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Abstract

By colliding bunches of greater length under a larger angle, the tune spread caused by the beam-
beam interaction can be reduced. Assuming a constant limit for the beam-beam tune drift, the bunch
intensity can then be increased. In this way, a luminosity increase is possible. We review this strategy
for proton beams in RHIC with two collisions. We consider short bunches in the storage rf system,
long bunches in the accelerating rf system, and superbunches that fill the whole circumference except
for an abort gap. Resonances driven by the beam-beam interaction and coherent effects are neglected
in this article.

1 Introduction

Luminosity limits set by the incoherent beam-beam tune shift were discussed for un-
bunched beams by Keil [1]. He showed that an increase in the crossing angle reduces
the beam-beam tune shift and allows a higher line density, which in turn leads to an
increased luminosity. Recently, Ruggiero and Zimmermann extended this analysis to
bunched beams [2]. They computed the incoherent beam-beam tune shift as a function of
crossing angle and bunch length and showed how the luminosity increases at the beam-
beam limit with an increase in the crossing angle or bunch length. With one horizontal
and one vertical collision under the same angle, the beam-beam tune spread in both planes
is the same.

Extremely long bunches, called superbunches, are the basis of recently proposed hadron
collider concept [3]. In this proposal, beam is stacked in very long bunches using barrier
cavities, and accelerated with an induction device [4].

In this article we investigate the effects of bunch length and crossing angle on the
achievable luminosity in RHIC proton-proton operation, given a constant incoherent
beam-beam limit. We consider three cases: bunches in the storage rf system, bunches
in the accelerating rf system, and superbunches. In Tab. 1 initial parameters for three
reference cases are listed. The bunched cases (Gaussian short and Gaussian long) are
consistent with recent running conditions and expected improvements. The rms bunch
lengths for the two Gaussian cases is different by a factor of three. For the superbunch
case we assume that 4 · 1011 protons can be accelerated in 112 bunches and then trans-
ferred into a superbunch. A barrier bucket keeps 10% of the circumference free of beam
to provide an abort gap. Neglecting end effects, this describes the collisions of coasting
beam.
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Table 1: RHIC parameters for the calculation of incoherent beam-beam tune shifts and luminosities.
quantity unit Gaussian Gaussian Superbunch

short long
incoherent beam-beam limit ∆Qmax ... −0.03
lattice β∗ m 1.0
beam relativistic γ ... 260
transverse emittance εN , 95% µm 20
interaction region length l m 20
effective detector length ldet m 0.7
particles per bunch Nb 1011 2.0 500
number of bunches nb ... 112 1
bunch area S, 95% eV·s 1.0 ...
rf frequency frf MHz 197 28 ...
gap voltage Vgap MV 3.0 0.3 ...
rms bunch length σz m 0.15 0.45 ...

We take for the length, in which the beam-beam force is active, the distance between
the DX beam splitting magnets. Once the beams reach these magnets they are quickly
separated. The effective detector length, the region in which collisions are recorded, is
the largest length currently used by any one of the RHIC detectors [5].

The crossing angle θ is measured as the full angle from one beam to the other beam.
We concentrate on a scenario with one collision in the horizontal plane and one collision
in the vertical plane, both under the same angle θ. RHIC allows to implement relatively
large horizontal and smaller vertical crossing angles. In the 2001 Gold run, after a prob-
lem in one of the IP2 DX magnets was discovered, its current was reduced temporarily.
With the reduced current a beam-to-beam crossing angle of up to θ = 1.81 mrad was
implemented. With the current vertical corrector strength, a crossing angle of 0.84 mrad
can be implemented at storage energy [7]. However, some of this strength may be needed
to correct for unwanted orbit effects. We therefore assume that vertical crossing angles of
0.5 mrad can be implemented with the existing hardware.

We assume that a total tune spread of ∆Qmax = −0.03, caused by two collisions,
can be accommodated. This is consistent with the maximum values achieved at the SPS
and Tevatron. We neglect resonances driven by the beam-beam interaction and coherent
effects.

2 Beam-Beam Tune Shifts

In Ref. [2] formulas are given for the incoherent tune shift due to the beam-beam interac-
tion for particles in the beam center. In Fig. 1 these tune shifts are plotted as a function
of a crossing angle for the cases listed in Tab. 1. In parts (a), (c) and (e) the horizontal
and vertical tune shifts are depicted for a single crossing in the horizontal plane and the
three cases under investigation. In parts (b), (d) and (f) the total tune shifts are shown
for two crossing, one in the horizontal plane and one in the vertical plane, both under the
same angle θ.
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Figure 1: Incoherent beam-beam tune shifts as a function of crossing angle. Beam parameters are given
in Tab. 1. Parts (a), (c) and (d) show the horizontal and vertical tune change for a single horizontal
crossing. Parts (b), (e) and (f) show the total tune shift in either plane for two crossings, each under an
angle θ, assuming one crossing in the horizontal plane and one in the vertical plane.
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For a single crossing the values of the beam-beam tune shift are reduced in both
planes with increasing crossing angle. The reduction is larger in the crossing plane than
in the plane orthogonal to it. The tune shift reduction is more pronounced for the longer
bunches.

For superbunches the tune shift even changes sign in the crossing plane, for large
enough crossing angles. In this case, the long-range beam-beam interactions dominate
over the head-on interactions. Long-range interactions produce a tune shift that has the
opposite sign of the head-on tune shift.

With a crossing angle of 0.5 mrad, which can be implemented with the existing hard-
ware, and two crossings in alternating planes, there is only a small effect for short Gaussian
bunches in the storage rf system. For bunches in the accelerating rf system, the beam-
beam tune shift is reduced by about one third, and for superbunches by about 90%.

3 Luminosities

In Fig. 2 (a) the luminosity per crossing is shown as a function of the crossing angle for the
two bunched cases of Tab. 1. For the short bunches the luminosity without crossing angle
is about 25% larger than for the long bunches and decreases somewhat slower with an
increasing crossing angle. The luminosity of superbunches with the parameters of Tab. 1,
shown in Fig. 2 (b), is significantly lower than for the bunched cases.

Parts (c) and (d) depict the number of particles at which the beam-beam limit of
∆Qmax = −0.03 is reached, assuming two collisions in alternating planes. The longer the
bunches the more particles can be put in a bunch before the limit is reached. Note that
in the past only about 1011 protons per bunch were accelerated in 55 bunches. Also note,
that we assume a constant transverse emittance and bunch area. In reality there will be
some increase in these quantities with intensity.

In parts (e) and (f) the luminosities at the beam limit are shown. For short Gaussian
bunches only small increases are possible. For long Gaussian bunches crossing angles
larger than 0.5 mrad are needed to achieve luminosities larger than those achievable with
short bunches. At large crossing angles, bunch intensity and luminosity increase linearly
with the crossing angle.

For two collisions an incoherent beam-beam limit of ∆Qmax = −0.03 allows a lumi-
nosity of the order of 1033 cm−2s−1 for bunched beams, and of 1034 − 1035 cm−2s−1 for
superbunches, provided that the required intensities can be accelerated and held in the
machine. At the beam-beam limit the achievable luminosity is proportional the the bunch
intensity and the beam-beam tune shift ∆Qmax. It is not dependent on the emittance
since both the beam-beam tune shift and the luminosity are inversely proportional to the
emittance.
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Figure 2: Luminosity per crossing as a function of crossing angle in parts (a) and (b), with beam
parameters given in Tab. 1. One horizontal and one vertical crossing under the same angle θ is assumed.
Parts (c) and (d) show the number of particles per bunch at the incoherent beam-beam limit of ∆Qmax =
−0.03. Part (e) and (f) depict the luminosity at the beam-beam limit.
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For small Gaussian bunches and crossing angles one has [2]

L =
fcollγ

2rp

Nb

β∗ |∆Qmax| (1)

(θ � 1, σz � β∗, σz � ldet, σ
∗ � σz)

where fcoll is the collisions frequency, rp the classical proton radius, and σ∗ the rms
beam size at the interaction point. Plots of the luminosity dependence on a number of
parameters, including bunch length and crossing angle, can also be found in Ref. [8].

4 Superbunch Gap Maintenance and Acceleration

The highest luminosities can be achieved with superbunches. However, this requires a
large number of stored protons. With 1015 protons as shown in Fig. 2 (d) the beam
current is about 12 A, comparable to the ISR beam current [9]. If particles can be
accelerated and stored in buckets, the luminosity after debunching will always be lower
than in the the bunched case. In this section the maintenance of an abort gap and
the possibility of acceleration in the nearly debunched mode, using barrier cavities, is
discussed. Experience with and plans for barrier cavities are reported in Refs. [4, 10–12].
An alternative acceleration scheme is based on induction devices [3, 4].

Let ε = E − Es denote the energy deviation for a given particle and let τ denote
its arrival time with respect to the synchronous particle. Using turn number n as the
time-like variable the equations for τ and ε are

dε

dn
= −qVs + qVrf(τ), (2)

dτ

dn
= Trevη

ε

β2Es

, (3)

where q is the particle charge, V the rf voltage, Trev the revolution time, η the slip factor
and β the relativistic beam parameter. The subscript s denotes the synchronous particle.
Eqs. (2) and (3) correspond to the Hamiltonian

H(τ, ε) =
Trevη

2

ε2

β2Es

+ qVsτ − q

τ∫
0

Vrf(τ1)dτ1. (4)

For adiabatic processes the phase space density is constant on curves of constant H(ε, τ).
For these a dimensionless potential energy U(τ) can be defined by

ε2

E2
s

+
2β2

ηTrev(Es/q)


Vsτ −

τ∫
0

Vrf(τ1)dτ1


 ≡ ε2

E2
s

+ U(τ) =
ε̂2

E2
s

, (5)
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Figure 3: Voltage V, and potential U waveforms of a barrier cavity.

where ε̂ = (E − Es)max denotes the maximum energy deviation on a given contour. We
choose Vrf so that U(τ) ≥ 0. With Eq. (5) the potential and rf voltage for a given energy
deviation ε̂ can be determined for a given waveform of the barrier cavity voltage.

Gap maintenance. In this case Vs = 0. An abort gap of 1 µs length can be created,
for example, by one of a frf = 1 MHz rf system [11]. The voltage and potential waveforms
for such a system are illustrated in Fig. 3, where a sinusoidal waveform for the voltage is
assumed, V (t) = −V̂ sin(2πfrf t). The peak voltage V̂ as a function of the energy spread
ε̂ can be obtained from Eq. (5) as

V̂ =
π

2

ηTrevfrf

β2

Es

q

ε̂2

E2
s

. (6)

With an energy spread of ε̂/Es = 10−3 and a frequency of frf = 1 MHz the peak voltage
needed at injection and storage is 0.2 kV and 9 kV respectively (see Tab Tab. 2). Previous
barrier cavity work has created 10 kV single period sine waves using a single cavity [11].
Thus gap maintenance appears possible.

Acceleration. We assume that the barrier cavity creates a high narrow barrier at
τ = 0, and concentrate on the effect of the synchronous accelerating voltage Vs. From
Eq. (5) the energy spread as a function of τ is

ε2

E2
s

=
ε̂2

E2
s

− 2β2

ηTrev(Es/q)
Vsτ, (7)

where 0 ≤ τ ≤ Trev. Setting τ = λTrev and ε = 0 in equation (7) gives an energy spread

ε̂ which corresponds to a bunch with a current waveform given by I(τ) ∝ √
(λTrev − τ).
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Table 2: Assumed rf parameters at injection and storage.
quantity unit injection storage
relativistic γ ... 26 260
kinetic energy Ek GeV 23.4 243.0
slip factor η ... 0.00044 0.00191
energy spread ε̂ ... 10−3 10−3

barrier frequency frf MHz 1.0 1.0
V̂ for abort gap maintenance kV 0.2 9

For λ = 1 the bunching factor is 2/3. The required energy spread is

ε0

Es

=

√
2λVs

η(Es/q)

Taking λ = 1, η = 10−4, Vs = 12 kV and γ = 30 gives ε0/Es = 0.092. This is far too
large to be practical but sets the scale of the problem. Taking a dispersion of 2 m and a
physical aperture of 3.5 cm gives an absolute maximum momentum spread of ±0.0175.
For λ = 1 and η = 10−4, Vs = 431 V. With this synchronous voltage the total acceleration
time would be ∼ 28 times longer than the 28 MHz scenario.

Vs =
η(Es/q)

2λ

ε̂2

E2
s

(8)

dγ

dt
=

Vs

(mc2/q)Trev
=

1

(mc2/q)Trev

η(Es/q)

2λ

ε̂2

E2
s

(9)

For an acceleration γ̇ the synchronous particle with energy Es experiences a net voltage
per turn given by Vs = (mc2/q)γ̇/frev. For protons with γ̇ = 1s−1, Vs = 12 kV.

One solution to the problem is to provide an RF voltage that cancels Vs within the
bunch. Taking a bunching factor of 1/2 a square wave rf voltage with a period of 78 kHz
and a voltage of 12 kV would work. One can imagine schemes using a broad band cavity
and amplifier as employed in induction accelerators but the duty cycle requirements in
RHIC are much more severe. Developing such a system would be a major R& D effort. In
Refs. [3, 4] induction devices are discussed for acceleration. These may be an alternative
solution.

5 Summary

We investigated the effect of bunch length and crossing angle on the achievable luminosity
in RHIC, given a limit for the incoherent beam-beam spread of ∆Qmax = −0.03. We con-
sidered bunches in the storage rf system, in the accelerating rf system and superbunches
that fill the ring except for an abort gap.
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Crossing angles of larger than 5 mrad are needed to gain from long high intensity
bunches. 5 mrad is the existing limit for vertical crossing angles at storage energy. Larger
horizontal angles can be implemented.

Very high luminosities can be achieved with superbunches. While an abort gap can
be maintained with an barrier cavity, the beam cannot be accelerated with such an rf
system. Acceleration may be based on induction devices. In addition, the trigger systems
of the experiments have to be changed in a fundamental way.

The beam-beam limitation considered in this article is only the incoherent tune spread.
Odd order and synchro-betatron resonances that are driven with crossing angles are ne-
glected, so are collective effects. A substantial rise in the beam current would also be
limited by other effects, and changes in a number of systems will be needed [13].
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