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Abstract

This note finds results for the intrabeam scattering growth rates
for a bi-gaussian distribution. The bi-gaussian distribution is inter-
esting for studying the possibility of using electron cooling in RHIC.
Experiments and computer studies indicate that in the presence of
electron cooling, the beam distribution changes so that it developes a
strong core and a long tail which is not described well by a gaussian,
but may be better described by a bi-gaussian. Being able to compute
the effects of intrabeam scattering for a bi-gaussian distribution would
be useful in computing the effects of electron cooling, which depend
critically on the details of the intrabeam scattering. The calculation
is done using the reformulation of intrabeam scattering theory given
in [1] based on the treatments given by A. Piwinski [2] and J. Bjorken
and S.K. Mtingwa [3]. The bi-gaussian distribution is defined below as
the sum of two gaussians in the particle coordinates z,y, s, pg, Py, Ps-
The gaussian with the smaller dimensions produces most of the core
of the beam, and the gaussian with the larger dimensions largely pro-
duces the long tail of the beam. The final result for the growth rates
are expressed as the sum of three terms which can be interperted re-
spectively as the contribution to the growth rates due to the scattering
of the particles in the first gaussian from themselves, the scattering
of the particles in the second gaussian from themselves, and the scat-
tering of the particles in the first gaussian from the particles in the
second gaussian.



1 Introduction

This note finds results for the intrabeam scattering growth rates for a bi-
gaussian distribution.

The bi-gaussian distribution is interesting for studying the possibility of
using electron cooling in RHIC. Experiments and computer studies indicate
that in the presence of electron cooling, the beam distribution changes so
that it developes a strong core and a long tail which is not described well
by a gaussian, but may be better described by a bi-gaussian. Being able
to compute the effects of intrabeam scattering for a bi-gaussian distribution
would be useful in computing the effects of electron cooling, which depend
critically on the details of the intrabeam scattering. The calculation is done
using the reformulation of intrabeam scattering theory given in [1] based on
the treatments given by A. Piwinski [2] and by J. Bjorken and S. Mtingwa
[3]. The bi-gaussian distribution is defined below as the sum of two gaussians
in the particle coordinates x,y, s, pz, Py, ps. The gaussian with the smaller
dimensions produces most of the core of the beam, and the gaussian with the
larger dimensions largely produces the long tail of the beam. The final result
for the growth rates are expressed as the sum of three terms which can be
interperted respectively as the contribution to the growth rates due to the
scattering of the particles in the first gaussian from themselves, the scattering
of the particles in the second gaussian from themselves, and the scattering of
the particles in the first gaussian from the particles in the second gaussian.

2 Basic results for intrabeam scattering

This section lists some general results which can be used to find growth rates
for a beam with any particle distribution f(z.p). Following [3], growth rates
will be computed for < p;p; > , where the <> indicates an average over all
the particles in the bunch. From these one can compute the growth rates for
the emittances, < ¢; >. A result that holds in any coordinate system and for
any particle distribution f(z.p) is given in [1] as

Ep1 P

T Y2

Cy = /Wdeo(ﬁ)sin39A2[5,~j—3
0

(z,p1) f (2, p2) F(p1, p2) Cijdt
NA; - W W5
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1
A, = i(pli_p%)

Wi = pu+pa (1)

N f(z,p) gives the number of particles in d*zd®p, where N is the number
of particles in a bunch. § < (p;p;) > is the change in < (p;p;) > due to all
particle collisions in the time interval dt. The invariants F(py,py), A% W?
are given by
[(p1p2)® — mim3c]'/?

M Mo C2
_ AL 7 o A\211/2
F(p1,p2) = myec(Bi — B2)” — (61 x Ba2)7]
A2 = A2 A2 Ay= (B — E)/(2)
W? = W2-WZ, W,=(Ei+E)/c

F(p1,p2) = c

Eq.(1) is considerably simplified by going to the rest CS , which is the
CS moving along with the bunch and the particle motion is non-relativistic,
and putting o equal to the Coulomb cross section. One gets

1 —_
P<5(p1ip1j)> = N/ Ead’p1d®po f (z,p1) f (x, p2)20c Cij dt
0
1
A = E(pli_p%)
pe = [A[/m
27

Cij = p—g(ro/ZBQ)Z In(1 + (QBQbmaz/TO)Z)

[|A126;; — 3A:A] 4,5 =1,3

ro = Z%*/mc?
— (o 1
o) = QBQ] (1 — cosf)?
cot(Omin/2) = 2B*bmaz/T0 (2)

bmasz is the largest allowed impact parameter in the center of mass CS. It
has been asumed that one can replace In(1 + (23%b42/70) — 1 by In(1 +
(2ﬂ2bmaz/7'0)-

In Eq.(1), the original 11-dimensional integral which arises from intra-
beam scattering theory has been reduced in [1] to a 9-dimensional integral



by integrating over all possible scattering angles. In [1] this reduction was
done for any particle distribution, f(z,p). In [3], Bjorken and Mtingwa first
do the integration over z,p;, po using a simple gaussian distribution before
doing the integration over the scattering angles and no general result for
doing this reduction for any f(z,p) is given. In [2] Piwinski computes the
growth rates for the emittances < ¢ > instead of for < p;p; >. A general
result for reducing the integral by integrating over all possible scattering
angles, for any f(z,p), for the growth rates of < ¢; > is given. However,
using this result for a complicated distribution like the bi-gaussian would be
difficult.

3 Gaussian distribution

We will first consider the case of a gaussian particle distribution. This will
provide a more simple example of using the results in the reformulation given
in [1] and of the methods used to evaluate the integrals. Afterwards, the same
procedures will be applied to the case of the bi-gaussian distribution.

Let Nf(x,p) gives the number of particles in d*>zd3p, where N is the
number of particles in a bunch. For a gaussian distribution, f(z,p) Is given
by

fe.p) = peapl-S(.p)

P = [dadpeapl-S(z,p)] (3)

S = S,+8,+5;

1
Sy = gew(:cg,x'ﬂ)

Tg = x—D(p—po)/po
Ty = ' —D'(p—po)/po =" = ps/po
e&(2,2) = 27+ (Bt + a2)’)/ B

1
Sy = gey(y,y’) Y = py/po
)

&, y) = [+ By + )’]/By
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Ss = ges(s — S, (p - pO)/pO)
€s(s — S, (P —po)/Po) = (s 2_020)2 + (lp —2]9003/]90)2
e4(s — 50, (0 — po) /o) = é(s 52+ Bul(0 — po) /p0)?
x5 — 5 (0 —P0)/D0) = (5 — 502 + (Bl (0 — Do) /o)) B
ﬁs = Us/ap
€s = 2050, (4)

D is the horizontal dispersion. D' = dD/ds. A longitudinal emittance has
been introduced so that the longitudinal motion and the transverse motions
can be treated in a similar manner. s, locates the center of the bunch.

' can now be computed using Eq.(1).This will provide an example how
the integrals are done in this paper. The integration methods used here are
somewhat more complicated than those used in [3] but they will also work
for the more complicated bi-gaussian distribution.

r = /d3xd3p exp[—Sy — Sy — S
Writing I' as ' = I'yI';; and computing I'y first because this part is simpler,

r, = /dydpy exp[—Sy]

1
Sy = gey(y,y’) Y = py/po
Y

oW, y) = WP +2+ By +ayy)?l/By

my = y/\/By pny:(ﬂyyl'i‘ayy)/\/ﬁy
dydpy = pOdnydpny

Ly = po [ dnydpy, capl—(n +7%,)/6)
Ty, = mé&po (5)

Now for the remaining integral we have
Iy = /dxdpxdsdps exp[—Sy — Ss]

5



F.CES

Make the transformation

dxdp,
/ dzxdp, exp[—Sy]
Sy

/ dzdp, exp[—Sy]

p ~ p, in the Lab. CS and

P.Z‘S

r

/ dsdp, exp[—S,] / dzdp, exp[—S,]

x— D(p—po)/po
2" — D'(p— po)/po

= Pu/Pos T = Ppz/Do

podpdry

po/d:rﬁdx'ﬂ exp[—Sy]
1 !
gew(xﬂ’xﬂ)

Z

TézPo as in evaluating I'y

(6)

4 Growth rates for a Gaussian distribution

In the following,the growth rates are given in the Rest Coordinate System,
which is the coordinate system moving along with the bunch. Growth rates
are given for < p;p; >. From these one can compute the growth rates for
< €; >. Using the general result, Eq.(2), one gets

— 1 N N
A = 5(271 —p2)

Be = |Al/m

21 - - = ..
Cij = p—g(’f’o/2ﬂ2)2 111(1 + (2ﬁ2bmaz/7’o)2) HA|25Z] — 3AZA]] 1,] = 1,3

ro = Z%*/mc*

N _
— < d(pip;) > = ﬁ/ Prd®p1d®paexp[—S(z,p1) — S(z, p2)]28c Ci; dt



Transform to W, A

w
d3P1 d3p2

= p1+ D2,
= dEPWdEA

(8)

We will first do the integral over d®>z and over d*W. For the y part of the

integral

Sy (y7 ply) =
&y, 1) =

Sy (ya ply) =

Sy(y, ply) + Sy (ya p2y)

Make the transformation

Ty
dydW,

Integrate over dy, dW,

1 /
afy(y,yl),

yi = p1y/P0

[y* + By + ayy)?]/ By
2+ (B2 + D)o+ 001/ (56

= (2y2/ﬁy + 2(8y(Wy/po) /2 + O‘yy)Q/ﬂy
+265(Ay/0)?/8y)) /&

v2y/\/8,.

= Do dny dpny

/dydWyexp[—Sy(y,ply) — Sy(y, pay)] =

Py = \/i(ﬁy(Wy/po)/Q + Ozyy)/\/gy
9)
Po / dnydpy,
exp[— My + Py + Qﬂj(Ay/pO)2/gy]

pomeyeanl—24 (A /)]

y
PoméysTp[—Ry]

Lo (8, /)

Y

(10)



In doing the remainder of the integral, the integral over dzdW dsdW we
will do the integral over dxdW,, first and then the integral over dsdW,. Note
that the integral is being done in the Rest CS and in the expression for S,
one has to replace p — pg ~ ps — po in the Lab CS by ~yp,s in the Rest CS.
Remember also that f(z,p) is an invariant (see [1]) One finds for S, (z, pi,)

Sm(x7p1$) = {[.’E - ,YDWS/Q - ’YDASF + [ﬂm(Wm/Q + Am - ’YD,WS/z - ’YDIAS) +
O‘a:(x - fYDWS/Q - ’YDAS)]Q}/(ﬁzgz)

W, = VVz‘/po Ai:A/I)o

Sw(y:plz) = {[ZU - fYDWS/2 - ’VDAS]Q + [ﬂw(Ww/Q - 7D1W5/2) +
az(x — yDW;/2) + (B:Az — YDA}/ (Buca)
D = B,D'+a,D (11)
we then find for S, (z, p1s) + Sz (x, Pos)
Se(7,p12) + So(2,p22) = {2[x — yDW,/2]* + 29>°D?A? +
2[8:(Wy /2 — yD'W,/2) + ap(x — yDW,/2))* +
2[6:8; — YDA}/ (Boéa) (12)
Now make the transformations
Tt = \/ﬁx—’yDWS/\/ﬁ p;:Ww/\/i_’VDIWS/\/i

dedW, = podx*dp], = podnydpy,. (13)

Doing the integral over dzdW, one finds

/dxsze:vp[—Sx(x,plx) — Sp(x,pog)] = po/d%dpnzz
expl—{n; + pj, +
2[y’D*A2 + (B:A: — YDA,)?]/B2)}/
= pomégexp[—R,]

R, = 2[y*D?AZ+ (B,A; — YDA,)?)/(Beés)
(14)



Now do the integral over dsdW,. One may note that the form of the
intgral here is similar to the integral done over dydW,. The result is then
the same with the proper sustitutions of s for .

/ddesexp[—Ss(s,p1s)—Ss(s,p2s)] = pomésexp[— R

Ro= B my 5)

€s

Note that the term §,((p — pg)/po)? in S, in the Lab. CS has to be replaced
by ¥ 8s(ps/po)? in the Rest CS.

Using Eq.(7), one gets the result for the growth rates in the Rest CS for
a gauusian distribution.

1d N
p—%a <pip; > = F/d?’A e:vp[—R]Cij

Cy = i—f(m/w?)?(m\?aﬁ-3A,-Aj)2gc [l + (258%bmas /7))
0
B = 5070‘A/P0‘

ro = Z*¢*/Mc*

3 - -3
I' = 7¢€.6yp;

R = R,+R,+R,
2

Re = 5= [V’ D*A2 + (8,2, — vDA,)?)/p}

D = B,D'+a,D

R, = %Aj/pﬁ

R, = Doppnry (16)

S

The integral over d®A is an integral over all possible values of the relative
momemtum for any two particles in a bunch. [y, 7, are the beta and gamma
corresponding to pg, the central momemtum of the bunch in the Laboratory
Coordinate System. v = 7,



The above 3-dimensional integral can be reduced to a 2-dimensional inte-
gral by integrating over |A| and using d®*A = |A|?d|A|sinfdfd¢. This gives

< pip; >

§w|'_‘
S

g3
0

QN

N ro \° ,
o [ —2_ ) 2 / 0d0do (6;; — 3g:9;
T 2P (273 ﬂ&) Boyoc | sinfdfde (6;; — 39:g;)

1, [¢
F"|F

cost) = g
stnfcosp = g,
sinfsing = g,
27§ﬂgbmam/ro
R/(|A|/po)
F,+F,+ F,

2 _
ﬁ—e_hQDng + (Bags — vDys)’]
2, 9
gﬁygy

p
B’ (17)

In obtaining the above, one uses z = |A|?, dz = 2|A|d|A| and

/Ooo dz exp[—Fz]in[Cz] = %[ln l%} — .5772]

~

For Z =80, A = 200, v = 100, b;yq; = lem, log,, C' = 18.6

5 Bi-Gaussian distribution

The bi-gaussian distribution will be assumed to have the form given by the

following.

N f(z,p) gives the number of particles in d*zd®p, where N is the number
of particles in a bunch. For a bi-gaussian distribution, f(z,p) ls given by

flz,p) =

N, 1

e el Su(o. )] + e erpl—5i(z. )

NT,

10



3 - - — 3
r, = €sa€za€yaDy
3 — - 3
[y = 7 €pemepnd (18)

In the first gaussian,to find 'y, S, then in the expressions for I', S, given
above for the gaussian distribution, replace €, ¢,, € by €4, €44, €50- In the
second gaussian, in the expressions for I', S, replace €&, €, € by €z, €4, €.
In addition. N, + N, = N. This bi-gaussian has 7 parameters instead of the
three parameters of a gaussian.

6 Growth rates for a Bi- Gaussian distribu-
tion

In the following,the growth rates are given in the Rest Coordinate System,
which is the coordinate system moving along with the bunch. Growth rates
are given for < p;p; >. From these one can compute the growth rates for
< €; >.Starting with Eq.2 and using the f(z,p) from Eq.18, one gets

1 N, 1 N, 1
2 <d(pipj) > = / d’xd’p,d’p, WF_aexp[_Sa(x’pl)] + Fbr—bel‘p[—sb(:r,pl)]
{Na 1

Ny 1
Wr—aeiﬁp[—sa(%pz)] + Wr—bexp[—Sb(fc,pz)]
250 Cij dt
1

A = =(p, —p
2(101 102)

Be = |Al/m

2w - - < .
Cij = ?(To/QﬂZ)Q 111(1 + (2/82bmaw/T0)2) HA|25Z] — 3A1A]] 1,] = 1,3

0
ro = Z%*/mc? (19)

The term in the integrand which contains exp[—S, (z, p1)— S (, p2)] is similar
to the integrand for the gaussian distribution except that €; are replaced by
€. and leads to the same result as that given by Eq.(16) for the gaussian
beam except that R has to be replaced by R, where R, is obtained from R
by replacing €; by €,. The term containing exp[—S,(x, p1) — Sp(z, p2)] can be
evaluated in the same way leading to the same result as that given by Eq.(16)
for the gaussian beam except that R has to be replaced by R, where R; is

11



obtained from R by replacing €; by €;. The only terms that need further
evaluation are the the two cross product terms. The two cross product terms
are equal because of the symmetry of p; and ps in the rest of the integrand.
This leads to the remaining integral to be evaluated

2NN, 1

N2 mexp[—sa(%m) — Sy(z, p2)] 28c Cij

In evaluating this integral, we will use the same procedure as was used
for the gaussian distribution. We will first transform to W, A from py, ps (see
Eq.(8). We will then do the integral over d*z and over d*W. For the y part
of the integral one finds ,

Sya(yaply) = {3/2 + [5y(Wy/2 + Ay) + ayy]Q}/(ﬁygya)
Wy = Wy/po Ay =Ay/po (20)

/ Erd®p d®ps

One then finds that

Sya(yaply) + Syb(yap2y) = {2y2/ﬁy + Q[ﬁy(Wy/Q + ayy)]Q/ﬁy

F2RAL/B,)} e+
{4(5yAy)(ﬂyWy/2 + O‘yy)/ﬂy}/éyd
Lo_ L1
Ee 2 Ea  Ey
11,1 1
€yd 2 gya Eyb
(21)
Make the transformation
My = ﬁy/@, pny:\/i(/@ywy/2+ayy)/\/ﬁt;
dydW, = podny,dpy, (22)

Integrate over dy, dW,

/ dydWyecp[—Sya(y, p1y) — Sy (Y, p2y)] = Do / dnydpyy
My Py 26, (By/P0)*/ By

€yc

ezp|

12



Pay/( \/_\/ﬂ»y

5 25
= poT€yexp— yA2 = /z AZ]
ye

48,7,

= 1007r€yceacp[—RyC + Ryd]

Ryc = iﬁyAQ

yc

26
Ry = A7 (23)
Y yd/eyc

The exponent R,. — R4 has to be positive. This can be made more obvious

by noting that
1 1 1

22 2 T = =
6yc eyd €yayb

In doing the remainder of the integral, the integral over dzdW,dsdW, we
will do the integral over dxdW,, first and then the integral over dsdW,. Note
that the integral is being done in the Rest CS and in the expression for S,
one has to replace p — py ~ ps — po in the Lab. CS by <p, in the Rest CS.
Remember also that f(x,p) is an invariant (see [1]) One finds for Sy, (z, p12)

Swa(x,plw) = {[37 - VDWS/Q - ’YDAS]Q + [/Bw(Ww/Q + Aa) - 7D1W5/2 - ’YDIA
ag(z — yDW,/2 — yDA,)*}/ (Bueza)

W; = Wi/po Ai=A/p

Sza(y, P1a) = {[ﬂi—vDW/Q—VDA] [ :(Wa/2 — yD'W,/2) +

az(z — yDW/2) + (B YDA}/ (Bz€za)
D = B,D' +a,D

we then find for S, (2, p1s) + Sz, P2s)

Sza(xaplz) + Szb(xap%:) = {Q[x - ’YDWS/Q]Q + 2’72D2A§ +
2[ﬂ$A$ - ’YDASF}/(ﬁszc) +

13

s) +

(24)



+4(ﬂw£w - 'YDAS)[ﬂz(Ww/Q - ’yDIWs/Q) +
a’z(x - 7DW3/2)]/ﬂm}/€wd

(25)
Now make the transformations
zt = V2 —yDW,/V2  p,=W,/V2—-yD'W,/V2
e = &\Be  Dra= (B + 0a2”) /B
dzdW, = podx*dp} = podnydp,, » (26)

Doing the integral over dzdW, one finds

/dxdWwexp[_Szca(xaplx) - be(map%c)] = pO/dnwdpnwz

exp[—{n. + p},
+2[y’D?A? + (B.As — vDA,)?]/ o} /Eac

+{_47DAS7’$/\/%
+4(B.8y — YDAy, 0/ 262} /Erd]

= pOTre;cexp[_Rxc + Rmd]

Rye = 2[72D2A§ + (ﬂmAz - VDAS)Z]/(ﬂzExc)
de 2{[_7DA3]2

+[(B:A5 — vDA)}

/ (Bo€ra/Eac)

Now do the integral over dsdW,. One may note that the form of the
intgral here is similar to the integral done over dydWW,. The result is then
the same with the proper sustitutions of s for y.

/ddesexp[_Ssa(S:pls) - Ssb(sap25)] - poﬂgscexp[_Rsc + de]

14
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R,, = A?
esc
28, -
R,y = A2 28
4 €4/€c ° (28)

Note that the term §,((p — po)/po)? in S, in the Lab. CS has to be replaced
by v?Bs(ps/po)? in the Rest CS.

Putting all the above results, for the bi-gaussian distribution, together
one gets the final result

1d B 3 No\ 2% exp(—R,) N\ % exp(—Ry)
par SPPi> = N [@ac() T, +(%) v
N,N, T,
+2 N2 Farbeavp(—T)]
7T — _
Cij = —2(r0/25) (A6 — 3A:14;)28¢ In[1 + (26%bymaz/T0)’]

g = ﬂoVo\A/po\
ro = Z%*/Mc?

1 171 1 )

— = —<T+T> 1=2x,Y,S
€ic 2 \€q €
11,1 1

€id 2 €4 €3

ro = Z*¢*/Mc*

_ .3 - _- - 3
Fa - ™ esaewaeyapo

Ra = Rza + Rya + Rsa

2 -
Ra:a - F[’YQDZAg + (ﬁzAm - ’YDAS)Z]/pg
D = ﬁmD’ +a,D
R,, = — ﬁ2A2
Y /By va / O
Rsa — ﬁ 62 2 2/ Jo
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[l s IS
I

Ry =

de =
Az’ ==

T, +T,+1T,
ch - Rwd
Ry — Ryq
Rsc - de

2{[—A DA
{(BuPe — DAY}
CENR

28, =«
7 o

208s
N

Ai/ Do (29)

R,, Ry, R, are each the same as R, given above except that €;, are replaced
by €, €, € Tespectively. The same remarks apply to 'y, Ty, '

The above 3-dimensional integral can be reduced to a 2-dimensional inte-
gral by integrating over |A| and using d®*A = |A|?d|A|sinfdfd¢. This gives

< pip; >

S| =
SIS

g3
[

QN

2
7’ .
_ Qng <_0> 25070c/5m0d9d¢ (0ij — 39:9,)

27363 ) )
Aq<§%>21?;;hﬂ§%]+'(%%>2F;%“1%%]
e R GG

= cost = g,

= sinfcosp = g,
= sinfsing = g,
= 278ﬂgbmaw/7n0

= Ri/(|A‘/p0)2 i=a,b,c
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G = T/(|Al/p)*
(30)

F,, F,, F,. are each the same F that was defined for the Gaussian distri-
bution except that the & are replaced by €,, €, €. respectively.

The above results for the growth rates for a bi-gaussian distribution are
expressed as an integral which contains 3 terms, each of which is similar
to the one term in the results for the gaussian distribution. These three
terms may be given a simple interpertation. The first term represents the
contribution to the growth rates due to the scattering of the IV, particles of
the first gaussian from themselves, the seond term the contribution due to
the scattering of the NN, particles of the second gaussian from themselves,
and the third term the contribution due to the scattering of the N, particles
of the first gaussian from the N, partcles of the second gaussian.

7 Emittance growth rates

One can compute growth rates for the average emittances, < ¢; > in the Lab-
oratory Coordinate System, from the growth rates for < p;p; > in the Rest
Coordinate System.In the following , dt is the time interval in the Laboratory
System and df is the time interval in the Rest System. dt = ydf

d Bod ,,, D*+D*> d ,, , - d )
— <€ > = —— >S4+ —y—=< > —2D— < pips >
o <€ S @i < PalPo 5 Vdi 5/ s i PaPs/ Dy
d ﬁyd 2 2

—< = —_—

a S Y@ <P/?>

—d<e>—ﬁd<2/2> (31)
dt =~ ° = T S Ps/Po

To derive the above results, the simplest case to treat is that of the vertical
emittance. The verical emmitance is given by

e y) = [+ By + ayy)?l/By
dey, = ﬂy5(yl2)
By d

d 2 2
— < > = ==K >
ar > ~ di Py/Po
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In Eq.(32), v' = py/po, 0€, is the change in €, in a scattering event.
For the longitudinal emittance one finds

€s = [52/72 + (ﬁs7ps/p0)2]/ﬂs
des = B:0(yps/Po)’

G S6> = ﬂsvd—f < ps/py >

(33)

In Eq.(33), s,ps are the coordinates in the rest system and I have used the

relationship (p — po)ras = (VPs)rREST
For the horizontal emittance one finds

e = {[z—vDp,/po)”> + [B:(ps/Po — 7D'Ps/P0) + 0u(x — YDps/po)|*}/ Ba
= {[z — vDp,/po)’ + [Bapz/po + cux — Dyp,/po)’}/ Ba
= {2®+ (YDps/po)® — 22vDps/po + (Bepz/po + zz)® + (Dyps/po)” —
2(BPa/Po + ) (DYps /Do) }/ B
b = 0{B2(pe/P0)” + 7 (D* + D?)(ps/p0)” — 28:Dv(pe/po) (Ps/P0) }/ Ba

B, d D?4+D? ( _d
<€ > = ——<pifps> +T7d_£ <p2/pg > _QDd_E < Paps/ P >

dt v dt

(34)

In the result for d¢,, the terms that are linear in p, or p, have been dropped
as they do not contribute to < d¢, > . In a scattering event involving two
particles , the dp, of one particle is equal and opposite to the dp, of the other
particle. This is also true for p,.
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