¢ Brookhaven

National Laboratory
BNL-99366-2013-TECH
C-A/AP/216;BNL-99366-2013-IR

Transverse beam size matrices and beam emittances for linearly coupled
optics

Y. Luo

September 2005

Collider Accelerator Department
Brookhaven National Laboratory

U.S. Department of Energy
USDOE Office of Science (SC)

Notice: This technical note has been authored by employees of Brookhaven Science Associates, LLC under
Contract No.DE-AC02-98CH10886 with the U.S. Department of Energy. The publisher by accepting the technical
note for publication acknowledges that the United States Government retains a non-exclusive, paid-up, irrevocable,
world-wide license to publish or reproduce the published form of this technical note, or allow others to do so, for
United States Government purposes.



DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the
United States Government. Neither the United States Government nor any
agency thereof, nor any of their employees, nor any of their contractors,
subcontractors, or their employees, makes any warranty, express or implied, or
assumes any legal liability or responsibility for the accuracy, completeness, or any
third party’s use or the results of such use of any information, apparatus, product,
or process disclosed, or represents that its use would not infringe privately owned
rights. Reference herein to any specific commercial product, process, or service
by trade name, trademark, manufacturer, or otherwise, does not necessarily
constitute or imply its endorsement, recommendation, or favoring by the United
States Government or any agency thereof or its contractors or subcontractors.
The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof.



C-A/AP/#216
September 2005

Transverse Beam Size Matrices and Beam
Emittances for Linearly Coupled Optics

Yun Luo

Collider-Accelerator Department
Brookhaven National Laboratory
Upton, NY 11973




Transverse beam size matrices and beam emittances

for linearly coupled optics

Yun Luo*
Brookhaven National Laboratory, Upton, NY 11973, USA
(Dated: August 31, 2005)

Abstract

Two transverse eigenmode rms emittances are defined statistically in the uncoupled normal-
ized coordinate system. They are assumed to be adiabatic invariants. With linear coupling’s
action-angle parameterization, the strict expression for the beam size matrix in the laboratory
coordinate system is obtained. It can be expressed in matrix P defined in the action-angle param-
eterization or in Twiss and coupling parameters defined in Edwards-Teng’s parameterization, along
with the eigenmode rms emittances. Numerical simulation calculations are carried out to check
the analytical expressions and to verify the adiabatic eigenmode rms emittance invariants during
the skew quadrupole magnet ramping. With linear coupling’s matrix perturbation approach, the
strict expressions of the horizontal and vertical beam sizes in the laboratory coordinate system
are approximated to give the quasi horizontal and vertical beam emittances under the weak linear

difference coupling situation.
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I. INTRODUCTION

Under the linearly coupled situation, a single particle’s motion is contributed from two
eigenmode modes. It doesn’t trace out an ellipse in x — 2’ or in y —y’ phase space. Then, the
1-D emittance does not apply to the coupled situation. However, for weak linear difference
couping, with the linear coupling’s Hamiltonian perturbation approach [1-4], Guignard re-
tained the 1-D emittance definition and gave the quasi horizontal emittance €, and vertical

emittance €, as [3, 5]

|C1?/2

€x = €30 — m(ﬁx,o - 6y,0)> (1)
|C1?/2

€Er = Ey,o —+ m(€x’o — €y70), (2)

where €, and €, are the horizontal and vertical emittances without coupling, respectively.

A is the fractional uncoupled tune split. C'~ is the difference coupling coefficient,

C- = % ]{ /BaBykse @A 0 g (3)

where (3, and (3, are the uncoupled betatron amplitude functions, ®, and ®, are the uncou-

pled betatron phase advances, k; is the skew quadrupole strength, L is the ring’s circumfer-
ence, and s is the distance between the skew quadruple and the reference point to calculate
the coupling coefficient.

In the following, I first define two transverse eigenmode rms emittances in the uncoupled
normalized coordinate system. They are assumed to be adiabatic invariants. Then, with the
linear coupling’s action-angle parameterization [6-10], the strict expression of the beam size
matrix in the laboratory coordinate system can be obtained. It can be expressed in matrix
P defined in the action-angle parameterization or in Twiss and coupling parameters defined
in Edwards-Teng’s parameterization, along with the eigenmode rms emittances. Numerical
simulations are carried out with the Relativistic Heavy lon Collider (RHIC) injection optics
to check the analytical expression and to verify the adiabatic eigenmode rms emittance
invariants during the skew quadrupole magnet ramping. With the linear coupling’s matrix
perturbation approach, the strict expressions for the horizontal and vertical beam sizes are
approximated to give the quasi horizontal and vertical beam emittances under weak linear

difference coupling situation.



II. EIGENMODE EMITTANCE

In this session, I briefly review the definition of the 1-D rms emittance and its statistic
calculation. Then, the 2-D eigenmode emittance is defined in the uncoupled normalized

coordinate system using the linear coupling’s action-angle parameterization.

A. 1-D rms emittance

Statistically, for example, in the x — 2’ phase space, the uncoupled 1-D rms emittanc is

defined as [11, 12]

€x—z’ rms — \/Uxxgx’x’ — Oza/ (4)
where,

YN (z —7)?
Oy = O_g _ T 1(55\[ .TL’) ’ (5)

Y (2 — ')
Ogly! = 0-3’ = : 1(I]<[ x) ) (6)

SN, (@~ D)~ 7
Oyt = 7 1(213' ]\f)(‘rz ) (7)

N is the number of particles in the beam, and (T, ') are the coordinates of the distribution

barycenter. The rms emittance ellipse is

O gt T2 — 205 XL + Oppt’® = € (8)

x—z' ,rms>
whose area is me;_p yms. For Gaussian distributions in the phase space, the rms emittance
ellipse contains about 40% of the total number of the beam particles. According to Liouville’s
theorem, the rms emittance is constant along the ring.
In the 1-D uncoupled situation, the motion of a single particle traces out an ellipse in the

x — 2’ phase space. The ellipse equation is
7:(:1'2 + 20./96113'1’, + ﬁxlﬂ = 2J:c> (9)

where J, represents the particle’s action. The area of the ellipse is 27.J,. If the phase ellipse
of one particle happens to coincide with the rms emittance ellipse, comparing Eq. (8) and
(9), we get

€ rms = 2z rms, (10)

Ox = v/ ﬁwem—x’,rms = 2Jm,rmsﬁ:m (11>
O-;; =V Vz€az—a'rms = 2Jx,rm57:c- (12)



B. Action-angle Parametrization

For 2-D coupled transverse motion, a single particle’s motion is contributed from two
uncoupled eigenmode modes. It doesn’t trace out an ellipse in x — 2’ or y — 1’ phase
space. Then, the uncoupled 1-D rms emittance defined above does not apply to the coupled
situation.

With the linear coupling’s action-angle parameterization, the coupled motion can be
decoupled into two uncoupled eigenmode motions. There, a single particle’s motion in the

laboratory coordinate system is [6]

T v2Jrcos @
! —/2J;sin ®

x=|"|=p R (13)
Yy \/2J[[COS‘I)[[

'y/ —\/2J[ISiH(I)[]

Jrir and @ ;; are the actions and phases of the two eigenmodes. Jj;; are constant for
one particle along the ring. P can be numerically determined from the eigenvectors of the
one-turn 4 x 4 linear transfer matrix, or from Twiss and coupling parameters defined in

Edwards-Teng’s parameterization [6],

VB 0 envB— 25t 22

VB Vb
_ajr r _ G220 [&
P v v RN vl 7 (14)
— 2t — oo/ Br /i B 0
clniay _cn _anr r
Ve teavlBr — VB v/

The eigenmode I and eigenmode II motions of a single particle have projections in the
x—a',y—vy', and x —y planes, that normally are ellipses. The ellipse areas of the eigenmode

I's projections in the z — 2/, y — ¢’ and x — y planes are [6]

T€ g g = 2]y - 77, (15)
Tery—y =2 Jr |1 — 17|, (16)
€[ g—y = 271 - T |C12]. (17)

The ellipse areas of the eigenmode II’s projections in y — y',  — 2’ and « — y planes are [6]

TEI,y—y' — 27TJ[[ . 7”2, (18)
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TE€l x—a! = 27T<]II : |]- - T2|, (19)
€l z—y = 27TJ[] T |612|. (20)

If r < 1, for example, in the linear difference coupling regime [13], then
M€l pmg + TE€[y—y = 271, (21)

TEIT y—y' + TE€l x—g' = 27TJ[[. (22)

And if r > 1, for example, in the linear sum coupling regime [13], then
€l gy — TE€[y—y = 2T, (23)

eIl y—y — TE€[ g—a! = 27TJ[[. (24)

C. 2-D Eigenmode Emittances

Eq. (13) can be rewritten as

X = PX,, (25)
T, V2J7 cos @
! —+/2Jrsin ®

X, = | ™= EEL (26)
Yn V2Jrrcos @rp

y;L —\/2J[[Si1’l(I)[[
X, is defined as the uncoupled normalized coordinate. A single particle’s motion traces out
an circle in the x,, — a2} or y, — vy, phase space. Then, statistically, we can define the two

eigenmodes’ rms emittances in the z,, — x/, and y,, — y/, phase spaces,

€l,rms = \/Ux7lxn0-xﬁlxﬁl — Oznxl,) (27)

EII,rms = \/Uynynay%y% - Uynyg' (28)

For Gaussian distributions in the z,, — 2/, and y,, — ¥/, phase spaces,

— 2 _ 2
Oxnzn = Oafyzl, = Og, = Ogr s (29)
_ 2 _ 2
valyvl - O-yély;l - Uyn - O-y%’ (30)
Onal, = Oypy;, = 0 (31)
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And any correlation coefficient between z,, — z/, plane and y,, — y,, plane is zero,

Otnyn = Oyl = Oatyn = Oafy, = 0. (32)

n

Then, Egs. (27) and (28) can be rewritten as

€rrms = Oxpa, = Oxl 2!, (33>
EII,TmS - O-ynyn = o’y;’by;’b' (34)
Comparing these to the uncoupled 1-D situation, we define

€I rms = 2JI,rms> (35)

€1l,rms = 2J11,rms- (36>
Then, considering Eqs. (29) and (30), for Gaussian distributions in the z, — 2/, and y,, — v/,

phase spaces, we have

Uin = 0-92541 - 2J1,rm87 (37)
O';n == O-?i == 2J11,rms- (38)

Eigenmode rms emittances €r s and €77, are constant along the ring. For Gaussian
distributions in z,, — 2/, and y,, — y,, phase spaces, the rms emittance ellipses contain about
40% of the total number of the beam particles. In the following section, numerical simulation

will be carried out to verify that the eigenmode rms emittances are adabatic invariants.

III. CALCULATION OF BEAM SIZE MATRIX

In this section, the strict expression of the beam size matrix in the laboratory coordinate
system is derived, and is compared with the numerical simulations based on the RHIC

injection optics.

A. Beam size matrix

In the the laboratory coordinate system, The beam size matrix 3 is defined as [14, 15]

Ozx Ogza! Ogzy Ogyf
Ogty Ogly! O'w/y O-{E’y’
(39)

Oyz Oyz' Oyy Oyy

O'y/x O'y/x/ O'y/y O'y/y/



This is a symmetric matrix, in which there are 10 independent parameters. We define the
coupling angle ¢ in the x — y plane, which is the rotation angle of the long axis of the

matching particle distribution ellipse with respect to x axis,

204y

tan2¢ = (40)

Ogx — Uyy
In the uncoupled normalized coordinated system, for Gaussian distributions of the beam

particles in the x — 2’ and y — 3’ phase spaces, the beam size matrix Yx, is

! !
Oznzn Ozpzl, Oznyn Oxznyl,

nen O-"E;’Lyn O-w/

n

Ol xn Ozl a!
O-ynwn Uynwil Uynyn O-yny;L

Oypan Tyrzl, Ounun Ounu,

that is,
2J1 rms 0 0 0 €rrms 0O 0 0
0 2J rms 0 0 0 rms 0
Sx, = s - (42)
0 0 2J11,rms 0 0 0 €11, rms 0
0 0 0 2JII,rms 0 0 0 €11,rms

B. 1In the laboratory coordinate system

Expanding Eq. (25), one obtains

T = PuTp + P13Yn + P14V,

¥ = Py + D2t + P2sYn + Daall, (43)

Y = pa1%n + D32, + P3sYn

(Y = DuTn + Pa), + Das¥n + Paal;,

Then, considering Eq. (43) and Eqgs. (41) - (42), the rms beam sizes in the laboratory system

can be calculated,

Opg = 2]9%1 JIIrms + 2p%3<][[,rms + 2p%4JII,rmsa (44)

Oxar = 2P11P21 1 ,rms + 21302311 rms + 2P14P24 I 11 rms (45)
Ozy = 2p11P31 1,rms + 2P13D33J 11 rms) (46)

Oy = 211D 1 rms + 2013P13J110ms + 2P14PaaJ 11 rmss (47)
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Ogly = 2p§1‘]],rms + 2p§2<][,7’m5 + 2p§3JII,7”m5 + 2pg4‘]]1,rm87 (48)

Oglty = 2]?21]931 Jl,rms + 2p22p32'][,rms + 2p23p33']11,rms (49>

Opty = 2p21 D411 rms + 2P22P12 1 rms + 2D23Da3 S 11 ,rms + 2D24Paa 11 rms (50)
Uyy = 2p31 Jl,rms + p§2JI,rms + 2p:233<][[,rms (51>

Oyy = 2p31P41 1 rms + 2032042 J1 rms + 2P33Pa3 I 11,rms (52)

Oy = 2021 1 s + 202 2p2aJ 2p2,J 53
Yy — Pa1 I,rms D42 I,rms + Pas II,rms + P14 II,rms- ( )

Or, expressing this in a compact way,
Yx = PXx, PT. (54)

When all coupling sources are removed, according to Eq. (54), one can prove

0'2 0
xX
€x,0 = — = €1,rms, (55>
B
2
g
€y,0 = /63/70 = €II,rms; (56)
)

where €, o and €, are the horizontal and vertical emittances without any coupling, respec-
tively. 0,0 and o0, are the horizontal and vertical beam rms sizes without any coupling,
respectively.

The eigenmode rms emittances remain constant if the particles achieve the equilibrium

distribution. For two observation points, say point 1 and point 2, in the ring, we have [6]
P2 — T1_>2P1R_1(A(I)[, A(I)[[), (57)

where T _.5 is the 4 x 4 transfer matrix from p; to pe, R(A®;, Ad;;) is the block-diagonal
rotation matrix defined in [6], A®; ;s are the eigenmode phase advances from point 1 to

point 2. With Eq. (54), one can prove
x|z = Tioe x| T, (58)

Yx|1,2 are the beam size matrices at point 1 and 2, respectively.

For a transport line, if the beam size matrix Eq. (39) in the laboratory coordinate system
can be fully decided, then the eigenmode rms emittances and Twiss, coupling parameters
can be decided, according to Eqs. (44)-(53). Then, the beam size matrix and Twiss, coupling

parameters can be tracked down along the transport line.



C. Numerical simulations

Numerical simulations of the beam size matrices are based on the Relativistic Heavy Ion
Collider (RHIC) Blue ring injection optics. Each RHIC ring has three skew quadrupole
families, F1, F2, and F3. Coupling is introduced into the originally uncoupled optics by
setting F1 and F3’s strengths as (kedl);3 = 0.0004m™!. T choose the entrance of magnet
Q406 as the observation point.

First, 10,000 particles are created in the uncoupled normalized coordinate system at the
observation point. In this process, I select o2 = aggl =2x107"m? o} = 05; =1x10""
m?, that is, the eigenmode rms emittances €r ms = 2 X 1077 m.rad, €77.,ms = 1 x 10~ m.rad.

With 10,000 particles, the beam size matrix in this system is numerically calculated,

2.02x 1077 —1.64 x 1072 —4.17 x 10710 3.71 x 10719
—1.64 x 1072 198 x 107" —9.45x 107 1.08 x 107*

numerical — . (59)
—4.17 x 1071 —9.45 x 10'*  1.00 x 10=7 5.97 x 10710

3.71x 1071 1.08 x 1072  5.97x 1071 9.85 x 1078

Yx,

The statistic distribution error for 10,000 particles is about 1%.
Then, with Twiss and coupling parameters at the observation point, according to
Egs. (25) and (14), the laboratory coordinates of the 10,000 particles are calculated. The

beam size matrix in the laboratory coordinate system then is numerically calculated,

848 x 1079 5.16 x 1077  6.10 x 1077 —9.81 x 1078
516 x 1077 345 x107% 6.45x 107% —6.47 x 107°

ZX|numerical - . (60)
6.10 x 1077 6.45x107% 263 x107% —1.10 x 1077

—9.81 x 1078 —6.47 x 107 —1.10 x 1077 1.18 x 1078

Analytically, knowing the eignmode rms emittances, according to Eq. (54), the beam size

matrix in the laboratory coordinate system can be calculated,

842 x 1076 513 x 1077 6.07x 1077 —9.50 x 108
512 x 1077 3.44x107% 6.52x 107® —6.34 x 107*

2Xlanalytical = . (61)
6.07x 1077 6.52x107% 266x 105 —1.12x 1077

—9.50 x 1078 —6.35 x 1072 —1.12x 1077 1.19 x 1078

Comparing Egs. (60) and (61), the analytical predications of the laboratory beam size matrix

agree well with the numerical calculations.



D. Adiabatic Eiegnmode Emitance Invariants

The eigenmode rms emittances are invariants if the particles reach equilibrium distribu-
tion. This is not true for injection mismatching and fast magnet ramping. However, if the
magnet ramping is slow enough to let the particles catch up with the optics change, we
assume the eigenmode rms emittances are adiabatic invariants.

Numerical simulation is used to verify the adiabatic eignmode emittance invariants. For
the above coupled RHIC Blue ring injection optics and the same eigenmode rms emittances,
I keep the skew quadrupole family F2’s strength (kydl), = 0.0004m ™, while ramping skew
quadrupole family F1’s strength from (k.dl); = 0.0004m~* to —0.0004m~! linearly in 1000
turns, or in about 0.1 second. Element-by-element tracking for each particle is performed,
based on the RHIC Blue ring injection optics. Fig. 1 shows the particle distributions in
the x, — 2!, phase space before and after the magnet ramping. Fig 2 shows the particle

distributions in x — y phase space before and after the magnet ramping.

' Before 'magnet rar'nping v
2 | After magnet ramping x i
l - .
B
E of i
s
1+ i
2 F i
-2 -1 0 1 2
X, [mm]

FIG. 1: The particle distributions in z,, — x}, plane before and after the magnet ramping.

After the magnet ramping, compared to Eq. (60), the beam matrix in the laboratory
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15 T

'‘Before nlwagnet rémping o
After magnet ramping
10 b
5 - -
€
E Or N
>
5} N
-10 + N
_15 1 1 1 1 1
-15 -10 -5 0 5 10 15

X [mm]

FIG. 2: The particle distributions in « — y plane before and after the magnet ramping..

coordinate system changes to

887x107% 538 x 1077 —1.30x107% 247 x 1078

538 x 1077 358 x107® —6.53 x 107 —4.28 x 10719
Z3X|nume7"ical - . (62)

—1.30 x 107% —6.53 x 107® 249 x 1076 —1.07 x 107"

247 x 1078 —4.28 x 1071 —1.07 x 1077 1.15x 1078

X, is calculated according to Eq. (25) after the magnet ramping. Then, the beam matrix

in the uncoupled normalized coordinate system is numerically calculated,

2.00 x 1077 —4.93 x 107 1.11 x 1072 —3.50 x 10710

—4.93x 1072 201 x107" 1.74 x 107 —1.66 x 107°
an|numerical = . (63)

1.11 x 10719 1.74 x 10" 9.87 x 10~® 5.87 x 10710

—3.50 x 1071 —1.66 x 1072 5.87 x 10719 1.00 x 1077

Compared to Eq. (59), the eigenmode rms emittances almost have no changes after the
magnet ramping.

According to Eq. (40), with the beam size matrices Egs. (60) and (62) in the numerical
simulations, the coupling angle in x — y plane before and after the magnet ramping are

calculated,

¢|before,numerical = 5-8907 (64)
¢|after,numerical = —10.31°. (65)
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Analytically, using €7 ,ms = 2% 1077 m.rad and €775 = 1 X 10" m.rad, and with Twiss and
coupling parameters, the coupling angle in = — y plane before and after the magnet ramping

are calculated,

¢|before,analytical = 5-9507 (66)
¢|before,analytical = —10.98°. (67)
IV. APPROXIMATION TO WEAK LINEAR DIFFERENCE COUPLING

In this section, the strict expressions of the beam horizontal and vertical sizes are ap-
proximated to give the quasi horizontal and vertical beam emittances under weak linear

difference coupling situation. The linear coupling’s matrix perturbation approach is used.

A. Linear coupling’s matrix perturbation approach

In the linear coupling’s matrix perturbation approach, Twiss parameters have no signifi-

cant changes, P is then approximately given by [13, 16]

P=UV, (68)
where
VB 0 0 0
T
0 VB, 0
0 0 =
V By /By
r 0 C11 Ci2
— 0 r Cy C
vV 2 Cn | (70)
—Cyp Ci2 1 0
Co1 —C11 0 T
C is the normalized coupling matrix, and r and C are connected by 72 + ||C|| = 1.

Under weak linear difference coupling regime, r and C are approximately [13]

1 1 in? —
r = _+_\/ Sin ﬂ-(:ul‘ ,“y) (71)

S (e — ) + Hh_ P
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— sin 7 (py + fiy) Vi—r2 [ Re{h_} Im{h_}
C=sgn|— (72)
2r(cos 2wy — cos 2muyy) |h_]| —Im{h_} Re{h_}

M
h- = Z(m%sdl)jei[ﬂ(uz—uy)—(¢z,j—¢y,j)]’ (73)
j=1
1, >0
sgn(z) = ! , (74)
0, <0

where f1,,, are the uncoupled tunes, j7;; are the eigentunes, and M is the number of the

skew quadrupoles in the ring.

B. Quasi horizontal and vertical emittances

Under weak coupling situation, the quasi horizontal and vertical emittances are defined

as
2
o
€x = =2, 75
3 (75)
2
Ty
€, = —, (76)
Yy 63/

where o, and o, are the rms horizontal and vertical beam sizes with coupling, respectively.
B and (3, are the amplitude function without coupling. It should be mentioned that the
quasi horizontal and vertical emittances are different from the uncoupled 1-D emittances.

Rewriting Eqs. (44) and (51) as
O-g = Ogx = p%lEI,rms + (p%?, +p%4)611,rmsa (77>
05 = Oyy = (p§1 +p§2)el,rms +p§3611,rm57 (78)

and considering Eqgs. (68) - (70),

2

Oy = T2ﬁx61,rms + /Gm (5%1 + E%z)ell,rm& (79>

05 = ﬁy(agz + 532)61,7’7718 + TzﬁyEII,TmS' (80)
Under weak linear difference coupling situation, according to Eq. (72),

3 = T2ﬂm61,rms + 6:2(1 - Tz)ell,rm& (81>

g
U; = (1 - Tz)ﬂyel,rms + Tzﬁy‘sll,rms- (82)

13



Considering Eqgs. (75)- (76) and Egs. (55)-(56), then Egs. (81) and (82) can be rewritten as
€x = €0 — (1 - Tz)(em,O - 6y,0)7 (8?))

€y = €y0+ (1 — 7’2)(690,0 — €40)- (84)

Integrating = from Eq. (71), and considering sin w(u, — p1,) = A, A is the fractional un-

coupled tune split, we obtain

1 1 A2
€ = €0 — (5 - 5\/ m) (€0 = €v0). (85)

1 1 AZ?
€y = €y0 + <§ - 5\/@) (€x70 - Ey,O)- (86)

Comparing the definitions of C'~ and h_, when the accelerator is working close to the

linear difference COllphIlg resonance,
|C™| ~ ! |h_| (87)
~ 5 _.

Then, the quasi horizontal and vertical emittances become

1 1/ A2

€x = €0 — <§ 3 m) (Em,o - ey,o), (88>
1 1 A2

€y = €y0 + (5 - 5 m) (E:v,O - €y70)7 (89)

€z + €y = €20+ €0 (90)

and

Clearly, Eqgs. (88) and Eqgs. (89) differ from Egs. (1) and (2) derived by Guignard using

Hamiltonian perturbation approach.

C. Comparison of different analytical predications

As an example, I again set the eigenmode rms emittance as €7 ,,s = 2 x 1077 m.rad,
€rTrms = 1 X 10~"m.rad for the RHIC Blue injection optics. 10,000 particles with Gaus-
sian distribution are created in the uncoupled normalized coordinate system. The optics

is not coupled originally. Then, the skew quadrupole family F1’s strength is scanned from

14



(kedl); = —0.0006 to 0.0006m~" with A(kydl); = 0.000lm™". Assuming the eigenmode rms
emittances are adiabatic invariants, at each scan step, the particles’ laboratory coordinates
are calculated according to Eq. (25) and o,, and o, calculated statistically.

During the scan, §r is found to have less than 1.6% deviation from uncoupled [3,, and
Brr less than 0.3% deviation from uncoupled 3,. Fig. 3 shows the eigentunes versus the
skew quadrupole family F1’s strength during the scan. Figs. 4 and 5 show the quasi
horizontal emittance €, and the quasi vertical emittance €, versus the skew quadrupole
family F1’s strength, respectively. There, the predications from the strict matrix approach
are calculated according to Eq. (54) and Egs. (75)-(76), while those from the Hamiltonian
perturbation approach are calculated according to Eqgs.(1) and (2), and those from the matrix

perturbation approach are calculated according to Eqgs. (88) and (89).

0.26 T T T T T T

Q| +
Qy ~
0.25 - |

0.24 r x x i

0.23 | <k 1

Eigentunes

0.22 | o l

0.21 r + N i

0.2 i

019 1 1 1 1 1 1 1
-6 -4 -2 0 2 4 6

(ks dl), [10* m™t]

FIG. 3: Eigentunes versus the skew quadrupole family F1’s strength in the scan.

Fig.4 and Fig.5 reveal that the strict matrix approach predicts the quasi horizontal and
vertical emittances very well. Those from the Hamiltonian perturbation and the matrix
perturbation approaches show more or less deviation, especially the former that entails a

large predication error in the quasi vertical emittance at A(kydl); = £0.0006m™".
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FIG. 4: Quasi horizontal emittance e, versus the skew quadrupole family F1’s strength in the scan.
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FIG. 5: Quasi vertical emittance €, versus the skew quadrupole family F1’s strength in the scan.

V. CONCLUSION

Two transverses eigenmode rms emittances are statistically defined and numerical simula-
tion calculation verifies that they are adiabatic invariants. With the linear coupling’s action-
angle parameterization, the strict beam size matrix in the laboratory coordinate system is
obtained in matrix P or in Twiss and coupling parameters, together with the eigenmode rms

emittances. Under weak linear difference coupling, these strict expressions of the beam sizes
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are approximated to give the quasi horizontal and vertical emittances. Numerical simulation
calculations show that the strict matrix approach predicates the beam size matrix and quasi
horizontal and vertical emittances very well, while those from the Hamiltonian perturbation

and the matrix perturbation approaches have more or less deviation.
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