 1
c d

and

A+’ =1, F+d®*=1, ac+bd=0.
It follows that

and therefore
cosw sinw
U= )
—sinw cosw
for some angle w.

41

(412)

(413)

(414)

(415)

(416)

(417)
(418)
(419)

(420)

(421)

(422)

(423)

(424)



References

1]

[9]

G. Guignard, “The General Theory of All Sum and Difference
Resonances in a Three-Dimensional Magnetic Field in a Synchrotron”,
CERN 76-06, 23 March 1976.

G. Guignard, “A General Treatment of Resonances in Accelerators”,
CERN 78-11, 10 November 1978.

E. D. Courant and H. S. Snyder, Annals of Physics 3, 1-48 (1958).

K. L. Brown and R. V. Servranckx, Particle Accelerators 36, 121-139
(1991).

A.J. Dragt, “Lectures on Nonlinear Orbit Dynamics”, Physics of High
Energy Particle Accelerators, AIP Conference Proceedings 87, 147-313
(1982).

L. Mirsky, “An Introduction to Linear Algebra”, Dover, New York,
1990, pp- 290-296

F. Christoph Iselin, “The MAD Program Physical Methods Manual”,
CERN, Geneva, September 15, 1994.

D. A. Edwards and L. C. Teng, “Parameterization of Linear Coupled
Motion in Periodic Systems”, IEEE Trans. on Nucl. Sc. 20, 885 (1973).
L. C. Teng, “Concerning n-Dimensional Coupled Motions”, NAL
Report FN-229, May 3, 1971.

M. Billing, “The Theory of Weakly Coupled Transverse Motion in
Storage Rings”, Cornell University Report CBN 85-2.

[10] T. Roser, “Generalized Treatment of Linear Motion in

Two-Dimensional Periodic Systems”, University of Michigan Report
UM-HE 88-8 (1988).

[11] C.J. Gardner, “Projections of Beam Distributions”, AGS/AD/Tech

Note 439, July 11, 1996.

[12] G. Ripken, DESY Report R1-70/04 (1970).

[13] F. Willeke and G. Ripken, “Methods of Beam Optics”, Physics of

Particle Accelerators, AIP Conference Proceedings No. 184,
pp. 785-819 (1989).

42



[14] C.J. Gardner, “Formulae for the PIP Analysis of Linear Coupling”,
AGS/AD/Tech Note 476, March 30, 1998.

[15] T am indebted to M. Blaskiewicz for pointing out the utility of the
parameter R.

[16] D. Sagan and D. Rubin, “Propagation of Twiss and Coupling
Parameters”, Cornell University Report CBN 96-20.

43



