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1 Introduction

One of the hallmarks of linear coupling is the resonant exchange of
oscillation amplitude between the horizontal and vertical planes when the
difference between the unperturbed tunes is close to an integer. The
standard derivation of this phenomenon (known as the difference
resonance) can be found, for example, in the classic papers of

Guignard [1, 2]. One starts with an uncoupled lattice and adds a linear
perturbation that couples the two planes. The equations of motion are
expressed in hamiltonian form. As the difference between the unperturbed
tunes approaches an integer, one finds that the perturbing terms in the
hamiltonian can be divided into terms that oscillate slowly and ones that
oscillate rapidly. The rapidly oscillating terms are discarded or transformed
to higher order with an appropriate canonical transformation. The
resulting approximate hamiltonian gives equations of motion that clearly
exhibit the exchange of oscillation amplitude between the two planes.

If, instead of the hamiltonian, one is given the four-by-four matrix for one
turn around a synchrotron, then one has the complete solution for the
turn-by-turn (TBT) motion. However, the conditions for the phenomenon
of amplitude exchange are not obvious from a casual inspection of the
matrix. These conditions and those that give rise to the related sum
resonance are identified in this report. The identification is made using the
well known formalism of Edwards and Teng [3, 4, 5] and, in particular, the
normalized coupling matrix of Sagan and Rubin [6]. The formulae obtained
are general in that no particular hamiltonian or coupling elements are
assumed. The only assumptions are that the one-turn matrix is symplectic
and that it has distinct eigenvalues on the unit circle in the complex plane.

Having identified the conditions of the one-turn matrix that give rise to
the resonances, we focus on the difference resonance and apply the
formulae to the evolution of the horizontal and vertical emittances of a
beam distribution upon passing through the resonance. Exact and
approximate expressions for the TBT evolution of the emittances are
derived and applied to a number of examples.



2 The One-Turn Matrix

We write the four-by-four matrix T for one turn around a circular

accelerator as
M n
T= ( m N ) (1)

where M, N, m, and n are two-by-two matrices. The matrix T is
symplectic and, as shown by Brown and Servranckx [7], is specified by 10
independent parameters. It follows from the symplectic condition that if A
is an eigenvalue then so is 1/ [8, 9]. We shall assume that the four
eigenvalues of T are distinct and that none of them is equal to 1 or —1.
One then has A1, 1/\1, A2 and 1/\y as the eigenvalues, with A; # Ag.
Since the elements of T are real, the complex conjugate of an eigenvalue is
also an eigenvalue. We shall assume that the four distinct eigenvalues of T
lie on the unit circle in the complex plane. We then have

/\1 = eiwl, )\2 = eiwz (2)
where 11 and 9 are real and cos ¥y # cosy. The tunes associated with
the eigenvalues are

_ P2

Q1= o Q2 = 5.

and, under our assumptions, neither Q1, 2Q1, Q2, 2Q2, @1 + Q2 nor
@1 — Q2 is equal to an integer.

(3)

Under these conditions it is possible to write [10]

T =WUw* (4)

(5] o33 ®

A:< cos 11 sind)l)’ B:< oS Yo Sin?ﬁz) (6)

—siny; cosyYy —sinsy cos o

where

and W is a four-by-four symplectic matrix.



2.1 Edwards-Teng Parameterization

As shown by Edwards and Teng [3], Billing [4] and Roser [5], the matrix
W can be written in the form

W =RN (7)
where .
S S B O ) I
(5 0) we () ®
and
() eegm( ) o

Here and throughout the text we use a bar to denote the symplectic
conjugate [8] of a two-by-two matrix. Thus

we () a

and we have the properties
WW = WW = (W1 Way — WiaWo)I = [WI, (12)
W+ W = (W1 + Wa)I = (Tr W)L (13)

Since W and N are symplectic, R must be symplectic and it follows that
[W|=1-d% (14)

The one-turn matrix T is therefore given in terms of the 10 independent
parameters a1, 41, Y1, ag, B2, 2, Wir, Wiz, Wa1 and Was.

To obtain the Edwards-Teng parameters in terms of the elements of T we
write

T = RUR™! (15)
where
_ 1_ (A0
vt (50 ) (16



and

A=FAF', B=gBG" (17)

Carrying out the matrix multiplications one finds
M = d’A + WBW, N =d°B+ WAW, (18)
m=d(BW — WA), n=dWB-AW,). (19)

These equations can be inverted to obtain A, B, W and d in terms of M,
N, m and n. One finds

nWwW Wn W m-+n
A=M-—, B=N+4—, —=-——— 20
d Yt 4 22U (20)
where
2=ty L T =Tr(M —N) (21)
22U’ -
and

U=Tr(A —-B) ==4,/T% + 4/m +n|. (22)

Here, as discussed in [6], we choose the sign in front of the square root so
that U has the same sign as T'. It then follows that d2>1 /2. For the case
T =0 we take U > 0. We shall also always take d > 0. With these choices
the elements of A, B, and W are uniquely specified by those of M, N, m
and n. Note that if there are no magnetic elements that couple the
horizontal and vertical planes of oscillation, the matrix elements of m and
n are zero and |m + | = 0. This gives U = T and d? = 1.

2.2 The Normalized Coupling Matrix

Sagan and Rubin [6] have shown that it is useful to introduce the
normalized matrix

R =N"'RN. (23)
Carrying out the matrix multiplications we find that
N al. W
R= < —w dI ) (24)
where
w=G 'WF = ( Wit ) (25)
w1 W22



and
ww = WW = (1 - d)L (26)

The matrix w is the normalized coupling matrix. It is now useful [6] to
define parameters A, B, w, and 1 such that

2Acosw = wiy + waeg, 2Asinw = wip — way (27)

2B costY = w11 — weg, 2Bsiny = wig + woy. (28)

This shows that w can always be written in the form

w = AQ + BY (29)
where
_ cosw sinw [ cosy sin ¥
Q_< —sinw cosw )’ \j[/_( sin 1) —cosqb)' (30)
The matrix R
W=RN =NR (31)

is then specified by the 8 parameters a1, 01, a9, B2, A, B, w and .
The matrices 2 and ¥ have the properties

Q0 =0 =vul =viv =1 (32)

and
QO=0f, v=—v, ui=v (33)

where here and throughout the text we use a dagger to denote the
transpose of a matrix or vector. Thus

wl = AQ" + BU, w=A4Qf - BU (34)

and we see that
w-w =0 (35)

if and only if B = 0. Similarly we have
wW+w =0 (36)

if and only if A = 0. In Sections 3.4-3.7, the conditions (35) and (36) will
be seen to be associated with the linear coupling difference and sum
resonances respectively.

10



The matrices 2 and ¥ have the additional commutation properties

Ol =Qu, QT = w0 (37)
which give

ww = (A% — BY)I (38)

and therefore
w|=|W|=1-d*=A>- B> (39)

We also have
IO+ QT =00 -Qfw=0 (40)

and therefore
Tr(vQ) = 0. (41)

3 The Linear Coupling Resonances

3.1 Single Particle Motion and Normalized Coordinates

X X Y
(3) = (8) e (p) e
e (3) =) (i)

where Xo, X{), Yp, Y] are the initial positions and angles of a beam particle
and X, X', Y, Y’ are the positions and angles after n turns around the
accelerator. Then

Let

and

Z =T"Zo = WU"W'Z (44)

where T is given by (4). Here we see that it is natural to introduce
normalized coordinates [11]

Z=W'Z Zo=WwWZ, (45)

where R N R
(5) o (8) (1) e

and R R N
o (8) 2o(8) wo(B)



We then have

Z =U"Z (48)
X =A"Xy, Y =B"Y, (49)
and using the identities

(AMTA" =1, (BB =1 (50)

we have R R L o R R
X2+ X?=XIX=X{Xg=X2+ X2 =e (51)

and R R o o R R
V24y?2 =YY =YY, =V + ¥V’ =ca. (52)

These equations define the normal mode emittances, €; and €, and show
that they are conserved quantities. They also show that there exist real
phases ¢ and ¢2 such that

Xo = ercosgy, Xp=Jersing (53)
Yo=/ecosdy, Y] = /exsings. (54)

The four parameters €1, €3, ¢1 and ¢9 are initial condition parameters
which either determine or are determined by X, X{, Yy and Y] through
equations (45-47) and (51-54).

Multiplying (45) by W from the left gives Z in terms of Z. Then using
(31) we have

Z=WZ=RNZ=NRZ (55)

and R R R R
X = dFX + WGY = F {dX + WY | (56)
Y=-WFX+dGY =G {d\? - wf(} . (57)

Here we see that use of the normalized coupling matrix and normalized
coordinates gives simple expressions when F is factored out of the
horizontal motion and G is factored out of the vertical motion.

12



3.2 The Matched Ellipsoid

Consider now the matrix

E = WWH. (58)
Using (4) we have
TET' = Wuu'wt (59)
and since UUT = T we have
TET! = E. (60)

By construction the matrix E is real, symmetric and positive definite. (A
real symmetric matrix E is positive definite if and only if the quadratic
form Z'EZ > 0 for every vector Z # 0.) It follows that the set of initial
positions and angles Xy, X{, Yp, Yy defined by

ZIE'Zy =€ (61)

is a four dimensional ellipsoid. After n turns around the machine we have

Z =T"Z, (62)
and
Z'E7'Z = Z{(TH"E~' T"Z,. (63)
But TET' = E implies
TE'T=E"! (64)
and therefore (by induction)
(TH"E'T" =E~L (65)
Thus
ZIE'Z=ZEZy = ¢ (66)

and we see that the particle positions and angles lie on the same ellipsoid
after each turn. The ellipsoid is then said to be matched to the lattice.

3.3 Horizontal and Vertical Amplitudes

Partitioning the matched ellipsoid matrix into two-by-two matrices we have

E:(ET g) (67)

13



The projections of the matched ellipsoid onto the X, X’ and Y, Y’ planes
are then the regions defined by [7]

{XFx} <e {YiGalY}<e (68)

respectively. The borders of these regions are the ellipses defined by taking
the equal signs in equations (68). This suggests that we define horizontal
and vertical amplitudes

Jo = FH{X'FX} = P {XTFX] (69)

and
Jy=c"{Y'a v} =c{y'GY} (70)

respectively, where
F=[F"'? G=|GI 7' (71)

and we have used the identities
F!=|F"'F, G !=|GI'G. (72)

Note that by construction the matrices F'F and GG have unit determinant
and are symmetric and positive definite. Thus we can write

FF:< bx _“x>, GG:< by _“y> (73)
—Qy 9z —ay Gy

and we find that J, and J, have the familiar Courant-Snyder forms

Jo = 92X + 20, XX +b,X"? (74)
Jy = g, Y +2a,YY' +b,Y"? (75)

where
bpgr —aZ=1, byg, — a?/ =1. (76)

Using (31) in (58) we have
E = Ww! = NRRINT (77)
and carrying out the matrix multiplications one finds

F=7{d1+ww|rf (78)

14



G=¢ {d21 + wa} gt

and
czdf{W—wT}gT.

Thus we have

FF = {dZI + WWT} {dZI + wTw}
GG = {d2I + wa} {d2I + WTW}

and
IF| = |G| =1-2d*(1 — d?) + d® Tr(ww).

Using (56-57) and (81-82) in (69-70) we then have
Jp = F{dX"+ ?TWT} {dZI + wTw} {df{ + W?}
Jy = G{ayt - XtwiH {1+ wiw} {aY - wX]}
where

F=G= {1 —2d*(1 — d*) + d? Tr(WWJf)}_l/2

3.4 The Sum and Difference of J, and J,

Carrying out the multiplications in (86) and (87) we obtain
J, = F {d4€1 + (1 — d2)2€2}
+ F{2d*XIWY + 2d(1 — )XWV}
+ F {dz?TWTW? + dz)A(TWTW)A(}
Jy = F {d4€2 + (1 — d2)261}
- F{2* XMWY +24(1 - )XY}
+ F {dz?TWTW\? + dz)A(TWTW)A(}

15
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JotJy = F{1-2801-d)} (e +e)
F{2d(2d* - )X} (% - wh)Y}

+ o+

2P {PYTWIWY + d*X wiwX | (91)
and

Jo—Jy = F{2d*—1} (- e)

+ F{2aXt(w+whY}. (92)
Here we see that if
w=wl (93)
then
wWw=ww=(1-d>I (94)
wiw = ww = (1 — d?)I (95)
Tr(ww') = Tr(wiw) = 2(1 — d?) (96)
F=1 (97)
and we have
Jr + Jy = €1 + €9. (98)

This is just the result obtained in the perturbation treatment of the linear
coupling difference resonance.

Similarly, if

W=-—w' (99)
then

Ww=-—ww=(d* - 1)1 (100)
wiw = —ww = (d* - 1)I (101)
Tr(ww') = Tr(w'w) = 2(a* — 1) (102)
F={1+4d%(d - 1)} s = {2d® -1} ' (103)

and we have
Jo—Jy = €1 — € (104)

which is just the result obtained in the perturbation treatment of the
linear coupling sum resonance.

16



3.5 Further Algebraic Reduction of the Amplitudes

As shown in Section 2.2 we have
w=AQ0+ BV, w'=AQ'+ BU

w=A0— BV, w =40- BV

which give
XIwy = A {017} - B {Xv¥)
Xtwiy = 4{X10lv} + B{Xwv}
Wiw = (AQ — BU)(AQ" — BU)
wiw = (A% + BHI — 24BQU
YIW'wY = (42 + B?)e, - 24B {YQUY}
wiw = (AQ" + BU)(AQ + BY)
wiw = (A2 + B?)I + 2ABY¥Q
XiwlwX = (A2 + BY)e + 248 {X1w0X |
and, using (41),
Tr(ww') = Tr(wiw) = 2(42% 4+ B?).
Using these results in (89), (90) and (88) we obtain

Ja

F{de + (1 - d®)%ey + d2(A% + B?)(e1 + e2) }

+ 2dAF {X1Q1Y} + 24(1 - 24%)BF {X'wY |
+ 2d2ABF {X1w0X - Yiowy}
and
Jy = Fldle+(1—d*e + (4% + BY)(e1 + ) }
— 2dAF {X'QIY} + 24(1 - 24%)BF {XT0Y |
+ 2d°ABF {X1w0X - Yiowy}
where

F={1-2(1- ) + 2242+ 8}

17

(116)

(117)

(118)



To proceed further we compute
Xtoly = X{(4miatBry, = X{af (A" B"Y,
Xy = X§(AMTUB"Y, = X[ wA"B"Y,
YiOUy = Y (8" QuB"Y, = Y vai 5>y,
XTwoX = X{ (A" w0A"X, = X{wnAa?X,

(119)

(122)

where the components of Xo and 3?0 are given by (53-54). We then have

Xtoly = V€162 cosé_
Xy = V€162 cos €L
YUY = €9 cos (o
XIwOX = €1 cos(y

where
- =nr—nYe+ g2 — 1 +w
§+=nt1+ne — o1 — P2+ ¢
G =2ns — 202+ ¢ —w
G=2n1 =21+ +w
and

Y1 =2mQ1, P2 = 2mQs.

Thus the horizontal and vertical amplitudes become

Jo = F{d'e+(1-d*%e+d (A% + B (e + e2) }

+ 2dF.\/e1eg {Acos £ +(1-2d%)B cos§+}
+ 2d°ABF {e1cos(y —eacos(a}
and
Jy = Fldle+ (1 d2a+d (A% + BY)(a + o)}
- 2dF\/@{ACOS£_ -1 —2d2)Bcos£+}
+ 2d°ABF {€1cos () — €acos (o}
where

1—d?=A? - B?

18
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and
—-1/2

F={1-2d%(1 - d?) + 2d*(4* + B?)} (135)

These expressions are exact. They give the amplitudes of oscillation in the
horizontal and vertical planes in terms of the initial condition parameters
€1, €2, ¢1 and ¢o, and the parameters d, A, B, w, ¥, Q1 and Q9 of the
one-turn matrix. The simple appearance of the parameters A and B in the
expressions shows the utility of using the normalized coupling matrix.
Note that each amplitude contains frequencies Q1 — Q2, Q1 + Q2, 2Q)1 and
2Q2. If B =0, only frequency Q1 — Q2 appears, while if A =0, only
frequency Q1 + Q2 appears. Note also that frequency Q1 — ()2 is absent
from the sum of the amplitudes and is the only frequency present in the
difference. In the next two subsections we show that the conditions B = 0
and A = 0 give rise to the difference and sum resonances respectively.

3.6 The Difference Resonance
For the case B = 0 we have
A2=1-d? F=1 (136)

and equations (132) and (133) become

1/2
Jo = + (1= d¥)es + 2 {d*(1 — d*)eres | P cose_ (137)
and /2
Jy=dPer + (1= d)er —2{d*(1 - d)ere} ' cosé (138)
where
E- =2m(Q1 — Q2) + P2 — 1 + w. (139)

Here we see that the only n dependence in the expressions for J, and J,, is
in the terms containing cos £ which oscillate with frequency Q1 — Qs.
Moreover we have

Jr + Jy = €1 + €9. (140)

These are just the properties of the linear coupling difference resonance.

Now, it follows from (21) and (22) that

U? -T2 lm + n|

201 — 42) = _
¢(1-d) 4072 T? + 4/m + 1|

(141)
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and since

1-d*=A42-B*=A?>0 (142)
we must have
lm + 70| > 0. (143)
Thus we may define
K? = |m + 7 (144)
and we have
U? = T? + 4K* (145)
and K2
2 2
1-— ==, 14
(1 - d7) T2 +4K? (146)

Substituting (146) into (137) and (138) we see that the oscillations of J,
and J, are greatest when T" = 0 and go to zero as K 2 goes to zero. We also

have 12
1 1 T2
2
I _§+§{T2+4K2} (147)

which shows that d? goes to 1/2 as T goes to zero and goes to one as K2
goes to zero. Note that the parameters 1" and K are analogous to the
unperturbed tune separation and the coupling parameter in the
perturbation treatment [1, 2] of the linear coupling resonance.

By specifying values for parameters A, B, @1, Q2 we obtain values for d?,
U2, K2, and T?. As an example of the difference resonance let us take

A=06, B=006, Q;=5.2364, Qp=4.2236. (148)
We then have
d?> =1+ B? — A? = 0.6436 (149)
U =2cos(2rQ1) — 2 cos(2mQ2) = —0.1595 (150)
K% =d*(1 — d*)U? = 0.005838 (151)
and
T? = U? — 4K? = 0.002099. (152)

Figure 1 shows a plot of J,, J, and.J; + J, obtained with these values.
Here we have taken € = €2 =1, ¢1 = ¢p2 = 0 and w = 1p = /4. As
expected we see J, and J, oscillations characteristic of the difference
resonance. The small-amplitude high-frequency oscillations seen on all of
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the curves are due to the parameter B being small but nonzero. If we set
B =0 and keep A, Q1, Q2 the same as before, we obtain the curves shown
in Figure 2. Here we see that the high-frequency oscillations are gone and
the sum J, + Jy, is constant.

3.7 The Sum Resonance
For the case A =0 we have
—1
B =d>-1, F= {2d2 - 1} (153)

and equations (132) and (133) become

1/2
J, = d%e; + (al2 —1)eg — 2 {d2(d2 — 1)6162} / cos&y (154)
and 12
Jy = d*e + (d* — 1)eg — 2 {d/z(al2 - 1)6162} cos &4 (155)
where
§r =2mn(Q1 + Q2) — d1 — P2 + 1. (156)

Here we see that the only n dependence in the expressions for J, and J,, is
in the terms containing cos £ which oscillate with frequency Q1 + Q-.
Moreover we have

Jx — Jy = €1 — €9. (157)

These are just the properties of the linear coupling sum resonance.

Now since
d?*—1=B>-A*=B*>0 (158)

it follows from (141) that we must have

lm +mn| <0. (159)
Thus we may define
K?*=—|m + 7 (160)
and we have
2(d? -1 K 161)
d —1)=———.
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Substituting (161) into (154) and (155) we see in this case that the
oscillations of J, and J, increase without bound as T? approaches 4K2.
The motion is unstable for 72 < 4K?2. We also have

1/2
1 1 T2
2—_ — —_—
d _2+2{T2_4K2} (162)

which shows that d? > 1 and d? goes to one as K? goes to zero.

As an example of the sum resonance let us take

A=0.05 B=050, Q=52124, Qo =4.7973. (163)
We then we have
d? =1+ B% — A? = 1.2475 (164)
U =2cos(2mQ1) — 2cos(2mQ2) = —0.1176 (165)
K% = d*(d®> — 1)U? = 0.004268 (166)
and
T? = U? — 4K? = 0.03089. (167)

Figure 3 shows a plot of J,, J, and J, — J, obtained with these values.
Here we have taken €; =1, €2 = 0.5, ¢1 = ¢po = 0 and w = b = 7/4. As
expected we see J, and J, oscillations characteristic of the sum resonance.
The small-amplitude high-frequency oscillations seen on all of the curves
are due to the parameter A being small but nonzero.

4 Crossing the Difference Resonance

Having established that the condition B = 0 is associated with the
difference resonance, we use matrices that satisfy this condition to study
the TBT evolution of a distribution of beam particles under the influence
of the resonance.

4.1 The TBT One-Turn Matrix

Let us suppose that the one-turn matrix depends on the turn number n.
We use a subscript n to denote the dependence. The one-turn matrix after
n turns is then

T, = W U,W;* (168)
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where the matrix U, is specified by parameters

¢1n = 27Tan7 ¢2n = 27TQ2n

and the matrix R

is specified by parameters a1y, B1n, @on, Bon, An, Bn, w, and ¢,. We

(169)

(170)

consider one-turn matrices for which B,, = 0. We assume that the phase
wy, appearing in the matrix f{n is independent of n and has value w. We
assume further that the Courant-Snyder parameters a1y, Bin, Q2n, Bon
appearing in the matrix N, are independent of n and have values a1, 1,
a9, and [ respectively. These simplifying assumptions allow for tractable

algebraic expressions while retaining the essential features of the TBT

evolution of the beam distribution. The only n dependence in the matrix

W,, is then through the parameter
en=A, =+4y/1—d2.

T, = N R U,R;'N !

R t
Rn=< d, I e, ) un=<“4” 0

Thus we have

where

—e,0  d,I

— sin wln COs wln
N = F 0 0= C(.)S w sinw
0 g —sinw cosw

_ b pr 0 _ L B2
Fem( ) e

Partitioning T,, into two-by-two matrices we then have
T — M, n,
" m, N,

M, = F{d2 A, + 2B} F~!

and

where
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0
1

)

A = < Cosdjln Sinwln ) B, — < COS%n Sinw2n

—sing, cosya,

)
)

(171)

(172)

(173)

(174)

(175)

(176)

(177)

(178)



N, =G {d2B, + e A, } ¢! (179)

m, = dpe, G{B,Q - QA,} F! (180)
n, = dye, F {018, — 4,01} g7, (181)
Now let
Un, = Tr(A, — By) = 2cos(2mQ15) — 2 cos(2mQ2y,) (182)
T, = Tr(M,, — N,,) = (2d2 — 1)U, (183)
and
K? = |m,, +1,). (184)
Then we have
U2 =T?+4K? (185)
and ) T
2 _ 2, In
dyp =5+ B (186)

where the mode labeling (1 or 2) of the tunes is chosen so that 7}, and U,
have the same sign. We shall specify Q1,, @2, and K, and then compute
Uy, Ty, d, and e,, for each n. Resonance crossing occurs when T, goes
through zero. Here U,, must change sign and this means that 4,, and B,
must be interchanged in (178-181). Since

A2 =e2 == (187)

when T,, = 0, we see that the elements of M,, and N,, are unchanged by
the interchange of A, and B,,, but those of m,, and n,, change sign unless
e, changes sign. (Note that Q and QF commute with A,, and B,,.) We shall
take e, > 0 for T, <0 and e, <0 for T;, > 0. This then guarantees that
the elements of M,,, N,,, m,, n,, are continuous as 7T}, passes through zero.

4.2 The TBT Beam Ellipsoid and its Projections

Rather than track individual particles of a distribution we track the
parameters of the ellipsoid containing the distribution. We assume that the
initial beam distribution is contained inside the beam ellipsoid defined by

ZiE; Zo = € (188)
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where Eg is a four-by-four symmetric positive-definite matrix with unit
determinant. After n turns the beam distribution is contained inside the
ellipsoid

ZIE 17, =« (189)

where Z,, and E,, are given by the recursion relations

Z,1=T,7Z, (190)
and
E, 1 = T,E,T}. (191)
Here we write
F, C
E, = i " 192

where F,,, G,, and C,, are two-by-two matrices. The projections of the
beam ellipsoid onto the X, X’ and Y, Y’ planes are then the regions
defined by [7]

{X'F,'x} <¢ {YiG'Y}<c (193)
respectively. The areas of these regions are me;, and me,, where
€an = €[FL V2 €, = €|G, |2 (194)

are the TBT horizontal and vertical emittances.

We shall assume that the initial beam ellipsoid has no coupling between
the horizontal and vertical planes and that its projections onto these
planes are matched to those of the matched ellipsoid. Since W = w for the
difference resonance, the two-by-two submatrices (78-80) of the matched
ellipsoid matrix become

F=FF, G=gg!, C=0 (195)
where F and G are given by (176). Thus we have
Fo=aFF!, Go=0GG", Cy=0 (196)

where a and b are positive constants (so that Eg is positive definite) and
ab =1 (so that |Eg| = 1). The initial horizontal and vertical emittances
are then

€20 = A€, €0 = be (197)

and the TBT evolution of the emittances (194) is given by iteration of
(191) with T,, given by (177-181) and with Eq given by (192) and (196).
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4.3 Normalized TBT Equations

Since the matrix N has been taken to be independent of n it is convenient

to introduce normalized matrices
T, = N7'T,N = RU,R;!

and

&= NTE, (N HT

al O
50_(0 bI)

and the recursion relation (191) becomes

We then have

5n+1 = %gn,];:r

P, an
T, =
< Prn Qn )
P, =F M, F =d2A, + B,
an = F 'n,G = dye, {QTBn - AnQT}

where

and

Pn = g_lmnf = dnen {BnQ - Q-An}
Qn = g_ang = d%Bn + e%An

Partitioning &, into two-by-two matrices we have

fn Cn
o= (& 0

where
Fo=F 'Fo(F Y, G,=G1G, (G
and
Cn=F1C, (G~
Defining

ap = ’fn‘l/zy bn = ‘gn‘l/z

we then have
€xn = e|Fn|1/2 = e|]-"n|1/2 = ea,

26

(198)

(199)

(200)

(201)

(208)
(209)
(210)

(211)



and
€yn = €|Gn|'? = €[Gp|"/? = eby. (212)

The recursion relation (201) along with the initial matrix £y then gives the
TBT emittances. Defining the product

Pn="T, - TiTo (213)

we also have

Ent1 = PréoPy. (214)

4.4 Calculation of the TBT Emittances

It follows from (203-206) that the two-by-two matrices Py, q,, Pn, Qn
have the properties

P,=P/, §,=q (215)
and are therefore of the form
Py Pia
P= . 217
( —Pip Pip ) (217)

In Appendix A it is shown that if 7,, is a symplectic matrix with
two-by-two submatrices that satisfy (215-216), and if £, has the form

a I C,
En = ( CIL b, ) (218)
where
C,=C! (219)
then &,4+1 will be of the form
Qn 1I Cn-l—l
Enp1 = ThEnT! = u 220
o " < Chit banid ) (220)
where
Cn1 = CTTL+1 (221)
and
An+1 + bn+1 = an + bn (222)
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Since

al O
& = < o i ) (223)
it follows by induction that all of the matrices &, are of the form (218) with
¢n hn
e i) (224)
satisfying (221) and with
ap + by, =ap+bp=a+b. (225)

Thus the TBT sum of the horizontal and vertical emittances
€xn T €yn = €{an + bp} = €20 + €40 (226)

is conserved. This is a special case of the general theorem proved by
Brown and Servranckx [7] which shows that one must have

€xn + €yn > €20 + €40- (227)

Starting with the initial parameters ag = a, by = b, ¢cg = 0 and hy = 0, a
computer program can be set up to calculate a,, b,, ¢, and h,, recursively.
This then gives the TBT emittances. The formulae for doing this are given
in Appendix B.

4.5 Approximate Expression for the TBT Emittances
Using (198) in the product
Pn="Tn---TiTo (228)
we have
Po = {Rallu R PR atly 1R - {RoltRG (229)

Here between each Uy and Uy we have the factor

~ ~ dpiqI  —ep 1 QF diI e Qf
1 _ k+1 k+1 k k
Rier1Re = < er+1)  dppl ) ( —erf)  dil ) (230)
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which we can write as

f{,;ilf{k =Tcos(Mk+1 — k) + Hsin(nr41 — nk)

where
cosn; =dj, sinn; = e;
and ;
0o —-Q
(1)
Thus

ﬁ];_,l_lﬁk =T+ (g1 —me)H + -

and if ngy1 — ny is sufficiently small we may take
S
This gives the approximate expression

P, = R, V,Ry!

where
K, O
_ _ cosWq, sin¥q,
Ko =An--Ardo = ( —sinWy,, cos¥q, )
_ _ cos ¥y, sinWsy,
Ly =By - Bibo = < —sin Uy, cosVUsq, )
Uin = Y1 + Y1pn—1) + - + Y11) + Y1 0)
and
Won = Yon + Yom_1) + - + V201) + ¥2(0)-
Using

5 an enQT 5-1 dQI —BOQT
Rn - ( —enQ an ) ’ RO - ( EOQ d(]I

we then have
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(233)

(234)

(235)
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(237)

(238)

(239)

(240)
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where
P, = dod, K,, + epe, Ly,

an = doenQTLn - 60dn]f<nQ]L
Pn = eOdnLnQ - doenQKn
Qn = dOdnLn + eOenIin-

Here we see that the two-by-two submatrices again satisfy the conditions

P,=p, Q,=Q

and we therefore have

£t = PooPl = < a1l Crp )

Cn-i—l b”+1I

where
Cn+1 = le-l—l
and
Gnt1 + bpy1 = a+ 0.

In Appendix C it is shown that
ant+1 = F(n) — 2(b — a)dpepd, e, cos(¥y,, — Uay,)

bn+1 = G(n) + 2(b — a)dpepdp ey, cos(Vy, — Wap,)

where
Fn)=a+ (b—a) {d%ei + e%d%}

and
G(n) =b—(b—a){dje} + 2} .

Although approximate, these equations are non-recursive and give the

(248)

(249)

(250)

(251)
(252)

(253)

(254)

(255)

(256)

horizontal and vertical TBT emittances (€zn, = €ap, €yn = €by,) in terms of

the known parameters a, b, dy, ey, dy, €, V1, and ¥oy,.

Note that for the case in which the matrices 7 are all equal to 75 we have

P, = %n+1 — ﬁO ugl—‘rlﬁgl‘

One then has
ans1 = a+2(b—a)die? {1 —cosV,,}
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and

bur1 =b—2(b— a)diel {1 —cos VU, } (259)
and in this case the equations are exact. Here
Uy = (n +1)(¢10 — ¥20) (260)
and
Be = B - &) = K0 (261)
T5 + 4K5

as shown in Section 3.6. Thus in this case the horizontal and vertical
emittances oscillate with frequency Q19 — Q20 and their sum remains
constant. These equations are in agreement with equations (1) and (2) of
Ref. [12].

4.6 Comparison with Other Formulae

For comparison of the approximate formulae (253-256) with those of
Ref. [12] we note that

1|1 1 UF-T?
=4 :—{# (262)
T2 o2yl 2|\ UF -1y
1Ty 1 U?-T?
e?:——“':— — I (263)
22Uy 2| U7 +|TyU;]
and
Uj = +,/T7 + 4K (264)
which give
1 4K2
a2 = - L (265)
2 | T2 +4K2 — |T,|\/T2 + 4K2
and )
1 4K
el = n : (266)
2 | T2+ 4K2 + |T,|VT? + 4K?

For the case in which the initial matrix 7 is far from resonance we have
Bx1, e ~0 (267)

and equations (255) and (256) become

1 4K?
Fin)=a+~(b— n 268
() =a+3( a){Tﬁ+4KEL+]Tn\\/T3+4KEL} (268)
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and

1 4K?
Gn)=b— ~(b— n . 269
(n) 53 a){Tﬁ+4K,%+\Tn]\/T3+4KEL} (269)

These equations are of the same form as equations (5) and (6) of Ref. [12].

4.7 TBT Emittance Examples

For 0 <n < N let the TBT tunes be given by

Qun=Q+35Qn Qun=0Q-;AQ, (210)
where
AQn = /A2 + (AQuin)? (271)
and A2
82 = (") {(aQua? - (AQun} (212

The average of (Q1, and @2, is then constant while the difference
Q1n — Qoy, varies from AQmax at 1 =0 to AQmin at n = N. We assume
here that Q1,, Q2 and @ are all between 0 and 0.5.

For N+1< N+k<2N we let
AQN+k = AQN—k (273)

which gives
QiN+k) = Quiv—r),  Qav+r) = QoN—k)- (274)

Having specified the values of (01, and (Q2,, we can calculate

U, = 2cos(2mQ1y) — 2 cos(2mQ2y,) (275)

and
T? =U? - 4K2. (276)

Here we shall assume that K, is independent of n with
4K2 = U% (277)

for all n. This gives
T2 =U? - U% (278)
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and

T3 = 0. (279)

We then have ) oy
a2 = 5+ ﬁ (280)

and ) T
e2 = i ﬁ (281)

where T,, is taken to have the same sign as U,, and d,, is taken to be
positive. We also take e, > 0 for T;, < 0 and e, <0 for T}, > 0 as discussed
in Section 4.1. Tt then follows from (273-281) that

UNtk =UN-k, TNik=TNn-k (282)

and
dnik = dN—ky €Ntk = EN—k- (283)

Taking 2N = 4000 turns, Q = 0.25, AQmax = 0.05 and AQ i, = 0.005 we
obtain the values of ()1, and @3, plotted in Figure 4. The corresponding
values of T,,, U,, d, and e, are plotted in Figure 5. Here we see that Tj,
increases monotonically until it reaches reaches zero at n = N = 2000.
Rather than passing through zero it then decreases monotonically until it
reaches the value Ty at n = 2N = 4000. Note that since T, < 0 for all n,
we have e,, > 0 for all n.

The exact TBT horizontal and vertical emittances €, and €, obtained
under these conditions (and with parameter w = 7/4) are plotted in
Figure 6. Here the emittances were obtained by iteration of equation
(201) with starting parameters e,o = 0.7, €0 = 0.3, ¢co = 0 and hg = 0.
Note that the emittances are not exchanged in this case. In the next
section we will see that exchange becomes possible if T}, passes through
zero. The corresponding elements ¢, and h,, of normalized beam ellipsoid
matrix &, are plotted in Figure 7.

The approximate horizontal and vertical emittances obtained from
equations (253-256) are plotted in Figure 8. These are overlayed on the
exact emittances in Figure 9. Here we see that there is good agreement
up to turn 2000. This is also seen in Figure 10 where the differences
(approximate minus exact) are plotted. Note that for both the exact and
approximate emittances the sum of the horizontal and vertical emittances
is rigorously conserved as shown in Sections 4.4 and 4.5.
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The condition for good agreement between the exact and approximate
emittances is that the parameter 7, defined by equations (232) vary
sufficiently slowly. A possible criterion for slow variation is suggested by
the condition for adiabatic invariance [13]. One may expect that if the
change in 7, over one period of oscillation at the difference frequency
Q1 — Q2 is small compared to 7),, then the difference between the
approximate and exact emittances will remain small. Let us define
adiabatic parameter

m+1 — Mn
N (284)
where
Tn = |1/AQ,] (285)

is the period of oscillation at the difference frequency. The criterion for
sufficiently slow variation of 7, then becomes

£ < 1. (286)

The parameter &, is plotted in Figure 5. Here we see that the condition
(286) is satisfied except in the region near n = 2000. The agreement
between exact and approximate emittances is actually good up to

n = 2000 but then becomes poor on subsequent turns. In order to improve
the agreement we can reduce 7,11 — 9, by reducing AQmax from 0.05 to
0.025. We then obtain the parameters T,,, U, d,, e, and &, plotted in
Figure 11. Here we see that &, is reduced by a factor of 2. The
corresponding exact and approximate emittances and their differences are
plotted in Figures 12, 13 and 14. Comparing with Figures 9 and 10 we
see that the difference between exact and approximate emittances is also
reduced by a factor of 2.

4.8 Approximate Equations for Emittance Exchange

In the previous section we found that the horizontal and vertical
emittances are not exchanged even though T, goes to zero. Here we show
that exchange can occur if T}, passes through zero.

For 0 <n < N we let the TBT tunes be given by (270-272) as before, but
now for

N+1<N+k<2N (287)

we take
QiN+k) = Qon—k), Qav+r) = QuN—k)- (288)
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Thus the tunes @1, and @9, are “flipped” for n > N and we have

UNik = 2cos {277@2(N_k)} — 2cos {2le(N_k)} = —-Un_g. (289)
It then follows that
TNtk =—TN-k (290)
and
ANtk =dN—k; ENtk = —EN_k- (291)
(Here as before we take e, > 0 for T,, < 0 and e, <0 for 7,, > 0.)
For m = N + k we have

am+1l  Cp,
Emil = TH )= Qk‘PNgOP]TVQL (292)
Cm—i—l bm+1I
where
Ok = Tnyk - Int2IN+1 (293)
and
Py =1y T17T. (294)
Here R R
Tk = Ry vk Ry, (295)
-~ o dnkI —eni QT ) 5
Ryir = ( en 1O dyd )T Ry, (296)
and
([ Bn—x O _ 1
Unik = ( 0 An ) =JUn_pd (297)
where
_ (01 -1
J_<IO>’ J =17 (298)
We then have the approximate equations
Qr =Ry', {JUn 1T} - {IUN_1T} Ry (299)
and R R R R
QP = {RyL I M IRN 1} {RyVNRG ! (300)

35



where

- ([ Ky O
Mp=UN_1---UN_} = < 0 I, ) (301)
_ - cos @1 sin Py
Ki=An-1- AN = < —sin®y;  cos Py ) (302)
_ _ cos @y, sin Py
Ly =By-1-By-x= ( —sin @y, cos Py, ) (303)
Qip = Yyv—1) + -+ V=) (304)
Dop, = Yov—1) + - + Vov—) (305)
and Vy is given by (237-241) with n = N.
Note that because e,, changes sign as T}, passes through zero, the
approximation R R
R R; =1 (306)
is not valid for j = N. Instead, using (296) we have
Ry, Ry = Ry_1Ry. (307)
Thus using the valid approximation
Ry Ry 1 =1 (308)
we have R R R
Ry_1 = RyRy'Ry_1 = Ry (309)
Ry, Ry =Ry_1Ry =R} (310)
and R R R
QkPy = RyL; {I My, J} R VR (311)
where i
o [ (2d% — DI 2dyenQ
Ry = ( —2dyenQ  (2d% —1)I )° (312)
Here 1
d = € = — 313
N=ev =5 (313)
which gives
o o Of
(% (314)
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and

Sy, 0 LQOf
{IMJ} Ry VN = < _KQ 0 (315)
where
K=K.Ky, L=L.Ly. (316)
Using
-1 doI —eogJ[
RO o ( 6QQ d()I (317)
and ;
1 Akl —en_xQ
Ry .= ( en 1 dy I (318)

we then have

_ t et
{JMkJ}R?VvNR51:< 0 Lo )(dol €ot? ) (319)

-KQ 0 eof)  dpl
592 -1 _ €()L dQLQT
{IMRI}RYVNR, " = ( “dKQ oK (320)
and
-1 D 2 -1 P q
QPn =Ry {IM I} RYVNR, = p Q (321)
where
P q o dN_kI —(:’N_kQ]L eoL doLQJr (322)
P Q N 6N_kQ dN_kI —dQKQ BQK ’
Thus
P = eody_iL + doen K (323)
q = (,’l()cl]\/_k]::QJr - eoeN_kQTK (324)
P = €0€N_kQL - deN_kKQ (325)
Q =dpeny_pL + egdy_ K (326)
and we see that again we have
P=P, g=d (327)
p=p. Q=Q (328)



As shown in Appendix C we then have
Am+1 = G(N - k) — Q(b — a)doeodN_keN_k COS(91 - 02) (329)

b1 = F(N — k) + 2(b — a)doeodN_keN_k COS(91 — 02) (330)
where m = N + k,

b = Yyv_1) +Yrv_2) + -+ Vrvr) T YN (331)
02 = Yov—1) + Yav_2) + -+ Yov_r) + Yan (332)

and
F(n)=a+ (b a){djel + }d2 } (333)
G(n)=b—(b—a){d3el +fd2} . (334)

(The phases ¥y and Uy are given by (240-241) with n = N.) Here
again we have equations that, although approximate, are non-recursive and
give the horizontal and vertical TBT emittances in terms of the known
parameters a, b, dg, €g, dp, e, 01 and 5.

Note that since

dvik = dN—k;s  ENtk = —€N—k (335)
we have

G(N — k) = G(N + k) = G(m) (336)

F(N —k)=F(N +k)=F(m) (337)

and equations (329-330) can be written as

am+1 = G(m) + 2(b — a)dpeod e, cos(f1 — 02) (338)
b+1 = F(m) — 2(b — a)dpeod e cos(61 — 62) (339)

where
N+1<m<2N. (340)
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4.9 Demonstration of Emittance Exchange

Now taking m = N + k = 2N we have

asn 11 = G(0) — 2(b — a)d3e3 cos(hy — o) (341)
ban+1 = F(0) +2(b — a)d3ed cos(6; — 02) (342)
where
th =2V Ny — 1N, B2 =2Wan —thon (343)
and
G(0) =b—2(b— a)d3ed (344)
F(0) =a+2(b—a)died. (345)
Thus
aon11 = b —2(b—a)d3(1 — d3) {1 + cos(6; — o)} (346)
and
boni1 = a+2(b—a)d3(1 —d2) {1+ cos(6; — )} (347)
where
20 —d?) = K 348

Here we see that if K is small or if Tj is large then d3(1 — d2) ~ 0 and
equations (346-347) become

AaN+1 ~ b, b2N+1 ~ a. (349)

Since ag = a and by = b, we see that the TBT emittances (€;, = €ay,
€yn = €by,) are exchanged after 2N turns.

4.10 Emittance Exchange Examples

Taking 2N = 4000 turns, Q = 0.25, AQmax = 0.05 and AQmin = 0.005 in
equations (270-272) and (287-288) we obtain the values of Q1,, and Qay,
plotted in Figure 15. Note that in this case the tunes “flip” at

n = N = 2000. The corresponding values of T},, Uy, d,, e, and &, are
plotted in Figure 16. Here we see that T}, is monotonically increasing and
passes through zero at n = N = 2000. For n < N we have T,, < 0 and

en > 0, while for n > N we have T}, > 0 and e, < 0.

The exact TBT horizontal and vertical emittances €, and €, obtained
under these conditions (and with parameter w = 7/4) are plotted in
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Figure 17. Here the emittances were obtained by iteration of equations
(201) and (292) with starting parameters ;o = 0.7, €0 = 0.3, ¢cp = 0 and
ho = 0. Note that the emittances are indeed exchanged in this case. The
corresponding elements ¢, and h,, of the normalized beam ellipsoid matrix
&, are plotted in Figure 18.

The approximate horizontal and vertical emittances obtained from
equations (253-254) and (338-339) are plotted in Figure 19. These are
overlayed on the exact emittances in Figure 20. Here we see that there is
good agreement over the whole range of 4000 turns. This is also seen in
Figure 21 where the differences (approximate minus exact) are plotted.
In this case there is good agreement even though the parameter &, plotted
in Figure 16 does not satisfy the adiabatic condition (286) in the region
near n = 2000.

Let us now take 2N = 500 turns but keep the other parameters (Q,
AQmax; AQmin, €20, €40, Co, ho and w) the same as in the previous
example. The resonance is then traversed 4000/500 = 8 times faster than
before. This means that the adiabatic parameter &, will be 8 times larger.
The exact TBT horizontal and vertical emittances €, and €, obtained
under these conditions are plotted in Figure 22. Here we see that there is
partial exchange of emittances with large oscillations after turn 250. In
Figure 23 the approximate emittances are overlayed on top of the exact
emittances. The differences (approximate minus exact) are plotted in
Figure 24. As expected the agreement between the approximate and
exact emittances is poor starting around turn 250.

5 Summary

We have shown that the Edwards-Teng parameterization along with the
normalized coupling matrix allows for classification of the one-turn matirx
in terms of parameters A and B. For A > B the one-turn matrix gives
TBT amplitudes in horizontal and vertical planes that are characteristic of
the difference resonance while for B > A the amplitudes are characteristic
of the sum resonance. The conditions B =0 and A = 0 give one-turn
matrices of the same form as those obtained in the hamiltonian treatment
of the difference and sum resonances respectively. Taking B = 0 gives
horizontal and vertical amplitudes that contain only the frequency

Q1 — Q2, while A = 0 gives amplitudes that contain only the frequency
@1 + Q2. This is equivalent to discarding the high-frequency terms in the
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hamiltonian treatment of the resonances. The connection between the
hamiltonian and matrix treatments is discussed further in Ref. [14].

Having established that the condition B = 0 is associated with the
difference resonance, we use matrices that satisfy this condition to study
the TBT evolution of a distribution of beam particles under the influence
of the resonance. Rather than track individual particles we track the
parameters of the beam ellipsoid containing the distribution. In particular
we track the parameters of the beam ellipsoid projections onto the
horizontal and vertical planes; these give the horizontal and vertical
emittances. Tracking the ellipsoid parameters amounts to iteration of the
equation

E,.1 = T,E, T} (350)

as described in the text. It is assumed that the Courant-Snyder
parameters appearing in the matrices T, are independent of n. This
simplification leads to the normalized equation

Ens1 = ThELT] (351)

which paves the way for a set of approximate non-recursive equations
giving the TBT emittances. These equations are of the same form as those
of Ref. [12]. The approximate emittances agree well with the “exact” ones
obtained iteratively provided the “adiabatic” condition described in the
text is satisfied. For both the approximate and exact emittances, the TBT
sum of the horizontal and vertical emittances is rigorously conserved. Both
the exact and approximate equations demonstrate that the exchange of
horizontal and vertical emittances can occur when the matrix parameter
T, passes through zero.

6 Appendix A

Let
(P q
T = ( p Q ) (352)

be a four-by-four symplectic matrix where P, q, p, and Q are two-by-two
matrices that satisfy
=q (353)

q
p=p,, Q=Qf (354)
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And let

CLoI C(]
& = 355
0 < 5 ) (355)
where ag and by are numbers and Cy is a two-by-two matrix that satisfies
Co=0C. (356)
Writing
Fi G
E =TET = 357
V= Té < o o ) (357)
we want to show that
Fir=a1l, G =hl (358)
and
Ci=C| (359)

where a; and b; are numbers and

a1 + by = ag + bg. (360)

Carrying out the matrix multiplications in (357) and using (353-354) we
find that

F1 = aoPP + bodq + q@of + PCyq (361)

G1 = appP + bQQ + QCop + pCoQ (362)
and o _ .

C1 = aoPp + bpqQ + qCop + PCQ. (363)

Then using symplectic conjugate properties (12) and (13) we have

Fir=ail, G =hl (364)
where
a; = ap|P| + bola| + Tr(qCoP) (365)
and _
b1 = ag|p| + bo|Q| + Tr(QCoP)- (366)

This proves (358). Using (353-354) we also have
Cl = aopP + byQd + pCog + QCoP =C; (367)

which proves (359).
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Now since the matrix 7 is symplectic, its two-by-two submatrices must
satisfy

Pl +[pl=1, |Q|+lal=1 (368)
Pl=1Ql, |p|l=ldq (369)

and B B
Pq+pQ=0, Pp+qQ=0 (370)

as shown by Brown and Servranckx [7]. We therefore have
ar + b1 = ag + by + Tr(q CoP) + Tr(QCoP) (371)

and
Tr(qCoP) + THQToP) = Tr {Co(Pa +PQ)f =0 (372)

which proves (360).

The sum of the projected horizontal and vertical emittances is therefore
conserved under the assumed conditions. Moreover, if another transfer
matrix 7; having the same properties as 7 is applied to form &, = ’2'151’2'1T,
the sum of the emittances will again be conserved. Thus, if we proceed in
a series of steps with transfer matrices 7,, all having the same properties as
7T, the sum of the projected horizontal and vertical emittances will remain
constant.

7 Appendix B

Here we work out the details of the computation of a1, b1 and Cy.
Equations (368) and (369) give

la =1 [P (373)
so the expression for a; becomes

ar = ag|P|+bo {1~ [P} + Tr(qCoP)
= ag+ (bo —ao) {1 — [P} + Tr(qCoP). (374)

Then since the sum (360) is conserved we have
b1 =ag+by— ai. (375)

So to obtain a; and b; we need to compute |P| and Tr(qCoP).
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Now it follows from equations (353-354) and (356) that matrices P, q, p,
Q and Cy are of the form

and

Thus

qE()F = <

an=<

and

Tr(qCoP) = 2{(q11c0 + q12ho) P11 + (q12c0 — q11ho) P12}

Py Pra
P = R =
< —Pip Py ) 4 <

_ P11 D12 _
P <—p12 p11>’ Q <—Q12

|P| = P} + P}

g1 Q12 co —ho
—q12  q11 ho  co
q11co + qi2ho  qi2co — q11ho
q11ho — qi2co  q11co + qi2ho

For the computation of

we have

and

where

- cr h

c1 = ao(PP)11 + bo(aQ)11 + (qCoP)11 + (PCoQ) 11

hi = ao(PP)12 + bo(aQ)12 + (aCoP)12 + (PCoQ)12

_ Pi1 Prio D11
Po —

P < —Pp Py ) < D12
- _ q11 412 Q11
qaQ < —q12  q11 ) < Q12
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(377)

(378)

(379)

(380)

(381)

(382)

(383)

(384)

(385)

(386)
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(PP)11 = Puipi1 + Piapio,

(@Q)11 = ¢11Q11 + q12Q112,

qCop = < a1
—q12

= _ co + qi2h co — q11h
qup:<q110 q12n0  q12€0 — q11 0)(

q12 co —ho
q11 ho o

qi1ho — qi2co  qi1co + qi2ho

)

p11
P12

Pp11
P12

(PP)12 = Piap11 — Puipiz

(q@m = q12Q11 — q11 Q12

—P12

P11
—P12
b11

(@CoP)11 = (q11¢0 + q12ho)p11 + (q12¢0 — q11h0)P12

(@CoP)12 = (qi2¢c0 — q11ho)p11 — (q1co + qizho)p12

= P11 Pia co ho
PCQ = < —Pi2 Py ) ( —ho ¢ ) <

Piico — Priah

o Piiho+ Piaco

PCQ =
€oQ < —Piacg — Piihg  Prico — Piahg

(PCoQ)11 = (Pr1co — Pi2ho)Q11 + (Pi1ho + Pi2co) Q12

and

I

Qu
Q12

Qu
Q12

—Q12
Qn

—Q12
Qu

(PCyQ)12 = (Pr1ho + Pr2c0)Q11 — (Prico — Piahg)Q1a.

8 Appendix C

Consider the case in which

and

P = dodA + egeBB

Co=0
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(389)
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390)

(391)

(392)

(393)

(394)

(395)

(396)

(397)
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(399)



where

—sin;  cosy —sints  cosyo

A:< cosyy  siny; )7 B:< coS Yo sinw2>
and
Bred=1 d*+ée =1

As shown in Appendix A we then have

ar = ag + (bo — ag) {1 — |P[}

and
b1 = bo — (bo — ao) {1 — [P[}.
Here
|P| = P% + P}
11 12
where
P11 = dod cos i1 + ege cos Py
and
P1o = dodsinyy + egesin .
Thus
|P| = d2d? + e2e? + 2dpegde {cos by cos g 4 sin 1y sin s}
and using
€os 1)1 €os Yo + sin Yy sin g = cos(P1 — 1)
d3d* + ke = d3(1 — €?) + (1 — d?)
Bd* + ek =1— {d%e2 + e%dZ}
we have
Pl=1- {dge2 + e%d2} + 2dpegde cos(p1 — 2)
and

1 — |P| = d3e? + e2d? — 2dgegde cos(1py — o).
Using this in (402) and (403) then gives

a; = F — 2(b0 — ao)doeode COS(lﬁl — 1/12)

and
by = G + 2(by — ag)dpepde cos(1p1 — 19)
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(401)

(402)

(403)

(404)

(405)

(406)

(407)

(408)
(409)
(410)

(411)

(412)

(413)

(414)



where
F =ap+ (bg — ag) {d%ez + 68(12}

G = by — (bo — ao) {dje? + efd? } .
Consider now the case in which
P = dye A + egdB

and
Co = 0.

We then have
a1 = ag + (bo — CL()) {1 — ’P’}

b1 = bo — (bo — ao) {1 — |P[}
P11 = dpecos iy + epd cos g
Py = dpesin iy 4 epd sin 1o
|P| = d2e?® + e3d? + 2dpegde {cos by cos g 4 sin 1y sin s}

and
1-|P|=1- {dge2 + e%d2} — 2dpepde cos(1p1 — ).
Thus
a1 = G — 2(by — ag)dpegde cos(1h1 — 1))
and
by = F + 2(by — ag)doepde cos(1)1 — 19)
where
G = by — (bo — ag) {d362 + e(%dz}
F=qy+ (bo — (10) {dgez + e%d2} .
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Figure 1: Horizontal and vertical amplitudes J, and J, and their sum versus
turn plotted in black, red and blue respectively. Here normalized coupling
matrix parameters A = 0.6 and B = 0.06. The small-amplitude high-
frequency oscillations seen on all of the curves are due to the parameter B
being small but nonzero.
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Figure 2: Amplitudes J, and J, and their sum obtained with normalized
coupling matrix parameters A = 0.6 and B = 0. Here the high-frequency
oscillations are gone and the sum is constant.

49



15

0.5 [ W W |11

O|||||||||||||||||||||||||||||||||||||||

0 20 40 60 80 100 120 140 160 180 200

Figure 3: Amplitudes J, and J, and their difference plotted in black, red and
green respectively. Here normalized coupling matrix parameters A = 0.05
and B = 0.5. The small-amplitude high-frequency oscillations seen on all of
the curves are due to the parameter A being small but nonzero.
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Figure 4: Normal-mode tunes Q1 and Q2 versus turn number n. Here the
black curve is ()1, and the red curve is ()2,. These tunes are given by
equations (270-274) with @ = 0.25, AQmax = 0.05, AQmin = 0.005 and
2N = 4000.
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0
Figure 5: Parameters U,, T,, d,, e, and &, plotted in black, red, blue,

green and violet, respectively, for the tunes shown in Figure 4. Note that
T, reaches zero at n = N = 2000 but does not pass through zero.
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Figure 6: Exact horizontal and vertical emittances €, and €, plotted in
black and red, respectively, for the tunes and parameters of Figures 4 and 5.
These were obtained by iteration of equation (201) with starting parameters
€z0 = 0.7, €40 = 0.3, co = 0 and hg = 0. The emittances are not exchanged
in this case.
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Figure 7: Elements ¢,, and h,, of normalized beam ellipsoid matrix &£, plotted
in green and blue, respectively, for the tunes and parameters of Figures 4
and 5.
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Figure 8: Approximate emittances €, and €, plotted in black and red,

respectively, for the tunes and parameters of Figures 4 and 5. These were
obtained from equations (253-256).
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Figure 9: Overlay of approximate on exact emittances from Figures 6 and
8. The approximate emittances are shown in gold and blue. Note that there
is good agreement up to turn 2000.
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Figure 10: Difference between exact and approximate emittances from Fig-
ure 9. The horizontal and vertical differences (approximate minus exact)
are shown in black and red respectively.
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Figure 11: Parameters U, T}, d,, e, and &, plotted in black, red, blue,
green and violet, respectively, for the case in which Qax is reduced from
0.05 to 0.025. Comparing with Figure 5 we see that the adiabatic parameter
&, is reduced by a factor of 2.
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Figure 12: Exact emittances e;, and €,, plotted in black and red, respec-
tively, for the case in which Qupax is reduced from 0.05 to 0.025.
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Figure 13: Overlay of approximate on exact emittances for the case in which
Qmax 1s reduced from 0.05 to 0.025. The approximate emittances are shown
in gold and blue. Note the improved agreement between approximate and
exact emittances.
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Figure 14: Difference between exact and approximate emittances for the case
in which Qmax is reduced from 0.05 to 0.025. Comparing with Figure 10 we
see that the differences have been reduced by a factor of 2.
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Figure 15: Normal-mode tunes QQ1,, and ()2, plotted in black and red respec-
tively. These tunes are given by equations (270-272) and (287-288) with
Q@ = 0.25, AQmax = 0.05, AQmin = 0.005 and 2N = 4000.
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Figure 16: Parameters U, T}, d,, e, and &, plotted in black, red, blue,

green and violet, respectively, for the tunes shown in Figure 15. Note that
T, is monotonically increasing and passes through zero at n = N = 2000.

o6



0.75 T

0.7

u\lv'l LA

0.65

0.6

0.55

0.5

0.45

0.4

0.35

AW A

0.3

500 1000 1500 2000 2500 3000 3500 4000

0.25

O Ty

Figure 17: Exact horizontal and vertical emittances €., and €, plotted in
black and red, respectively, for the tunes and parameters of Figures 15 and
16. These were obtained by iteration of equations (201) and (292) with
starting parameters €,0 = 0.7, €,0 = 0.3, ¢g = 0 and hg = 0. The emittances
are exchanged in this case.
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Figure 18: Elements ¢, and h, of normalized beam ellipsoid matrix &,
plotted in green and blue, respectively, for the tunes and parameters of
Figures 15 and 16.
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Figure 19: Approximate emittances €, and €, plotted in black and red,
respectively, for the tunes and parameters of Figures 15 and 16. These were
obtained from equations (253-256) and (338-339).
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Figure 20: Overlay of approximate on exact emittances from Figures 17 and
19. The approximate emittances are shown in gold and blue. Note that
there is good agreement over the whole range of 4000 turns.
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Figure 21: Difference between exact and approximate emittances from Fig-
ure 20. The horizontal and vertical differences (approximate minus exact)
are shown in black and red respectively.
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Figure 22: Exact horizontal and vertical emittances e;, and ey, plotted
in black and red, respectively, for the same parameters as before but with
2N = 500 turns.
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Figure 23: Overlay of approximate on exact emittances from Figure 22. The
approximate emittances are shown in gold and blue. Note that there is good
agreement up to about 200 turns; afterward the agreement is poor.

0.2 [

0.1

0.05

-0.05

-0.1

-0.15

e YY) SN N I I I T S S W S
0 50 100 150 200 250 300 350 400 450 500

Figure 24: Difference between exact and approximate emittances from Fig-
ure 23. The horizontal and vertical differences (approximate minus exact)
are shown in black and red respectively.
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