¢ Brookhaven

National Laboratory
BNL-99380-2013-TECH
C-A/AP/230;BNL-99380-2013-IR

Simple Estimates of Collisional Excitation Cross Sections

M. Blaskiewicz

March 2006

Collider Accelerator Department
Brookhaven National Laboratory

U.S. Department of Energy
USDOE Office of Science (SC)

Notice: This technical note has been authored by employees of Brookhaven Science Associates, LLC under
Contract No.DE-AC02-98CH10886 with the U.S. Department of Energy. The publisher by accepting the technical
note for publication acknowledges that the United States Government retains a non-exclusive, paid-up, irrevocable,
world-wide license to publish or reproduce the published form of this technical note, or allow others to do so, for
United States Government purposes.



DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the
United States Government. Neither the United States Government nor any
agency thereof, nor any of their employees, nor any of their contractors,
subcontractors, or their employees, makes any warranty, express or implied, or
assumes any legal liability or responsibility for the accuracy, completeness, or any
third party’s use or the results of such use of any information, apparatus, product,
or process disclosed, or represents that its use would not infringe privately owned
rights. Reference herein to any specific commercial product, process, or service
by trade name, trademark, manufacturer, or otherwise, does not necessarily
constitute or imply its endorsement, recommendation, or favoring by the United
States Government or any agency thereof or its contractors or subcontractors.
The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof.



C-A/AP/#230
March 2006

Simple Estimates of Collisional Excitation Cross
Sections

M. Blaskiewicz

Collider-Accelerator Department
Brookhaven National Laboratory
Upton, NY 11973




Simple estimates of collisional excitation cross sections

M. Blaskiewicz*
BNL, Upton NY 11978, USA

Transverse emittance reduction has been observed in the AGS with helium like gold [1]. Addition-
ally, the extracted emittance is always close to 10m mm — mrad regardless of the care with which the
beam is accelerated [2]. It has been suggested [3, 4] that the cooling is due to collisionally excitating
the electronic levels with the subsequently emitted photon removing energy from the system. Simple
estimates for the collisional excitation of the electronic levels and the cooling rates based upon them
are presented. I find no evidence supporting the hypothesis.

I. INTRODUCTION

Typical parameters for an Au™" bunch on the AGS injection porch are given in Table I. Since the bunch is
nonrelativistic the rms transverse velocity is o(v,) = woQ.0(x) = 4 x 10*m/s, and the rms longitudinal velocity
is o(vs) = Cfswoo(t) = 2.7 x 10°m/s. With these rms velocities the typical kinetic energy in the comoving frame
is 0F = M[o(vs)?/2 + 0(v;)?] = Mc?a(v/c)?/2 ~ 80keV. Cooling the beam requires a mechanism to reduce §E.
Inelastic collisons between the ions in the bunch are a possible candidate for this energy loss and we go on to consider
this possibility.

II. ASSUMPTIONS AND KINEMATICS

We will treat the motion of the nuclei classically and the electrons and photons quantum mechanically. Toward
this end consider Figure 1. In Fig 1 A, which is the center of mass frame, each ion has a velocity of magnitude vy and
the total energy is E; = Mwv?2. During the collision one of the ions is excited and radiates a photon of energy AE,
and momentum AFE/c. In the final state let the ion velocities be vy and va and suppose that the photon travels in
direction n. Conservation of momentum and energy read

M(vy 4+ va) +nAE/c =0, (1)

and

M(vi +v3)/2+AE = Mvj. (2)

TABLE I: AGS injection parameters for Au™7".

parameter value
circumference C =807
Lorentz factor v=1.10
revolution period To=6.4 us
angular revolution frequency w=21/To = 9.8 x 105s™*
nominal betatron tunes Qs =0Qy =82
rms beam radius o(z) =o0(y) =5 mm
h = 24 RF voltage Verr = 280 kV
synchrotron frequency fs = 6.8 kHz
rms bunch length o(t) =50 ns
ions per bunch N, =5 x 108

nuclear mass and charge

M = 185GeV/c?, Z=T79

*Electronic address: blaskiewicz@bnl.gov
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FIG. 1: A schematic of collisional excitation. Initially (A, left) the two ions are in the electronic ground state. As they approach

(B, center) one of the ions undergoes an electronic excitation and radiates a photon of energy AE. Finally (C, right) the ions
separate with the total kinetic energy reduced by AE.

We now show that the photon momentum in Eq (1) can be neglected for vy < ¢. From Eq (1) the maximum difference
in the final speeds of the particles occurs when 7 is parallel to either vi or vo. For definiteness take 7 parallel to vs.
Then the final speeds are related by vy = vy — AE/Mec. Substituting this in equation (2) one finds that the maximum
speed for a particle in the final state is

, AE

AFE
Umaz = 4| Vo i -

1
M

[AEr AE

2Mec + 2Mc’ (3)

Additionally, from Eq (1) we have |v; —vs| < |v1+Vva| = AE/Mc when all photon directions are considered. Therefore

|vr — va| AE/Mc < vo/c
~ 1—-wy/c’

- 4
min (Jvg — v1], [vo — v2) ~ AE )

M

AFE
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where the final inequality follows from multiplying top and bottom by v + vimaz — AE/Mc and simplifying.

For the problem at hand vp/c << 1 so that we may take v; = vy and the change in velocity of either ion is
vo — /vi —AE/M. From a physical standpoint one may suppose that the ion velocities change when the ion is
excited and that the subsequent photon emission doesn’t change the velocity significantly.

While the final state velocites can be calculated, the details of the excitation process need to be treated quantum
mechanically so that a classical description of the ion trajectories cannot be obtained. A full blown quantum mechan-
ical description will not be attempted here. Instead, the excitation probabilities will be obtained by assuming that
the ions undergo classical Rutherford scattering. This yields a time dependent classical potential which can lead to
excitation of the electrons.

To obtain the ion trajectories let v, = 2vy be the relative velocity of the ions before the collision and let b be the
impact parameter. The distance of closest approach between the nuclei satisfies (cgs units,[5] p108)

For purposes of easy calculation note that
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where 7. is the classical particle radius, r. = (Z2/A)1.54 x 10~ **meters which yields r. = 4.63 x 10~ *"m for helium-like
gold.

III. ELECTRONIC DIPOLE TRANSITIONS

Consider the orders of magnitude in the problem. During the collision the electric field at one nucleus due to the
other is E(t) = nZe/r?(t), where 7 is a unit vector. For v, = 10°m/s and b = 0, 7, = 0.17 x 1071%m. The electron
cloud of helium-like gold has an extent~ ag/Z where ag = 0.53 x 10~ 1%m is the Bohr radius. The ratio of the extent of
the electron cloud to the distance of closest approach is <0.04. Therefore, the electron clouds of the two ions remain
well separated and we consider the evolution of each ion independently. We take our coordinate origin as one of the
nuclei and neglect the effects of rotation and acceleration of the nucleus. Therefore the interaction hamiltonian is
H;(t) = ze?Z/R*(t) where z is the electron coordinate along a fixed axis and we have gone over to R to describe the
internuclear distance. The screening effects are small so consider a single electron with hamiltonian H = Hy + H;
Work in the two state approximation with Hp|0 >= Ey|0 >, Ho|l >= E;|1 >, and interaction energy T =< 0|H;|1 >.
Choose a basis so that T is real and Ey < E;. Next, for a fixed value of R, define the adiabatic states |— > and |+ >.

|- >=cosx|0 > —sinx|1 > (8)
|+ >=sin x|0 > +cosx|1 > 9)
where
<O0|Ho+ H;|->=E_<0|—>=Eycosxy —T'sinxy = E_cosy (10)
<1|Hyp+ Hij|—->=E_<1|—>=Tcosx — Eysiny = —E_sinx (11)

and a similar equations hold for |+ >. Solving the algebra yields

Er = (FEo+E1)/2+/(Ey — E1)2/4+ T2 (12)
with
tan(2x) = 2T/(E, — Ey).
Define the phases

t

b, = /Ei(tl)dtl/h
0

and let the wavefunction drscribing the system be
¥ >=C_(t)|— > exp[i®_(t)] + C4(t)|+ > exp[i®4(t)]

with C_(—o0) = 1. At time ¢, |C(¢)|? is the probability that the electron is in the excited state. Remember that
both |+ > and |— > depend on time, since x does. The equations for C; and C_ follow from

< +|zh% — Hy — H;|¥ >=0,
and
< —|ih2 — Hy — H;|¥ >=0.
ot

After taking the inner products one finds

Cy = —XC_exp(i[®; — ®_]) (13)
C_ = +xCrexp(i[®_ — ®4]). (14)
By construction Ey > E_ so for times well before the collision we may take C_ = 1 and C;. = 0. Under the

supposition that C; remains small compared to 1 a first approximation is given by

Oy t) = - / dty (1) exp(i[®- () — B_(t:)]). (15)

— 00



mec® — B, jkeV

n J
93.46 1 1/2
23.93 2 1/2
21.69 2 3/2

TABLE II: Binding energies for Z = 79. Both the 25;,, and 2P, /, states have n = 2, j = 1/2. The energy degeneracy is
removed by the Lamb shift.

Using non-relativistic wavefunctions the interaction energy is given by
T =< 1|Hz|0 >= Gaer(t)/Z,

where G is a pure number depending on which orbitals are involved. For 1S — 2P, G = 8(2/3)%/v/2 ~ 0.745; for
25 —» 2P, G =3.

A photon can be emitted either during the collision or well after the collision. Consider the second case and also
assume X < 1 during the collision so that (E; — E_) ~ E; — Ey = fiw and tan(2x) ~ 2x. Then

o0

1|H;
Oy (o0) ~ — / L}ﬂbexp(iwt)dt (16)
—00
Geag T .
= 57 /E(t) exp(iwt)dt (17)
—0o0
Geag [ 7z
eap / e .
~ exp(iwt)dt (18)
hz B [Tmin + amazt2/2]2
~ G2 70 1 exp(iwt)dt (19)
- hr?mn 1+amamt2/rmin P
—00
2
~ 71'Ge2 aOTC exp(—wTe), (20)
hrmin

where 7. = \/Tmin/Gmaz is the characteristic time scale of the collision. For a given v, the characteristic time is
minimum for b = 0, 7. min, = V32(c/v,)3rc/c.
For a hydrogen-like atom with nuclear charge Ze the energies are [7] p75.

o\ —1/2
A
Enj=m.® |1+ = (21)
n— 124/ + 12 - Z°a?
where a = e?/hc = 1/137.036 is the fine structure constant, n = 1,2,... is the principle quantum number and

J =1/2,3/2,...n —1/2 is to total angular momentum of the state. Table II gives a few values for Z = 79. For
helium-like gold the 1S — 2P transition has excitation energy 71.8keV while the 25 — 2P transition has excitation
energy 2.24keV. Taking v, = 1 x 10°m/s we find WTe,min = 70 for the 25 — 2P transition. So in this approximation
there is essentially no probability of emitting a photon with either helium-like or lithium-like gold ions in the AGS.
Radiative corrections remove the degeneracy between the the 25) /5 and 2P, ), states, which both have have n = 2,
j = 1/2. For lithium-like uranium the measured value is E»s,,, — Fap,,, = 280.6 eV [8]. The energy shift is given

by [7][p 365]
+ _) , )

where < FEsg > and < Esp > are defined in terms of expectation values for energy shifts due to interactions with the
zero-point fluctuations [7][p 364]. We assume that lithium-like gold is sufficiently close to lithium-like uranium so that

< Esp >
7202 < Eyg >

mectatZ5
E251/2 — E2P1/2 = 6 In
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FIG. 2: Numerically obtained plots of |C4| for the Lamb transition. Various values of v, (m/s) and b (anstroms) are shown.

only the leading Z* scaling is important. This gives Fag, ;2 — Eop,,, ® —149 eV. Taking the same relative velocity as

before we get wt. ~ 5. However, for these same parameters T'/(E, — Ep) ~ 5.8 at closest approach so equation (20)

is inapplicable. Numerical integration of (15) will be used for this case. Representative results are shown in Figure 2.
Once C4(00,b,v,.) is obtained the total excitation cross section is given by

o0

o(v,) = 27r/bdb|0+(oo,b,v,,)|2, (23)
0

For the three transitions considered the results are very small. For v, = 10m/s the 2512 — 2Py 3 cross section is
4 x 10733m? and this rises to 5 x 1072m? for v, = 2 x 10°m/s. The cross sections for the other two transitions are
even smaller.

It might be possibile that the photon is emitted during the collision. To estimate the probability of this we use

P, ~ max |Cy (1)1,

where 7, is the radiative lifetime of the excited state. As a rough approximation to 7. we take the nonrelativistic
quantum mechanical expression [9] p179,
1 daw3D?
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Where D = Gag/Z is the electric dipole moment of the transition for radiation of frequency w. We estimate |C1(t)]| ~
|x|/w and obtain cross sections ~ 1073%m? for the relevant parameter ranges.

IV. CONCLUSIONS

The possibility of electronic excitation of gold ions in the AGS due to collisions has been considered. We found cross
sections o < 1073%m? for reasonable parameters. For typical particle densities of n = 10''m ™2 and a relative velocity
of v, < 10%°m/s the mean free time between collisions is 7, = 1/(nowv,) 2 10'3sec which is 13 orders of magnitude
too long to be of consequence.
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