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1 Introduction

In this note we obtain the envelope parameters for linear coupled motion
in terms of the transfer matrix for one turn around a machine. The
treatment is equivalent to others found in the literature, but follows more
closely that of Courant and Snyder for the case of uncoupled motion.

2 The One-Turn Transfer Matrix

We shall use T to denote the one-turn transfer matrix, and in this section
we examine its symplectic nature. By definition, the four-by-four matrix T
is symplectic if

TIST =8, (1)
where
01 00 1000
-1 0 o000 » - | 0100
S = 0 0 01’_5_‘0010 (2)
00 -1 0 0001

Taking the inverse of both sides of (1) we obtain T~*$(T%)~* =S and

therefore
S = TST! (3)

which is an equivalent form of the symplectic condition. Now, following
Courant and Snyder [1], we define the symplectic conjugate of a
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two-by-two or four-by-four matrix A to be
A= -SATs, (4)

where S is given by (2) for the case of four-by-four matricies. For
two-by-two matricies we have

a=(dran) s=(03) x=( e ae)
and it follows that (for two-by-two matricies)
AA = AA = (A1 Az — A An)L = |A]L, (6)
A+ A = (A + Ap)I = Tr(A)L (7)
Using (1) and (3) we have
TT = -ST/ST=-82=1, TT=-TSTis=-82=1 (8)

and therefore T = T~! if T is symplectic. Now writing

r- (% x) (9

where M, N, m, n are two-by-two matricies, we have
T (M n M m)\ ( MM+na Mm+aN (10)
“"\m N n N ) | mM+Na mm+ NN

and

TP — M m M n)\ (MM+mm Mn+mN 1
"\ o N mN_ﬁM+Nmﬁn+NN’()

and comparing TT = TT = I with these equations we ﬁ.nd
M|+ |m|=1, |[N|+|nj=1, Mn+mN=0 (12)

and
M|+ |n]=1, |N|+|m|=1, Mm+nN =0. (13)

Equations (12) and (13) are actually equivalent, and, as shown by Brown
and Servranckx [2], they impose a total of 6 independent constraints on




the 16 matrix elements of T. The four-by-four symplectic matrix, T, is
therefore specified by 10 independent parameters. Equations (12) and (13)
also imply the relations

M| = |NJ|, |m|=|n]. (14)

Other properties of symplectic matricies, including the nature of their
eigenvalues, are discussed in Refs. [1] and 3].

3 Reduction to Block-Diagonal Form

We shall assume that the four eigenvalues of T are distinct and lie on the
unit circle in the complex plane. (This is generally true for the case of
stable motion away from any linear resonances.) Then, as shown by Berz
[4], the assumption of distinct eigenvalues ensures that T can be expressed
in the form

T = RUR, U:('ﬁ ]‘;) (15)

where A and B are two-by-two matricies and U and R are symplectic.
Since U is symplectic we have |A| = |B| = 1 and it follows that U is
specified by six independent parameters. The additional assumption that
the eigenvalues lie on the unit circle in the complex plane, allows one to
define Courant-Snyder parameters such that

cos Py = (A11 + A22)/2, costpy = (B11 + Ba2)/2, (16)
oy sinyy = (411 — 422)/2, agsingy = (B — B2)/2, (17)
Bisinty = Ayp, Pasinty = Bia, (18)

yi8inth; = —Ag1, 72sintpy = — By, (19)

where 1, and 1), are real, siny and sin, are nonzero, and $; and 8, are
positive. Our assumptions also imply cos 9, # cos ¢y and therefore
Tr(A) # Tr(B). Thus A and B are of the form

A =TIcosty +Jsine;, B =1Icosyy+ Ksin, (20)

(10 [ e B [ a2 B
(1) e (S ) (5 8) e



and since |A] = |B| = 1 we bave
Prri—ai=1, faya—oj=1, I’=-1I, K’=-L (22)

In addition to the matricies J and K it will be useful to define the matricies

F:—JS:( b1 "al), G:—KS:( Pz ‘az), (23)
-0y 24! —03 Y2

which have only positive eigenvalues and are therefore positive-definite.

Now, since the matrix U contains only six independent parameters, the
remaining four parameters needed to completely specify T are contained in
the matrix R. In the treatments of linear coupled motion given by
Edwards and Teng [5, 6], and by Roser [7], R is expressed explicitly in
terms of four independent parameters which, in turn, are expressed in
terms of the matrix elements of T. This proceedure could be followed here;
however, we want to show that the envelope parameters do not depend on
any particular form chosen for R. Thus we write R in the general form

R-(53). (24

where P, Q, V, and W are two-by-two matricies. Since R is symplectic,

we have _ _
P+ |V|I=1, |[W|+|Q|=1, PQ+VW =0 (25)

Pl+Ql=1, [W|+[V]=1, PViQW =0, (26)
and defining D = |P|, we also have
IW|=|P|=D, |V[=|Q|=1-D. (27)

We now carry out some alg_ebraic gmjpulations Whjcliyield expressions
for the four matricies, PAP, WBW, QBQ, and VAV. In the following
section we show that these matricies contain the desired envelope

) o

parameters. Writing
M =PAP +QBQ, N =VAV 4|+ WBW, (29)

g <«

(5w (3 ) (5 8)(3

and carrying out the matrix multiplications we find



m= VAP + WBQ, n=PAV+QBW. (30)
Let us now define
A=Tr(A), B=Te(B), M=Tr(M), N =Tr(N) (31)

and
T=Tt(M-N)=M-N, U=T(A-B)=A4-B. (32)

Then taking the trace of equations (29), and using (27), we have
M=DA+(1-D)B, N=(1-D)A+DB. (33)
Adding and subtracting these equations we obtain
M+N=A+B, M-N=T=(2D-1)U. (34)

Thus, using the first of equations (34) in (16), we have
1 1
2c0s¢1=§(M—I—N+U), 2cos¢2:§(M+N—U), (35)

and solving the last of equations (34) for D we have

U+T U217
—r > PA-D)=—pmm— (36)

(Note that Tr(A) # Tr(B) and therefore U # 0.) Now adding m and 7 we
have

D=

m+a=V(A+AP+W(B+B)Q=AVP + BWQ, (37)
and using (26) we obtain
m+a=UVP =-UWQ. (38)
Taking the determinant of this equation, and using (27), we have
|m + mn| = U?|V||P|= U2D(1 - D). (39)
Then using (36) we obtain
U?=T? + 4{m + 7| (40)

Thus we have an expression for U which contains only the matrix elements
of T. This can be used in (35) to obtain cos; and cos 5, and in (36) to
obtain D.




Now multiplying the second of equations (30) by (38), and using (27) and

(29), we obtain

n(m+1n) = UPAVVP - UQBWWQ
= U(1- D)PAP - UDQBQ
UPAP - UDM

and

(m+n)n = UVPPAV -UWQQBW
= UDVAV - U(1L- D)WBW
= UDN -UWBW.

Solving these equations for PAP and WBW we find

PAP = DM + %n(m +m),

WBW = DN — —lu:(m + n)n,

and using (29) we also have

QBQ=M-PAP = (1-D)M — %n(m—{— n),

VAV = N~ WBW = (1~ D)N+ ;(m+ ®)n.

(41)

(42)

(43)

(44)

(45)

(46)

These equations, together with (36) and (40), show that the four matricies,
PAP, WBW, QBQ, and VAV, depend only on the matrix elements of T

and are independent of the particular form chosen for the matrix R.

4 Envelope Parameters

Let us now define matricies Ey such that

E, = PFP!, B, =QGQf, E,=VFV!, E,=wWGW\

Then it follows from (20), (23), and (27) that

PAP = DIcos; + Bz Ssiny,

(47)

(48)



QB—Q = (1 — D)I COs '¢'2 4 Emzs six1¢2, (4:9)
VAV = (1 — D)Icost; + Ey; Ssiny, (50)
WBW = DIcosty + Ey2Ssint,, (51)

and, using (43-46) and (35) in these equations, we see that the matricies
E) can be expressed entirely in terms of the matrix elements of T and are
independent of the particular form chosen for R.. In this section we show
that these matricies contain the desired envelope parameters.

Let T and T be the transfer matricies for one turn around the machine
starting at so and s respectively, and let M be the transfer matrix from so

to s. Then we have
T = MToM™, (52)

and it follows that T and T have the same eigenvalues which we have
assumed are all distinct and lie on the unit circle in the complex plane.
Thus we can write

Ty = RoUpR;!, T=RUR™! (53)

where Rg, R, Uy, and U are symplectic and

UOZ(:?O OBO), U:(ﬁ-g)’ (54‘)

Ag =TIcosty + Jpsinty, Bo = Icosthy + Kpsine, (55)
A =Tcosty + Isinyy, B =TIcosiyy+ Ksins. (56)

As in the previous section we define matricies
Fo=-J3S, Go=-KyS, F=-JS, G=-KS (57)

which are positive-definite and have unit determinant. Now using (53) in
(52) we have

RUR ™' = MRoUoR;IM™! (58)
and therefore
U =R'MRoUR;'M'R = LUL™! (59)
where
L=RIMRe= | 1 b (60)
0 L, Ly |-

7



Thus L produces a similarity transformation which transforms Uy into U.
We now show that, under our assumptions, L must be block-diagonal.
Writing (59) as UL = LU, we find

ALl = LlA.(), BL2 = LzBD, Alz = lzBo, Bll = ].1.A.0, (61)

and therefore _ _
AlLll = L1AOL1, BILzl = LzBoLz (62)

and _ _
AlL] =1L,Bgh,, BL|=LAl. (63)

Now, if || # 0 or if |1| # 0, then either B and Ag, or A and By are
related by a similarity transformation. It then follows that A and B have
the same eigenvalues, which contradicts our assumption that the
eigenvalues of T are all distinct. Thus we must have

L=l =0 (64)
and since L is symplectic we then have
Ly = [Lg| = 1. (65)
Thus (62) and (63) become
A=T,A.L;, B=L,ByL,, LB, =0, LAJ =0 (66)
and using (55-57) in (66) we have
F=I,FL{, G=L,GoL} (67)

and
LGyl =0, LFI =o. (68)

Now since Fyp and Gg are real, symmetric, and positive definite one can
show, by going to the representations in which Fy and Gy are diagonal,
that (68) implies

11 = 12 =0. (69)
Thus L is block-diagonal and we can write
- Ly 0
L=R1MRD:(01 L2>. (70)

8



Now let zg, 5, Yo, and yj be the horizontal and vertical positions and
angles (or cononical momenta) of a beam particle at so. Then the positions
and angles at s are given by

Z = MZy, (71)

n=(3) x=(2) w-(2)
(3) x- (2 (2) e

Defining new coordinates

where

Z=R1'Z, Z,=Ry'Z (74)
we then have R R
Z =RZ, Z,=RoZo (75)
and R
Z=R7'Z=RMZ; =R MRyZ,. (76)
Thus
Z =LZ (77)

and we see that, in terms of the new coordinates, L is the transfer matrix

from sg to s. Writing
= X = X
ZZ(?)) ZOZ(?2)7 (78)

where X, ?, Xo, Y, are two-dimensional vectors, we then have
X =L1X,, Y=L,Y, (79)

Thus, in terms of the new coordinates, the motion is decoupled and it
follows from (67) that

o~

XIF 1R =XIF;'Xp=¢ (80)

Yie1Y¥ =¥ G ¥ = . (81)
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Here we see that, since Fy, Go, F, and G are positive definite, Xo, Yo, ﬁ,

and Y are constrained to lie on ellipses, and ¢; and e, are the
Courant-Snyder invariants of the motion.

Now using (24) in first of equations (75) we have
X=PX+QY¥, Y=VX4+WY¥

and therefore
X=X31+X Y=Y1+7Y,

where
X;=PX, X;=QY, Y;=VX, Y,=WY.

Thus, if |P| 3 0 and |Q| # 0, the matricies PFP!, QGQT, VFV',
WGWT all have inverses and we have

X{(PFP)'X; = XIF X = ¢,
XHQGQH X, = YIGY =,
YIVEVH Y, = XTF X = ¢,
Yiwew!) 1y, =YlG ¥ = ¢.
Using (47) we can then write
XIE X1 =6, XIElX;=¢

YIE Y =6, Y{E,]Y:=e.

(82)

(83)

(84)

(85)
(86)
(87)
(88)

(89)
(90)

Then, since F and G are positive-definite, it follows that the matricies Ej

are positive-definite and equations (89-90) therefore describe ellipses.
Thus X;, X2, Yy, Y, are each constrained to lie on an ellipse, and

equations (83-90) show that the positions and angles z, 2/, y, ¥’ are given
by the superposition of two modes of oscillation which we shall label 1 and
2. In mode 1 we have ¢ # 0 and e2 = 0, and it follows that X, = Y, =10
and therefore X = X; and Y = Y. Similarly, in mode 2 we have e; # 0
and € = 0, and it follows that X = X; and Y = Y,. Thus, for each single

mode of oscillation, the motion in each plane is constrained to lie on a

single ellipse. If ¢; and e are both nonzero, then both modes of oscillation

are present and the motion in each plane is characterized by the

superposition of two ellipses. This characterization of the motion in terms

of two ellipses was first derived by Ripken [8, 9].
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Now, since the matricies E) are symmetric, we can write

B, - ( Br e ) , (o1)

—a) T
where
Bz1Vz1 — ail = Dza Bz2Yz2 — agzcz = (1 - D)Z (92)
,Byl'yyl - agzll = (1 - D)27 ﬂy27y2 - ‘132 = DZ' (93)

Then writing

~ z T
= (2) m=(2) w-(4) w=(%) o

equations (89-90) become

7:1:13’% + 2ax1m1z’1 + ﬂxlm? = 61D27 (95)
Y222 + 2002z + Braz = ea(1 — D)Z, (96)
7y1y% + 2ay1?llyi + ﬂylyiz = 51(1 - D)Zv (97)
Y293 + 2020215 + By = e2D. (98)
The maximum possible values of z, =/, ¥, and y’ are then given by
o] < VBor€r + VBa2e2, (2| < VAs1€l + Va2 (99)

Iyl < +/Byrer + 4/Byae2, Y| < \/Tyr€l + /262 (100)

and we see that 8 and 7, are the desired envelope parameters. These are
analogous to the Courant-Snyder parameters for uncoupled motion, but
their normalization is given by equations (92-93) rather than

Bxyx—of = 1.

Equations (85-100) are valid only if |P| # 0 and |Q| # 0. For the case in
which either |P| = D =0 or |Q| =1 — D = 0 the corresponding ellipses
degenerate into line segments.
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5 Summary

We summarize our results with a brief recipe for calculating the envelope
parameters at s:

1) The first of two ingredients is the transfer matrix, T, for one turn
around a machine starting at some point, sg, on the design orbit. The
second ingredient is the transfer matrix, M, from so to some other point,
s, on the design orbit.

2) Then the transfer matrix for one turn starting at s is given by
T = MT()M—"I.

3) Using equations (40) and (36) we obtain the parameters U and D in
terms of the matrix elements of T. Equations (35) give cos 4y and cos ts.

4) The matricies PAP, WBW, QBQ, and VAV are then calculated
using equations (43-46).

5) Finally, the matricies Ey are calculated from equations (48-51). (The
signs of sin1); and sin, are determined by the requirement that the
parameters 3, be positive.)

Thus, the envelope parameters are given entirely in terms of the matrix
elements of T, and are independent of the form chosen for R. The
reduction of T to block-diagonal form therefore serves only as a scaiffold for
constructing the envelope parameters. It is worth noting here that X, X,
Y, and Y, are also independent of the form chosen for R. This can be
seen by substituting the first of equations (74) into (84). Using (27) and
(38) we then have

X, = P(PX + VY) = DX + —(m + )Y, (101)
X; = Q(QX + WY) = (1 — D)X — %(’rﬁ-{— )Y, (102)
Y, = V(PX + VY) = (1 - D)Y + -ll),-(m m)X, (103)

Y, = W(QX + WY) = DY - Z(a+ m)X. (104)
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