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Simulations of Merging and Squeezing Bunches
in Booster and AGS

C.J. Gardner

July 30, 2012

During the 2012 RHIC run, uranium, gold, and copper ions from EBIS
were accelerated in Booster and AGS and delivered to RHIC for the
physics program. In order to achieve the desired number of ions per bunch
in RHIC, it was necessary to merge bunches in both Booster and AGS.
After the bunches are merged in AGS, they need to be squeezed into
harmonic 12 buckets for subsequent acceleration. In this note we carry out
simulations of bunch merging and squeezing in Booster and AGS. These
are meant to serve as benchmarks for what can be achieved in practice. In
Booster the total longitudinal emittance of the 4 bunches to be merged is
taken to be 0.15 eV's per nucleon. In AGS the total for each group of 4
bunches to be merged is taken to be 0.60 €V s per nucleon. The
simulations show that the RF voltages currently available in Booster and
AGS are sufficient for merging and holding the merged bunches in RF
buckets. The voltages available in AGS are not sufficient for completely
squeezing the merged bunches into harmonic 12 buckets.

The merging of bunches is treated in sections 9 through 12. The required
squeezing into harmonic 12 buckets is treated in sections 13 and 14.
Debunching and rebunching beam as an alternative to merging bunches in
Booster is treated in section 15. For completeness, sections 1 through 8
give a derivation of the turn-by-turn equations of longitudinal motion at
constant magnetic field. The derivation is based on the work of
MacLachlan [1]. The reader may wish to skip over these sections and start
with section 9.



1 Synchronous Parameters

Let 2rR and p be the circumference and radius-of-curvature of the design
orbit in a given ring, and let B and 27w R be the magnetic field and orbit

circumference for the synchronous particle. We assume that B and R, are
given and calculate the other synchronous particle parameters in terms of
these. The radius-of-curvature of the synchronous particle is

Ps = p(Rs/R)l/a (1)

where

1
Oé:—2

(2)
Vi

is the “momentum compaction” factor and -y is the transition gamma of
the ring. The momentum of the synchronous particle is given by

cps = eQQ Bpg (3)

where e is the proton charge and e is the charge of the particle. The
energy is

Es = /(cps)? + m2ct (4)

where m is the mass of the particle. The synchronous 3, v and angular
velocity are

Bs = Cps/E57 Vs = Es/(mCQ)y Ws = Cﬂs/Rs- (5)
The revolution period and frequency of the synchronous particle are

2w 1
T, = — = —. 6
S wsa fS Ts ( )

We also define the phase slip factor

M= =5 = = 7
2 A2 )



2 Time Equation

We consider a ring with a single RF gap. Let 7)) and T;, be respectively
the times at which the synchronous and asynchronous particles make their
nth pass through the gap. The synchronous particle experiences no
acceleration in the gap and revolves around the ring with constant angular
velocity wgs. Thus

2m
w1 =T+ — (8)
S
and taking 77 = 0 it follows that
T7§+1 — nTs- (9)

Similarly, for the asynchronous particle we have

2
Thy1 =T+ — (10)

n

where w,, is the angular velocity just after the nth pass through the gap.
Defining

tnp1 =Tnpr =Ty, tn=T,-1T, (11)
we then have
1 1 —
tnit = tn + 27 (— - —) =ty + (”S ””)TS. (12)
Wy Ws Wn,

3 Energy Equation

Now let E,, be the energy of the asynchronous particle just after its nth
pass through the gap. Then we have

Eni1=E, +eQV(Tht1), (13)

where V(T') is the voltage across the gap at time T'. Since the synchronous
particle undergoes no acceleration we must have

V(T;) =0 (14)
for all n. We assume that

V(T +Ts/h) =V (T) (15)



where h is a positive integer called the fundamental harmonic. It then
follows that
V(T +nTs) =V(T). (16)

In terms of F,,, the other asynchronous parameters are

cpn =/ E2 —m2ct, B, = cpn/En (17)

and
c
Pn = egnB’ R, = R(pn/p)aa Wn = Cﬂn/Rn (18)
Define
En4+1 = En+1 - ES) €p = En - ES' (19)
Then using
TnJrl = tn+1 + Terl = thrl + nTs (20)
we have
V(Ton) = Vitns1) (21)
and
ent+1 = en + eQV (tni1). (22)
This, together with
Ws — Wnp
tht1 =tn + T T (23)
n

gives the turn-by-turn longitudinal motion of the asynchronous particle.

4 Symplectic Map

The Jacobian matrix elements for the map from (t,, e,) to (tn41, €nt1) are

Otnir  Otupn . O(1/w,)
ot, L e, 2m Oe,, (24)
Oent1 _ gy 9nt1 _ y0(1/wn)
o, =eQV’, de, =1+ 2meQV de., (25)

where V' is the derivative of V' with respect to T at time T},11. Thus we

have ot ) ot B
n+1 Entl) n+1 €n+1\

and the map is symplectic. This guarantees that the map preserves area.




5 Approximate Time Equation

Writing

and expanding we have

Ws - <wn—ws> n (wn—ws)Q_ <wn—ws>3+.”
Wn, Wg Wg Wg

To first order in p, — ps and F,, — Es we also have

() o (o), (Bl
Ws ° Ds 3 ﬁgEs '

Thus to first order

and (23) becomes

This together with
€nt+l = €n + €Qv(tn+1)

again produces a symplectic map from (¢, e,) to (tnt1, €nt1)-

6 Phase and W Equations

Let us now introduce new variables

¢n = hwst,, W, = Cn .
hws

Here ¢,, is the phase that corresponds to time t,, and W,, is defined so

(27)

(33)

that the transformation from (¢, e,) to (¢n, Wy) is symplectic. Note that
¢n, varies from —m to +m as t,, varies from —Ts/(2h) to +T5/(2h). In terms

of the new variables equations (31) and (32) become

h2w2ns
oo =one (R

(34)



and

_ eQ ¢>n+1>
Wisr = Wi + T, (%h) % ( ). (35)
Defining
hw2ns
and 0 p
_ [ &< n+1
F(pnt1) = (277;1) % ( o, ) (37)
we then have
¢n+1 = ¢p +al Wy, (38)
and
Whg1 = Wy + ToF(dn41)- (39)

These equations again generate a sympletic map. Note that since V' (0) =0
and V(T + T5/h) = V(Ts) we have

F(0) =0, F(¢+2r)=F(¢). (40)

Since we are interested in the momentum deviation p,, — ps, it is useful to
have an expression for this in terms of W,,. Using (29) and (33) we find

(pnp—s ps> _ (EZ;E,ZES) _ (;‘ES) Wi, (41)

7 Fixed Points of the Motion

Fixed points of the motion are points (¢¢, Wy) that are unchanged by (38)
and (39). For these points we must have

F(¢y) =0, W;=0. (42)

Since F'(0) = 0 we see that the point (0, 0) is a fixed point.

If a particle launched near a fixed point stays close to the fixed point, the
fixed point is said to be stable. In the Appendix we show that below
transition (a < 0) a fixed point is stable if

F'(¢r) >0 (43)

and unstable if
F'(¢5) < 0 (44)

6



where the primes denote differentiation with respect to ¢. Similarly above

transition (@ > 0) a fixed point will be stable if

F/(gf)f) <0

and unstable if
Fl(¢y) > 0.

8 RF Buckets

Consider the hamiltonian

H(6,1) = 5 alW? + U(9)

where oU
— = —F(¢).
55 = F@
The equations of motion are
dp  OH
ar ~ow =
aw OH
_— —— = F
o 96 (¢)

and we have

dH _9H _ 90U
dt ot ot

(45)

(46)

(51)

The hamiltonian is therefore a constant of the motion if U has no explicit
dependence on time. This constraint can be used to determine the extent

of the regions of bounded motion generated by H.

The fixed points are the same as those for the motion generated by (38)

and (39). They are given by (42). Let

Ups = U"(¢y)

where the primes denote differentiation with respect to ¢. Then below

(52)

transition (a < 0) the fixed point will be stable if Ugy < 0 and unstable if
Usey > 0. Similarly above transition (a > 0) the fixed point will be stable if

U¢¢ > 0 and unstable if U¢¢ < 0.



Let H, be the value of H at an unstable fixed point (¢,, 0). Then

Hy =U(¢u) (53)
and the equation
H(¢,W) = H, (54)
can be solved to obtain
2
W2(@) = ~{U(¢u) = U(9)}- (55)

The curve W (¢) is called the separatrix. Differentiating W?2(¢) with
respect to ¢ we obtain

dWw? 2
o Z—EU(@ (56)
and 2T )
26 " a U"(¢) (57)

which shows that W?(¢) reaches a local maximum at each stable fixed
point. The area around a stable fixed point and bounded by the separatrix
is an RF bucket. This is the extent of the region of bounded motion
around the fixed point. The beam contained in the RF bucket is called a
bunch. The height W}, of the bucket is given by

W2 = 2060~ U(6) (58)

where ¢, is the stable fixed point phase.

First-order symplectic integration [2] of (49) and (50) from time ¢ to time
t + T yields
Pt +Ts) = o(t) + aT,W (1) (59)

and

W(t+Ts) =W(t) + TsF(p(t + Ts)). (60)

These are the same as (38) and (39). This suggests that the motion
generated by the hamiltonian approximates that generated by (38) and
(39). To the extent that this is true, the regions of bounded motion
generated by H will approximate those generated by (38) and (39).



9 Capturing Unbunched Beam into RF Buckets

For simulations that start with bunched beam we want an initial beam
distribution that consists of 4 bunches in 4 adjacent harmonic 4h buckets.
To obtain this we start with a uniform distribution of unbunched beam
consisting of an 80-by-80 array of particles which cover the region

o1 <¢<¢r, -Wir<W<W; (61)
where
pr=m (62)
and E ET.
o 1 LiIls
Wr = hws  2wh’ (63)

Here E; is the energy half-width of the unbunched beam. Note that
according to (33) the phase ¢ varies from —7 to +7 as the time deviation ¢
varies from —T5/(2h) to +75/(2h). This means that the region defined by
(61) occupies 1/h of the ring. The area of the region is

€= (207)(2W;) = 2E,T} /h. (64)

This is the longitudinal emittance of the unbunched beam (in 1/h of the
ring).
To capture the beam into 4 adjacent harmonic 4h buckets we take

F(¢) = —Asindé (65)

in (38) and (39). During capture A is raised slowly and quadratically from
zero to A¢ over time interval 0 < T < T according to

T 2
AT) = Ac (1) (66)
where oV
_ eQVc
c=5 (67)

and Vi is the RF harmonic 4h voltage at time 1. The time T is chosen
to be long enough to ensure that the longitudinal emittance of the 4
bunches is as close to that of the initial distribution of unbunched beam as
practical.



10 Formulae for Merging 4 Bunches into 1

To simulate the merge of 4 bunches into 1 we take
F(¢p) = Aysing — Agsin2¢ — Aysinde (68)

in (38) and (39). The parameters A;, Az and Ay are either zero or
positive. They are varied slowly during the merging process. Note again
that the phase ¢ varies from —n to +7 as the time deviation ¢ varies from
—Ts/(2h) to +T5s/(2h).

In order to satisfy (48) we take
1 1
U(¢) = Ay cos ¢ — 5142 cos 2¢ — ZA4 cos 4¢ (69)
which gives
U"(¢) = — A1 cos ¢ + 2As cos 2¢ + 4 A4 cos 4¢. (70)

This is positive at phases
Gy = £ (71)

which shows that these are unstable fixed point phases below transition.
Using (71) in (69) gives

Ulpu) =—A1— 5 — — (72)

which can be used in (55) to obtain the separatrix.

Starting with 4 bunches in 4 adjacent harmonic 4h buckets, the merge is
done in two steps. First the 4 bunches are merged into 2 and then the 2
are merged into 1. The merge of 4 bunches into 2 takes place over the time
interval 0 < T < Tk. During this time A; is held at zero, A, is raised
linearly from zero to Ag, and Ay is lowered linearly from A¢ to zero. Thus

A(T) =0 (73)
and
T T —T
Ay(T) = Ag (T—K) AT = Ac ( ‘= ) (74)
Here e cQVi eQVe .
K 2rh -’ ¢ 2mh (75)



where Vi is the harmonic 2h voltage at time T = Tk and V¢ is the
harmonic 4h voltage at time 7' = 0.

The merge of 2 bunches into 1 takes place over the time interval
T <T <Tr. During this time Ay4 is held at zero, A; is raised linearly
from zero to Ay, and As is lowered linearly from Ag to zero. Thus

T-Tgk

T, —T
nn = (=) wm=an () 0
and
Ay(T) = 0. (77)
Here . Qv 78)
L= "9

where V7, is the harmonic h voltage at time 77..

11 Merging Bunches in Booster

Beam from EBIS is injected into Booster and captured into 4 harmonic 4
buckets. The resulting 4 bunches are accelerated to a constant-field porch
where they are merged into 1 bunch. Capture and acceleration to the
porch are done with the A3 and B3 RF cavities. For Au32+ ions the
harmonic 4 frequency on the porch is 4f; = 1.860 MHz. The merge from 4
to 2 bunches is done with the A6 and E6 cavities operating at frequency
2fs = 0.930 MHz. The merge from 2 to 1 bunches is then done with the
A3 and B3 cavities operating at frequency fs = 0.465 MHz.

To simulate the merges we start with 4 bunches of Au32+ ions on the
porch. These are obtained from a uniform distribution of unbunched beam
as described in section 9. Here we take fundamental harmonic h = 1. We
use capture time T = 30 ms and harmonic 4 voltage Vo = 2.0 kV in (65),
(66) and (67). The longitudinal emittance of the initial distribution of
unbunched beam is taken to be 0.15 eV s per nucleon. Figure 1 shows the
resulting bunches in the 4 buckets on the porch. One can see by inspection
that the emittance of the 4 bunches is close to that of the initial
distribution.

The merge from 4 to 2 bunches is shown in Figures 2 and 3. Here the
harmonic 4, 2, and 1 voltages were programmed according to (73), (74)
and (75) with the harmonic 4 voltage going from Vi = 2.0 kV to zero, the

11



harmonic 2 voltage going from zero to Vg = 1.0 kV, and the harmonic 1
voltage held at V, = 0. The merge time was Tk = 7.5 ms.

The merge from 2 to 1 bunches is shown in Figures 4 and 5. Here the
harmonic 4, 2, and 1 voltages were programmed according to (76), (77),
and (78) with the harmonic 2 voltage going from Vi = 1.0 kV to zero, the
harmonic 1 voltage going from zero to V;, = 1.0 kV, and the harmonic 4
voltage held at Vo = 0. The merge time was Ty, — Tk = 7.5 ms.

The final merged bunch shown in Figure 5 has tails which makes the
effective emittance larger than that of the initial 4 bunches. This is a
result of the short total merging time of 15 ms. In practice we are limited
to this time in order to avoid introducing potentially harmful harmonics on
the local power grid. Figure 6 shows the final bunch for the case in which
the two merge times are doubled. The effective emittance in this case is
noticeably reduced.

12 Merging Bunches on AGS Injection Porch

Bunches from Booster are injected into harmonic 16 buckets on the AGS
injection porch. Each group of 4 adjacent bunches is then merged into 2
bunches by bringing on harmonic 8 voltage with RF cavity KL while
reducing the harmonic 16 voltage. The 2 bunches are then merged into 1
by bringing on harmonic 4 voltage with RF cavity L10 while reducing the
harmonic 8 voltage. For Au77+ ions the harmonic 16 frequency on the
porch is 16 f; = 2.61 MHz.

To simulate the merges we start with 4 adjacent bunches of Au77+ ions on
the injection porch. These are again obtained from a uniform distribution
of unbunched beam as described in section 9. Here we take fundamental
harmonic h = 4. We use capture time T = 50 ms and harmonic 16
voltage Vi = 40 kV in (65), (66) and (67). The longitudinal emittance of
the unbunched beam is taken to be 0.60 eV s per nucleon. Figure 7 shows
the resulting bunches in 4 buckets on the porch. One can see by inspection
that the emittance of the 4 bunches is close to that of the initial
distribution.

The merge from 4 to 2 bunches is shown in Figures 8 and 9. Here the
harmonic 16, 8, and 4 voltages were programmed according to (73), (74)
and (75) with the harmonic 16 voltage going from Vi = 40 kV to zero, the
harmonic 8 voltage going from zero to Vx = 22 kV, and the harmonic 4

12



voltage held at Vi, = 0. The merge time was T = 15 ms.

The merge from 2 to 1 bunches is shown in Figures 10 and 11. Here the
harmonic 16, 8, and 4 voltages were programmed according to (76), (77),
and (78) with the harmonic 8 voltage going from Vi = 22 kV to zero, the
harmonic 4 voltage going from zero Vi, = 22 kV, and the harmonic 16
voltage held at Vo = 0. The merge time was 17, — Tx = 15 ms. The total
time for merging the 4 bunches into 1 bunch was 77, = 30 ms.

One can see by inspection that the emittance of the final merged bunch
shown in Figure 11 is close to that (0.60 eV's per nucleon) of the initial
distribution of unbunched beam. It is easily held in the harmonic 4 bucket
with voltage Vi, = 22 kV. For subsequent acceleration this bunch needs to
be squeezed into a harmonic 12 bucket. This is discussed in the next two
sections.

13 Formulae for Squeezing Bunches

To simulate the squeezing of a harmonic h bunch into a harmonic 3h
bucket we take

F(¢) = A1sing + Agsin2¢ + Agsin 3¢ (79)

in (38) and (39). The parameters A;, A2 and As are either zero or
positive. They are varied slowly during the squeezing process. Note again
that the phase ¢ varies from —7 to +7 as the time deviation ¢ varies from

—Ts/(2h) to +Ts/(2h).
In order to satisfy (48) we take

1 1
U(¢) = Ay cos ¢+ §A2 cos 2¢ + §A3 cos 3¢ (80)
which gives
U”(Cb) = —Ajcosp — 245 cos2¢p — 3A3 cos 3¢. (81)
This is positive at phases
¢y = £m (82)
provided
3A3 > 245 — A;. (83)
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These are then unstable fixed point phases below transition. Evaluating
(80) at phases (82) gives

Ay A
Ulp) = A1 + =2 = 22 (84)
2 3
which can be used in (55) to obtain the associated separatrix.
Now using
sin 2¢ = 2 cos ¢ sin ¢ (85)
and
sin 3¢ = 3sin ¢ — 4sin® ¢ (86)
we have
F(¢) = {Al 1+ 2Aycos ¢+ Ag (4 cos? ¢ — 1) } sin . (87)

This shows that in addition to the unstable fixed point phases (82) we
have fixed point phases given by

Ay + 245 cos ¢ + As (40032 b — 1) — 0. (88)
For the case A3 = 0 we have
Ay +2A5c0805 =0 (89)

which has a solution provided

245 > A;. (90)
Using
cos2¢; = 2cos® ¢y — 1 (91)
we then have )
U'(¢y) = 2—142(2/12 — A1)(242 + A1) (92)

which is positive. The fixed point given by (89) is then unstable below
transition. Evaluating (80) at this point gives
1

U(¢f)=—4A2

(43 +243) (93)

which can be used in (55) to obtain the associated separatrix.
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For the case A3 # 0 the fixed point phases are given by

Ay 1
cosgy =~k E\/AQ +4A5(As — Ay). (94)

To evaluate U(¢) and U”(¢) at ¢ we use
cos2¢ = 2cos® ¢ — 1 (95)

and
cos 3¢ = 4cos® ¢ — 3cos ¢ (96)

which give
Ay 2 As 3
U(¢):Alcoscb+—(2005 ¢—1)+—(4cos gb—SCosqb) (97)
2 3
and
U"(¢) = —Ajcos ¢ — 24 (2 cos? ¢ — 1) — 343 (4 cos® ¢ — 3 cos (b) . (98)
Using (88) we then have
U'(¢r) =245 cos? ¢+ 2(3A3 4+ Ay)cospr + 249 (99)
which is positive if and only if
{245 cos s + (343 + A1)} > (343 + Ay)* — 443, (100)

For the values of A;, As, and A3 considered in this note, U”(¢y) is positive
for the phase given by the upper sign in (94). This is then the phase for an
unstable fixed point below transition. The lower sign gives the phase for a
stable fixed point below transition. Using

Ao 1

_ 2
cos dy ——E+E\/A2+4A3(A3—A1) (101)

in (97) gives U(¢,,) which can be used in (55) to obtain the associated
separatrix.

The squeeze starts at time 717, with

A=A, Ay =0, A3=0. (102)
Here oV,
elVy
A = 1
L 2mh (103)
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where V7, is the harmonic h voltage at time 77..

The first part of the squeeze takes place over time interval T, < T < Tyy.
During this time A; is held at Ay, As is held at zero, and As is raised
linearly from zero to Ag. Thus

T -1y,
A=A, Ay =Ag (m) , A3=0 (104)
where oV,
A = 5T (105)

and Vi is the harmonic 2h voltage at time T = T)y.

The second (and final) part of the squeeze takes place over time interval
Ty <T < Tpy. During this time A; is held fixed at Ay, As is held fixed at
Ak, and As is raised linearly from zero to A4. Thus

T-T
A =Ap, Ay=Ag, As=Ayu <7M) (106)
Tn —Twm
where ov
€ A
Ay = 1
A 2mh (107)

and V4 is the harmonic 3h voltage at time T' = Ty

14 Squeezing Bunches on AGS Injection Porch

Starting with the merged bunch in Figure 11, the harmonic 8 voltage is
raised form zero to Vi = 22 over time interval Ty < T < T according to
(104) with Ty — T1, = 20 ms. The harmonic 4 voltage is held at Vi, = 22
kV. The resulting bunch is shown in Figure 12. Here the separatrix has
been calculated using (80) and (93). Figure 13 shows the harmonic 4 and
harmonic 8 buckets which act together to make the separatrix. Note that
the harmonic 8 bucket acting by itself is not large enough to contain the
bunch.

The left and right sides of the bunch in Figures 12 and 13 lie outside the
region —m/3 < ¢ < 7/3. This means that when the harmonic 12 voltage is
brought on some of the particles in the bunch will end up in the harmonic
12 buckets on each side of the central bucket. This is shown in Figures 14
through 19 where the harmonic 12 voltage is raised from zero to V4 = 180
kV over time T — Tps = 10 ms according to (106) and (107). Here the
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brown separatrix has been calculated using (80) and (84). The black
separatrix has been calculated using (97) and (101). The fraction of
Au77+ ions in the two outer buckets in Figure 19 is 0.089.

Close inspection of the central bunch in Figure 19 and the green ellipse in
Figure 20 shows that the bunch and ellipse are rotated slightly clockwise
with respect to the vertical axis. This is a feature of the motion generated
by (38) and (39) and is discussed in the Appendix. Figure 21 shows the
harmonic 4, 8, and 12 buckets which act together to make the black and
brown separatrices.

If the simulation that produced Figures 7 through 19 is carried out with
the maximum harmonic 4 voltage reduced to Vi, = 18 kV, then one obtains
the squeezed bunches shown in Figures 22 and 23. Here the fraction of
AuT77+ ions in the outer buckets has increased to 0.138.

Carrying out the simulation with the maximum harmonic 4 voltage
reduced further, to V;, = 14 kV, one obtains the squeezed bunches shown
in Figures 24 through 30. In Figure 24 we see that the bucket is just
large enough to contain the bunch. As the harmonic 12 voltage is brought
on, Au77+ ions begin leaking out of the central bucket as in the previous
cases, but now they end up populating two buckets (instead of just one) on
each side of the central bucket. This is shown in Figures 25 through 30.
Here the fraction of Au77+ ions outside the central bucket has increased to
0.180. The fraction in the outermost buckets is 0.075.

These simulations show that having a sufficiently high harmonic 4 voltage
Vp, is critical for keeping the fraction of beam particles that end up outside
the central harmonic 12 bucket as low as possible. Vi, = 22 kV is about as
high as the L10 cavity voltage can go in practice. If this and the harmonic
8 voltage Vi could be raised to 28 kV then the simulation shows that the
fraction outside the central bucket would be reduced to just 0.0043 for a
bunch of Au77+ ions with a longitudinal emittance of 0.60 eV s per
nucleon.

During the 2012 RHIC run the measured fraction [3, 4] of Au77+ ions
outside the central harmonic 12 bucket on the AGS injection porch ranged
from 0.080 to 0.120. The measured emittance [5] of the four Au77+
bunches before merging on the porch was 0.56 eV s per nucleon. The
measured emittance [6] of the bunches after merging but before the
squeeze was also 0.56 eV s per nucleon, showing that the 4-to-2 and 2-to-1
merges conserve emittance.
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15 Debunching and Rebunching Beam in Booster

An alternative to merging bunches on the Booster merging porch is to
debunch the 4 bunches and rebunch the beam into 1 bunch. To simulate

the debunching we use
F(¢) = —Asind¢ (108)

in (38) and (39) with A lowered quadratically from Ap to zero over time
interval 0 < T < Tp according to

Tp — T\?
A(T) :AD< D ) (109)
Tp
where v,
Ap = - (110)

and Vp is the harmonic 4 voltage at time T = 0. Figures 31, 32 and 33
show the debunching of the 4 bunches on the merging porch with Vp = 2
kV and debunching time Tp = 7.5 ms.

To simulate the rebunching of the debunched beam into 1 bunch we use
F(¢) = Asing (111)

with A raised quadratically from zero to Ag over time interval
Tp <T < Tg according to

B T—Tp\>
where v
Ap = 9VE (113)
2w

and Vg is the RF harmonic 1 voltage at time 7. Figures 34 and 35
show the rebunching of the beam on the merging porch with Vg =1 kV
and rebunching time Ty — Tp = 7.5 ms.

Comparing the bunch in Figure 35 with the one in Figure 5 we see that
the tails in 35 are longer, making the effective emittance greater.
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16 Appendix

For motion near a fixed point (¢, 0) we have

F(¢) = —k(¢ — ¢y)

where
k=—F'(¢y).
Equations (38) and (39) then become

¢n+1 - ¢f = (¢n - (bf) +alsWy

and

Wit = Wy — kTs(¢n — ¢5) — akT2W,,.
Defining

d=¢—9r

and o o

xe= () o ()
we then have

Xnt1 = MX,

where
_ 1 aTy
M= < —kTy 1— akT? )
The matrix M has unit determinant and its trace is
T =2 — akT?.

It can be expressed in Courant-Snyder [7] form

M:<C+AS BS )

-GS C - AS
where 1
C:1—§akT3, §?2=1-C?
BS =aTs, 2AS =akT?, GS = kT
and

BG — A* = 1.
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Using (123) in (120) one finds that
G(@nJrla Wn+1) = G((I)ny Wn) (127)

where

G(D, W) = G? + 2ADW + BW2. (128)

This shows that G(®,W) is a conserved quantity for the turn-by-turn
motion generated by (116) and (117).

We assume that k& < 0 below transition and k > 0 above transition. Then
since a < 0 below transition and a > 0 above transition, we have

ak > 0. (129)
We assume further that |k| is small enough to ensure that
7| < 2. (130)

It then follows that |C| < 1 and S? > 0. The parameters S, A, B, and G
are then all real numbers. The sign of S is chosen so that B > 0. We then
have

GO, W)=¢€ (131)
where £ is a real number. With the help of (126) we have
%+ (AD + BW)? = €B (132)
and
W2+ (GD 4+ AW)? = £G. (133)
The maximum possible ® is then
dy = VEB (134)
and the corresponding W is
W(®y) = —g Dyy. (135)
Similarly the maximum possible W is
Wy =VEG (136)
and the corresponding ® is
O(Wyy) = —g Was. (137)
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Here A 1 A 1
= kT - =_ZqaT.,. 138
B~ 27 Tg T gt (138)
This analysis shows that under the conditions we have assumed, a particle
launched close to the fixed point will stay close to the fixed point. The

fixed point is then said to be stable.

We note here that (131) defines an ellipse with area 7€ and
Courant-Snyder parameters A, B and G. Since we have assumed that

k < 0 below transition we also have A < 0. The ellipse is therefore rotated
clockwise with respect to the vertical axis. This can be seen in Figure 20
where the maximum value of W for the particles in the central bunch has
been used in (136) to obtain the green ellipse.

We note also that defining

S
H(P,W) = G(®, W) (139)
2T
and using the identities
SB  a 245 1 SG  k
o1, ~2 or, 2 ar T (140)
we have 1 . .
H(D, W) = §aW2 - 5/@2 + kT, OW. (141)

This is a conserved quantity for the motion generated by (116) and (117).
It shows that the hamiltonian

1 1
H= 5aW2 + 5/@2 (142)
is not conserved. In fact we have
1
H(®W)=H(®,W)— §akTS<I>W (143)
which we can write as
SE 1
H(d = — —akT,® 144
(#.W) = Zr - FakT.OW (144)
where
E=G(D,W). (145)

The first term on the right hand side of (144) is constant but the second
term varies with ® and W.
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Now let
1 = arcsin S (146)

where S is given by (124). Then
C =cosy, S=siny (147)

and following Courant and Snyder [7] we can write

M =TIcos) + Jsine (148)
where
(10 _ A B
c(20) e (48 am
Here
J2=-1 (150)

and it follows that
{Icost + Isine} {Icosx + JIsinx} = Icos(¢ + x) + JIsin(¢p + x). (151)

Thus we have

M" =Icosny + Jsinny (152)
and
¢, = (Cn, + ASy,) Qo + BS, Wy (153)
W, = =G5, @0 + (Cp, — AS,) W (154)
where
Cp =cosny, S, =sinny (155)

and ®¢ and Wy are initial values of ¢ and W. Collecting terms we have
¢, = ®oC,, + (AP + BWY)S,, (156)

W, = WoCh — (GPo + AWp)S), (157)

and therefore
®,, = VEB{Cycos§ — S, siné} = VEBcos(ny + &) (158)

W, = VEG{C, sinx + S, cos x} = VEGsin(ny + x) (159)

where

EB = D3 + (AD( + BW)? (160)
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EG =WE + (G + AWp)? (161)

and
VEBcosé = Py, VEBsiné = —(APy + BWy) (162)
VEGsiny =Wy, VEGcosx = —(GPy + AWY). (163)

These equations give explicitly the turn-by-turn motion near the stable
fixed point.

Note that the synchrotron tune is defined to be

Q.- (164)

2

The synchrotron oscillation period is then

T
P, === 165
0. (165)
For sufficiently small akT? we have
¥ = —Tak (166)
which gives
Qs = Lov/ak, p =T (167)
S o ’ S Vak
For the case oVl
_ (eQVa) .
F(¢) = < oy > sin ¢ (168)
we have stable fixed point phase ¢; = 0 (below transition) and
h2 2 < h2 2 <
ak = —9Va (Dwsne) __ eQV (h7c ) (169)
2rh \ (2E 2h \ R2Ej

For all of the above work we have assumed that k& < 0 below transition and
k > 0 above transition. If instead we assume that k£ > 0 below transition
and k£ < 0 above transition then

ak < 0 (170)

and we see from (122) that the trace of M is greater than 2. One then
finds that a particle launched close to the fixed point will not stay close to
the fixed point. The fixed point is then said to be unstable.
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Figure 1: Four bunches of Au32+ ions in harmonic 4 buckets on the Booster
merging porch. The harmonic 4 frequency is 4fs = 1.860 MHz. The voltage
is Vo = 2.0 kV. The black rectangle is the border of the uniform distribution
used to make the bunches. The longitudinal emittance of the distribution is
0.15 eV s per nucleon. One can see by inspection that the emittance of the
4 bunches is close to that of the initial distribution. The horizontal axis is
the phase ¢ in degrees. The vertical axis is W in units of eV s.
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Figure 2: Halfway through the 4-to-2 merge of the bunches in Figure 1.
Here the harmonic 4 voltage is V/2 = 1.0 kV. The harmonic 2 voltage is
Vi /2 = 0.5 kV. The time from the start of the merge is Tk /2 = 7.5/2 ms.
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Figure 3: Completion of the 4-to-2 merge. Here the harmonic 2 voltage is
Vi = 1.0 kV. The total time for the merge is T = 7.5 ms.
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Figure 4: Halfway through the 2-to-1 merge of the bunches in Figure 3.
Here the harmonic 2 voltage is Vi /2 = 0.5 kV. The harmonic 1 voltage is
V1./2 = 0.5 kV. The time from the start of the 2-to-1 merge is (1, —Tx)/2 =
7.5/2 ms.
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Figure 5: Completion of the 2-to-1 merge. The harmonic 1 voltage is Vi, =
1.0 kV. The total 2-to-1 merge time is T, — Tx = 7.5 ms. The total 4-to-1
merge time is 77, = 15 ms. The fractional momentum spread of the bunch
is Ap/p = £0.00088. The tails seen here make the effective emittance of the
bunch larger than that of the initial 4 bunches. This is a result of the short
total merging time of 15 ms. In practice we are limited to this time in order
to avoid introducing potentially harmful harmonics on the local power grid.
Figure 6 shows the final bunch for the case in which the two merge times
are doubled. The effective emittance in this case is noticeably reduced.
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Figure 6: Same as Figure 5 but with merge times doubled. The effective
emittance of the bunch is noticeably reduced.
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Figure 7: Four bunches of Au77+ ions in harmonic 16 buckets on the AGS
injection porch. The harmonic 16 frequency is 16f; = 2.61 MHz. The
voltage is Vo = 40 kV. The black rectangle is the border of the uniform
distribution used to make the bunches. The longitudinal emittance of the
distribution is 0.60 eV s per nucleon. One can see by inspection that the
emittance of the 4 bunches is close to that of the initial distribution. The
horizontal axis is the phase ¢ in degrees. The vertical axis is W in units of
eVs.
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Figure 8: Halfway through the 4-to-2 merge of the bunches in Figure 7.

Here the harmonic 16 voltage is Viz/2 = 20 kV. The harmonic 8 voltage is
Vi /2 = 11 kV. The time from the start of the merge is Tk /2 = 15/2 ms.
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Figure 9: Completion of the 4-to-2 merge. Here the harmonic 8 voltage is
Vi = 22 kV. The total time for the merge is T = 15 ms.
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Figure 10: Halfway through the 2-to-1 merge of the bunches in Figure 9.
Here the harmonic 8 voltage is Vi /2 = 11 kV. The harmonic 4 voltage is
V1./2 = 11 kV. The time from the start of the 2-to-1 merge is (17, —Tx)/2 =
15/2 ms.
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Figure 11: Completion of the 2-to-1 merge. The harmonic 4 voltage is
Vi = 22 kV. The total 2-to-1 merge time is T, — Tx = 15 ms. The total
4-to-1 merge time is 77, = 30 ms. The fractional momentum spread of the
bunch is Ap/p = £0.0023. One can see by inspection that the emittance of
the bunch is close to that (0.60 eV's per nucleon) of the initial distribution
of unbunched beam. It is easily held in the harmonic 4 bucket.
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Figure 12: Here the merged bunch of Figure 11 has been squeezed by
bringing on the harmonic 8 voltage. The voltage is raised from zero to
Vi =22 kV in 20 ms. The harmonic 4 voltage is held constant at Vi, = 22
kV. The unstable fixed point phases are ¢, = 120 degrees.

36



30

:

10 f— \oo:)oaooo .-, —f

:

-10 f_ oot 00009 _f

-f

_30:.|...|...|.'.|...|...|.:
180 120 60 0 60 120 180

Figure 13: Same as Figure 12 but with the harmonic 4 and 8 buckets
superimposed. These act together with voltages Vi = 22 kV and Vi = 22
kV to make the black separatrix. The harmonic 8 bucket acting by itself is
not large enough to contain the bunch.
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Figure 14: Here the bunch of Figure 12 has been squeezed by bringing on
the harmonic 12 voltage. The voltage is raised from zero to V4 = 18 kV in
1 ms. The harmonic 4 and 8 voltages are held constant at V;, = 22 kV and
Vi = 22 kV respectively. The unstable fixed point phases are ¢, = £96.4
and ¢, = £180 degrees.
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Figure 15: Here, with the harmonic 4 and 8 voltages held at V = 22 kV
and Vi = 22 kV respectively, the harmonic 12 voltage has been raised from
zero to V4 = 36 kV in 2 ms. The unstable fixed point phases are ¢, = +78.8
and ¢, = £180 degrees.
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Figure 16: Here, with the harmonic 4 and 8 voltages held at Vi = 22 kV
and Vi = 22 kV respectively, the harmonic 12 voltage has been raised from
zero to V4 = 54 kV in 3 ms. The unstable fixed point phases are ¢, = +72.8
and ¢, = £180 degrees.
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Figure 17: Here, with the harmonic 4 and 8 voltages held at V = 22 kV
and Vi = 22 kV respectively, the harmonic 12 voltage has been raised from
zero to V4 = 72 kV in 4 ms. The unstable fixed point phases are ¢, = +69.7
and ¢, = £180 degrees.
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Figure 18: Here, with the harmonic 4 and 8 voltages held at V = 22 kV
and Vi = 22 kV respectively, the harmonic 12 voltage has been raised from
zero to V4 = 90 kV in 5 ms. The unstable fixed point phases are ¢, = +67.8
and ¢, = £180 degrees.
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Figure 19: Here, with the harmonic 4 and 8 voltages held at V = 22 kV
and Vix = 22 kV respectively, the harmonic 12 voltage has been raised
from zero to V4 = 180 kV in 10 ms. The unstable fixed point phases are
¢ = £64.0 and ¢, = +180 degrees. The fractional momentum spread of
the central bunch is Ap/p = £0.00484. The fraction of Au77+ ions in the
outer buckets is 0.089.
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Figure 20: Same as Figure 19 but with green ellipse added. The bunch
and ellipse are rotated slightly clockwise with respect to the vertical axis.
This is a feature of the motion generated by (38) and (39) and is discussed
in the Appendix.
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Figure 21: Same as Figure 19 but with the harmonic 4, 8, and 12 buckets
superimposed. These act together with voltages Vi = 22 kV, Vi = 22 kV,
and V4 = 180 kV to make the black and brown separatrices.

45



30—

20

10

0000000000000 RYO 0000

-10

-20

o
|||||||||||||||||||||||||||||

-30 P I T NN S ST N H! o e ey
-180 -120 -60 0 60 120 180

Figure 22: Here the simulation that produced Figures 7 through 19 has
been carried out with the maximum harmonic 4 voltage reduced to Vi = 18
kV. The unstable fixed point phases are ¢, = 114 degrees.
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Figure 23: Here as in Figure 22 the simulation has been carried out with
the maximum harmonic 4 voltage reduced to V; = 18 kV. The unstable
fixed point phases are ¢, = +63.6 and ¢, = £180 degrees. The fractional
momentum spread of the central bunch is Ap/p = +0.00477. The fraction
of Au77+ ions in the outer buckets has increased to 0.138.
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Figure 24: Here the simulation that produced Figures 7 through 19 has
been carried out with the maximum harmonic 4 voltage reduced further to
Vi = 14 kV. The bucket is now just large enough to contain the bunch. The
unstable fixed point phases are ¢, = +109 degrees.
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Figure 25: Here the bunch of Figure 24 has been squeezed by bringing on
the harmonic 12 voltage. The voltage is raised from zero to V4 = 18 kV in
1 ms. The harmonic 4 and 8 voltages are held constant at V7, = 14 kV and
Vi = 22 kV respectively. The unstable fixed point phases are ¢, = £85.4
and ¢, = £180 degrees.
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Figure 26: Here, with the harmonic 4 and 8 voltages held at V; = 14 kV
and Vi = 22 kV respectively, the harmonic 12 voltage has been raised from
zero to V4 = 36 kV in 2 ms. The unstable fixed point phases are ¢, = +74.5
and ¢, = £180 degrees.
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Figure 27: Here, with the harmonic 4 and 8 voltages held at V; = 14 kV
and Vi = 22 kV respectively, the harmonic 12 voltage has been raised from
zero to V4 = 54 kV in 3 ms. The unstable fixed point phases are ¢, = +70.1
and ¢, = £180 degrees.
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Figure 28: Here, with the harmonic 4 and 8 voltages held at V;, = 14 kV
and Vi = 22 kV respectively, the harmonic 12 voltage has been raised from
zero to V4 = 72 kV in 4 ms. The unstable fixed point phases are ¢, = +67.7
and ¢, = £180 degrees.
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Figure 29: Here, with the harmonic 4 and 8 voltages held at V;, = 14 kV
and Vi = 22 kV respectively, the harmonic 12 voltage has been raised from
zero to V4 = 90 kV in 5 ms. The unstable fixed point phases are ¢, = +66.3
and ¢, = £180 degrees.
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Figure 30: Here, with the harmonic 4 and 8 voltages held at V;, = 14 kV and
Vi = 22 kV respectively, the harmonic 12 voltage has been raised from zero
to V4 = 180 kV in 10 ms. The unstable fixed point phases are ¢, = +63.2
and ¢, = £180 degrees. The fractional momentum spread of the central
bunch is Ap/p = £0.00462. The fraction of Au77+ ions outside the central
bucket is 0.180. The fraction in the outermost buckets is 0.075.
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Figure 31: Four bunches of Au32+ ions in harmonic 4 buckets on the Booster
merging porch. The harmonic 4 frequency is 4fs = 1.860 MHz. The voltage
is Vp = 2.0 kV. The black rectangle is the border of the uniform distribution
used to make the bunches. The longitudinal emittance of the distribution is
0.15 eV s per nucleon. One can see by inspection that the emittance of the
4 bunches is close to that of the initial distribution. The horizontal axis is
the phase ¢ in degrees. The vertical axis is W in units of eV s.
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Figure 32: Halfway through the debunching of the bunches in Figure 31.
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Figure 33: Completion of the debunching in 7.5 ms.
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Figure 34: Halfway through the rebunching of the beam in Figure 33.
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Figure 35: Completion of the rebunching in 7.5 ms.
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