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PARAMETERS

W. W. MACKAY

1. INTRODUCTION

The luminosity rate of interactions, at time ¢, between two colliding beams may be
easily understood by treating one beam as a target, with number density ps(Xs, 1),
and the other as an incident beam, whose flux density is vp;(Xy,t), where

v = |171 — 172| (].)

is the relative velocity.! The coordinates X5 and X; are points in the six dimensional
phase space (x,2',y,v',s,0). The interaction rate may then be written as

dN
dt
where o is the cross section for single particle interactions.

Of course, for the actual rate seen by an experiment one must fold in the detector
acceptance and efficiency for a desired reaction by integrating the differential cross
section times acceptance and efficiency over the the phase space of final particles.

For most high energy collisions the probability of interaction is extremely small,
unless the particles are very close, e. g.,

|7 — T <107 Pm. (3)

= U(K27X1> PQ(X% t) |0 — Vs pl(ilat) d°Xy d°Xy, (2)

This is much less than the size of a typical beam (= 107%m). It is therefore reasonable
to approximate the cross section by

0(X5,Xy) ~ o (fa, i) 63(F1 — Ts). (4)

If the beams are almost monoenergetic, ¢ may be factored outside the integral and
replaced by the total cross section, so that

dN L. . S -

T |0y — Ua| o(Pa, P1) /PQ(IL’:t) pi(Z,t) d’x. (5)
If the bunch shape does not change appreciably while the opposing bunches overlap,

then the time dependence of the i™" densities may be written as

pz(fv t) = pz(f - Uit)v (6)

IFor relativistic colliding beams this relative velocity is the difference of the two velocities v ~
|c — (—c¢)| = 2c¢ as calculated in the between the two beams. Perhaps the best way to think of this is
that an observer in the rest system of the collision point sees the bunches pass through each other
at twice the effective speed as a single bunch.
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and the total number of interactions from one bunch crossing is
N = |171 — 172| U/pg(f — Ugt) pl(f - 171t) dgl' dt. (7)

When there are N, equally spaced bunches per beam in a circular collider whose
revolution frequency is fy, the interaction rate per interaction region is

dN

dt
The ratio of interaction rate to total cross section is called the instantaneous lumi-
nosity

= |171 — 172| fONbU / pg(f — Ugt) P1 (f - 171t) d3ZE dt. (8)

L= ’?71 — ?72‘ foNb/pg(f — 172t> pl(f — ?71t) d333' dt, (9)
which for high energy collisions in the center of mass system becomes

L= QCfONb/P2($:y: Z = Ct) pl(xa Y,z + Ct) de dt7 (10)

where beam-2 moves in the +z direction. The total or integrated luminosity refers
to the instantaneous luminosity integrated over the time of the experiment.

If the bunch densities change shape in the overlap region, then the simplification
of Eq. 6 is invalid and the luminosity must be calculated from

L =2cfoNy / pa(z,y, 2,t) pi(x,y, 2, t) d*x dt. (11)

If the beams cross where the transverse beta-functions both have minima, then the
minima of the beta-functions should not be smaller than the bunch length, other-
wise too much of the overlap region has a lower density, and the peak luminosity is
degraded. The beta-function about an interaction point goes like

82

B
with the minimum value of 8* at the interaction point (s = 0). For bunches of length
ly, the overlap occurs between s = +1,/2. If [, = * the longitudinal centers of the

bunches cross at s = 0 where 3 = $* and the opposite ends of the bunches cross
where § = 1.255".

Bls) = 6"+ (12)

2. (GAUSSIAN BEAM DISTRIBUTIONS

For one transverse horizontal degree of freedom the Courant-Snyder invariant is

xX xX X
om0 () "
= ’}/I% + 2axﬁx'ﬂ + ﬁx'é, (14)

where (3, a,, and 7, = (1 4+ a2)/3, are the Twiss parameters for betatron motion,
and xg and x’ﬂ are the transverse betatron coordinate and angle in a paraxial phase
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space. A Gaussian distribution of particles undergoing betatron oscillations for this
degree of freedom may be written as

N,
folag, aly) = 2 3Weles, (15)

where N is the number of particles and me, is the rms horizontal emittance.
Similarly for the longitudinal motion we may write an invariant

=G o) (2 5) () 19

= 7,2° + 20,20 + 3.6, (17)

The corresponding longitudinal distribution function for a Gaussian bunch is

N iy
fZ(Z,(S) = ﬁe QWZ/ Z, (18)

where z = s — vt and 6 = Ap/p are respectively the longitudinal and fractional mo-
mentum deviations of a particle from the design particle when it passes the coordinate
S.

The total transverse coordinates are the sum of the betatron coordinates and the
effect of dispersion:

=()-()- 06

where 7, and 7., are the horizontal closed-orbit dispersion functions. Since the Ja-
cobian of the transformation from coordinates (4,7}, z,0) to (v,2’,2,0) is one, we
may write a combined distribution function as

f(x,x', z, 5) = %e_%[(X—DZ)TEB(X—DZ)-I—ZTEzZ}7 (20)
T)“€x€,

with the definitions:
x=(%), z=(%), p=("" (21)
- ZE/ 9 - 6 9 - O 77; 9

== (% ﬂx) . and =, = - (&Z ﬁz) . (22)

Rearranging terms in the distribution and adding in a similar distribution function
for uncoupled vertical betatron motion yields the equation

N 15 T=%
! ! 5 — —s X1 =2X 23
f(x7 X Y y7 y 9 Z? ) (27T)36x6y62 2 9 ( )
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where
X
x/
>_ 1Y
X=171, and (24)
Y
z
)
Yo agz 0 0 0 2zl +ozn,
€Ex €x €x
ag Bz 0 0 0 —%Mths e
€Ex €Ex €x
0 0 () 0
== €y €y ’ 25
0 0 % G—y 0 0 ( )
Yy Yy
0 0 0 O Z—Z %
_ YaNatany  QaletBanl 0 0 o= Bz + H
€x €x €z €z €x

with the function H = 7,12 + 20,1m.7, + B.1'>. The function H is sometimes called
the dispersion invariant since it is constant through regions of the lattice with no
bends (i. e., straight sections). With a bit of algebra one can show that

1

222"
L€ €7

det(Z) = (26)

The beam sigma matrix (X) or variance matrix for the distribution is just the inverse
of =:

Br€r + 0203 —Quey + Munlo3 0 0 —Np L€, 1,03
—0pr + 08 Ve€a + 1503 0 0 —nha.e. 1,0}
5 0 0 Byey  —ayey 0 0 ’
0 0 —Q €y Vyy 0 0
—1Np Q€ —nl0z€, 0 0 0.€, —Qu,€,
Ny03 n,03 0 0 —0€, o3
(27)

where 02 = 7,¢,. Moreover if we consider coupling in all three dimensions, the beam
sigma matrix may be written as the usual symmetric variance matrix for a Gaussian
distribution:

g Ogx! Ogzy Ogzy Ogz Oz
Oga’ O';%/ Ogty Ogly! Oglz Ogl§
Y — Ocy Oazy Oy Oyy Oyz  Oys (28)
O-:Ey’ O'x/y/ O'yy/ O'Z/ O-y’z O'y/5 !
Ozz Ogtz Oyz Oyl o %)

Ous  Ows Oys Oys Os5 Of
which has 21 free parameters. The general Gaussian distribution is then given by

NVIZ| 1gr=x
f(‘r7x,7y7y,7276) = (271')3 e 2 ; (29)
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where = = X1,

The distribution given by Eq. 29 has a simple hyperelliptical shape. For a long
beam passing through minimum of the beta-function, it should have a dog-bone
shape. So far we have described the particle distribution relative to a longitudinal
position s, where the z coordinate is a time-like coordinate specifying how far the
particle in question is in advance of the design particle. In order to evaluate the
overlap integral of two colliding beams, we need to specify the density function in
terms of (z,2',y,y, s,d;t), rather than (x,2',y,v/, z,d;s). For a particle of velocity
v, the relation between s, z, and t is z = vt — s, and the required transformation
between coordinates is defined by

X(z, 2y, 9, 2,6:t) = M~ X(z,2, 9,7/, 5,031), (30)
i. e,
x 1 —s 0 0 0 O T x—a's
x 0o 1.0 0 0 O o x /
y| |00 1 -0 o0 g | y—y's
y1=1o 0 0 1 0 o0 y | = y (31)
2 0000 0 1 ~&||ur—s mf—<1+%)s
0 000 0 0 0 1 5 5

where § = v/c and v = /1 — (3? are the usual Lorentz parameters. Substituting
Eq. 31 into Eq. 29 gives

N\/ E 1 —1 =N —1
sttt 850 = LSl (3)
™

which will now have the correct dog-bone shape at the waist. For high energy bunched
beams the 22 - 0 <« 1 and may be ignored. (For RHIC % < 1077.) Integrating Eq. 32
over the momentum-like coordinates yields the particle density per volume as a func-
tion of spatial coordinate and time:

N\/ = Ty
p(x,y,s;t) NVIEI /// 2 XTMEYTEMTIX 10 o' dis. (33)

Let us now consider the limited case of a crossing point located in a straight section
with no dispersion or horizontal-vertical coupling; here = of Eq. 25 becomes block-
diagonal:

Loe 0 0 0 0
@ B0 0 0
0 0 & 2 g
==l o0 @ & ¢ o (34)
0 0 0 0 2= o=
00 0 0 = &
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Beam 1

s
|P

FIGURE 1. Geometry of errors at the beam’s crossing point.

With this form, the integration of Eq. 33 is fairly simple and gives:

_ z2 _ 92 _ (vtfs)Q
Ne 2eq (BE—2ak s+~Es2) e 2ey (/6;*204;;54”)’;52) e 2e, 8%

plx,y,s;t) = \/ ) (35)

(2m)3(Bs — 205 + 738%) (B — 2055 + 75 52) Breaeye.

where the superscript “x”’s refer to the value at the design crossing point where
s = 0. It is worthwhile noting that the expressions of transverse Twiss parameters in
parentheses are just the evolution of the transverse g-functions along s:

Be(s) = B35 — 2aks + ts?, and By(s) = By — 2055 + ;% (36)

For two colliding bunches the densities may be written as

z2 _ y2 _ (sfvt)2
Nlei 2621821(5) @ 26y18y1(8) o 262167

p1(x,y,s;t) = (37)
’ \/(27T)3€ac1€y1€zlﬁxl (S)ﬁyl(s)ﬁ,:l ’
with the s-axis taken along the trajectory of beam-1 and
(.Z‘—hx—exs)2 _ (y*hyfeys)g _ (3+Ut+A)2
NQB_WB 2€y2ﬁy2(s) e 2‘22[3;2
pa(z,y, s;t) = : (38)

\/(27T>3612€y2622ﬁx2 (S)ﬂyQ (S)ﬁ;«k2

the trajectory of beam-2 being offset at s = 0 by h, in the z-direction and h, in

the y-direction. (See Fig. 1.) Using a small angle approximation, the slopes of the
second beam’s trajectory in the x and y directions are respectively 8, and 0, relative
to the first beam’s trajectory. The parameter A accounts for a mistiming of the bunch
crossing; the bunches then cross at s = A/2 from the design interaction point. The
luminosity of this bunch crossing may be found by integrating the overlap of the two
densities:

=2 [[[[ ota..s: 0oy, 55t dedyasar (39)
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Integrating the x-dependent exponentials over z yields

/oo — (a—ha—bz5) = \/27T€x1€a:2ﬁx1( )@ﬂ(s) (hg +059)°

e 21B21(8) g 2%2%2(5 dr = 2[ez1P21(5)tegaBrpa(s)] |
exlﬁxl( ) + 63}2/6332(8)

i (40)

A similar integral occurs for the y-dimension. The integral of the ¢-dependent expo-
nentials is

0 (s=vt)?2  (stvt+A)2 ITE € * 0% (2s+0)2
/ e 25z1f6z1 e 25z2ﬂ:2 v dt — Z: ZQﬁzlﬁiQ e 2(5z1ﬁ;1+622ﬂ;2) . (41)
_ ezlﬁzl + 622ﬁz2

[e.o]

Using these results Eq. 39 becomes

(ha+6xs)? (hy+0y5)* _ (254 A)2
/ 2N1N2 € 2ez1Br1 () tez2B520) @ 2ley1By1(5)+teyaBya(o)] o 2(cz16%1 +ez26875)

)3l€x1821(8) + €x2Be2(5)][€418y1(5) + €y2By2(8)][€2185) + €:287%)]
(42)
for a single crossing of two bunches.

For the special case where the colliding beams are collinear with identical beam
sizes and shapes at the interaction point, and having 20, S 85, 20, < §;, and A = 0,
the previous integral simplifies to

NN,
dro0y

L= (43)

The average instantaneous luminosity for NV, crossing bunches per revolution with Ny
and Ny particles per bunch respectively for the opposing beams is then

JoNoN1 N

dro,oy

L= (44)

When the beams are round with €,s = €™ = €™ and §* = [ = [, and of equal
current, then

foN, N2y
4ﬂ-ﬁ*€rms ‘

In a more realistic situation the different bunches may have random intensities, so
that the product N, N1 N; must be replaced by a sum of the products of the colliding
bunches’ intensities, i. e.,

NbN1N2 — Z Nl]NQJ (46)

L= (45)

3. ESTIMATION OF LUMINOSITIES IN RHIC

Table I lists the RHIC design parameters for both protons and gold ions. The
results of several simulated scans are shown in Figures 2 to 9 for both protons and
gold ions.

S,



W. W. MACKAY

Table I: RHIC parameters

Parameter | Protons | Gold Ions
ﬁxmin 1.0m 1.0m
Bymin 1.0m 1.0m
6%5% 20pum 10pm
6?%5% 20pm 10pm
o, 0.075m 0.2m
N 1 x 10" |1x10°
N, 1x 101" |1 x10°
Ny 55 55
frev 78.25kHz | 78.25kHz
v 260 108
Protons
30 T T T T T
bz 0
25 | "beta=5m" ©
sy, DELEE10M”
25
20l
3 g of
z 15 - ] §
i % 2z 1 Lo’
10 - J =}
% 10 +
5l
0 0‘.1 0‘.2 013 0‘4 015 O‘.6 O‘.7 0‘.8 0‘.9 1 ‘ ‘ ‘ ‘ ‘ ) ) )
sigma.z ] o—l -08 -06 -04 -02 0 02 04 06 08 1
FIGURE 2. Luminosity versus bunch Deltal2 m]

length for proton beams at various 3* FIGURE 3. Longitudinal scan of lumi-
values. nosity for protons with #* = 1m.

Fig. 2 shows the variation of the luminosity with bunch length for g* values from

1 to 10 m. Here I have assumed that the beams are round and of the same size

5;1 = 551 = 5;2 = 5;2
This demonstrates the usual rule of thumb that the bunch length should be no larger
than the value of 3*

Fig. 5 shows the effect of misalignment of the waist of the the beam. Here I have
assumed that the horizontal and vertical waists of both beams are displaced by the
same amount but in opposite directions for both rings. This shows that to peak up
luminosity, we should measure the optics carefully around the interaction regions. A
scan of luminosity versus each waist should be made at some time to ensure that the
optics are placing all four waists within about 10 cm of the interaction point.

The pair of beam position monitors (BPM) in each interaction region are separated
by about 16.6 m. The beam pipe aperture through the DX and DO magnets limit the
maximum crossing angle to about 1 mr. The alignment of the beams from the BPM’s
should be better than 200um, so that we should be able to dead reckon the crossing
angle very well, 6, , < 6ur. Figs. 6 and 7 show that there is very little degradation of

* _ * _ * _ *
and € = €,) = €,9 = €,5. (47)
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luminosity for crossing angles up to several hundred microradians. Clearly the longer
bunches of the gold beams are a bit more sensitive to crossing angle.

The rf system can easily phase the beams to cross at the required location within
a couple of centimeters. Figs. 3 and 9 show that a A/2 = 20cm longitudinal shift of
the IP has a marginal effect for both gold and proton beams

Since the BPM system should align the crossing point to a few hundred microns,
we should be able to set the beam to collide with at least 30% of the peak luminosity.
Even if we miss the crossing point by 0.5 mm, we can perform a two dimensional scan
in 100pum steps to get quite close to the peak. Then a finer transverse scan can be
performed to reach the peak.

Protons Protons
30 T T T T 30 T
ngmin® o
25 | RERA ] a5
o °
S 20 o o 1 20
I ° ° =
= E
> - L
£ 15 s 15
4] =
£ © -
% 10 + ° ° 4 10 b
- o °
5 L o 00 i 5 L
0 000\ L L \000 0 L L L L
-0.0006 -0.00 -0.0002 0 0.0002 0.0004 0.0006 0 0.2 04 0.6 0.8 1
hx [m] smin_x1=-smin_y1 =-smin_x2 =smin_y2 [m]

FIGURE 4. Scan of h, for proton beams  FIGURE 5. Longitudinal scan of beam
at 250 GeV with 5* = 1m. (The dot waists for protons at 250 GeV (f* =
spacing is 20um.) lm).

Protons 0.0025
30 T

5 | 0.002 e .
o
- o £
2 20t < ooosf P o,
I = 5 N
= > - S
2 15 3
7 £ oo0Lf 1
2 5
= 10} =
-
0.0005 |

5+

0 ‘ ‘ ‘ ‘ ‘ ‘
0 : : : . s s -0.002 -0.0015 -0.001 -0.0005 0  0.0005 0.001 0.0015 0.002
-0.002 -0.0015 -0.001 -0.0005 0  0.0005 0.001 0.0015 0.002 theta x [radian]

FIGURE 6. Scan Ofth;a_x;r:iranl roton beams 1 GURE 7. Scan of 6, for Gold ion
: @b beams at 100 GeV/amu with 3* = 1m

at 250 GeV with 5 = Im. and 55 bunches of 10° ions per bunch.
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0.0025

0.002 ° °

°
0.0015 |

0.001 | ° °

Luminosity [MHz/b]

0.0005 - © °

o] o
o

o
500°°

0
-0.0006

o
o
o,
RAC2YS

0.0004  0.0006

-0.6004 -0.6002 h ([) ] 0.0602
FIGURE 8. Scan of h, for Gold ion
beams at 100 GeV/amu with * = 1m
and 55 bunches of 10° ions per bunch.

(The dot spacing is 20pm.)

Au (6 bunches of 10"9)

250
7% Im o
A 2m -
3m o
200 F o o 1
o N 5m  x
R N 10m =
150 | 4 y 1
o o

Luminosity [Hz/b]

Au
0.0025 T T T T

0.002 + ° o

0.0015 |- o °

0.001

Luminosity [MHz/b]
00
°
°

0.0005

0-1 -08 -06 -04 -02 O 012 014 0‘.6 0‘.8 1
Delta’2 [m]
FiGURE 9. Longitudinal scan for Gold
ion beams at 100 GeV/amu with 3* =
1m and 55 bunches of 10° ions per
bunch.

Au (6 bunches of 10"9)

0
-0.001

-0.0005

0 0.0005

0.001

hx [m]
FiGUure 10. Scan of h, for Gold ion
beams at 100 GeV /amu with * =1, 2,
3, 5, and 10 m and 6 bunches of 10° ions
per bunch. (The dot spacing is 20um.)

Au (6 bunches of 10"9)
250 T

Luminosity [Hz/b]

0
-0.002 -0.0015 -0.001 -0.0005 0  0.0005 0.001 0.0015 0.002
theta x [radian]

FIGURE 12. Scan of 8, for Gold ion
beams at 100 GeV/amu with §* = 1,
2,3, 5, and 10 m and 6 bunches of 10°
ions per bunch.

250 T T T
©00¢0o °
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[T
Q P Thhee
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— ++ ++
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=1
- o@OODERO0ER0E00E0000088000080008000y,
B0 s x5 X 3 X X XX X XX X XX KX XXX X X X X X XX X X KK X % X X
BB AAAAAAAAAABLAAADAAAAAALAAAAALAAAALAAALS
. . . .

0 R
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Deltal2 [m]

FiGuRrE 11. Longitudinal scan for Gold
ion beams at 100 GeV/amu with 3* =
1, 2, 3, 5, and 10 m and 6 bunches of
10? ions per bunch.



