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Heavy Ion Formulation 

Let the heavy ion parameters be developed using the unit per charge, then the formula- 
tions available for electrons and protons can be directly used. In such a way, a heavy ion is 
treated as a group of pseudo-particles. Each pseudo-particle has its rest mass, the energy, 
the momentum, and other parameters as well, depending not only on the atomic mass but 
also on the charge state. 

The use of the unit per charge for the heavy ion formulations is based on the fact that 
the longitudinal and transverse focusing is determined directly by the unit per charge. 

Once the charge state is changed, the parameters per charge would experience discontin- 
uous transitions. Because of this reason, the energy and momentum per nucleon are often 
used for convenience. For the same reason, the longitudinal emittance per nucleon is also 
used. These parameters can be easily obtained &om the unit per charge. 

To conserve the longitudinal emittance, an RF matching is needed at the charge state 
change, since that the longitudinal focusing will be changed. This situation is different from 
the adiabatic RF voltage change, it will be similar to, but not the same as, the harmonic 
number change. 

In this note, we will go through with main heavy ion formulations. For illustration, the 
examples of the Gold beam A u ~ ~ + ,  presently operated at the AGS, will be used. 

1 Fundament a1 Parameters 
We start from the heavy ion rest mass, 

mo = AU - &me0 (1.1) 
where A is the atomic mass, 196.97 for Gold, Q is the charge state, 77 presently at the AGS, 
u is the unified atomic mass unit, 0.9315 GeV/c2, and meo is the rest mass of electron, 0.511 
MeV/c2. The rest mass and energy per charge are defined as, 

mo 
m , c h  = - Q 

and, 

2 EQ,ch = m , c h C  

The momentum and energy per charge are, 
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and, 

The pseudo-particle classical radius is 

where EO is the permittivity in free space. 
The magnetic rigidity is determined by the momentum per charge, as follows, 

Bp = 3.3356 Pch (1.7) 
where the magnetic field B is in Tesla, the bending radius p is in meter, and pch is in GeV/c. 

For the continuity of energy and momentum at the charge exchange, units per nucleon 
are used. This is accomplished simply multiplying the unit per charge by a factor of &/A. 
The longitudinal and transverse focusing is, however, still determined by the unit per charge. 

In the following, we will go through with the longitudinal and transverse parameters and 
formulations. 

2 Longitudinal Forrnulat ions 

2.1 General parameters 

The RF frequency is determined by, 

hc2p 
f R F  = 

p = -  PE 
C 

where h is the harmonic number and R is the machine radii 
the relation between the particle momentum and energy, 

s. This eqi 

and because of the cancellation, any same set of units can be used. 

(2.1) 

,tion comes from 

The synchrotron oscillation frequency is derived from the relation between the phase 
deviation and the energy deviation, where the energy deviation is compensated by the RF 
voltage. Since this compensation is determined by the charges, therefore, the energy per 
charge should be used, 

The synchronous phase can be calculated in different ways. One way is to use d B / d t  as, 
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Considering the equation (1.7), in fact, the momentum per charge is used. 
Assuming a smooth bunch, the momentum spread can be calculated, 

(2-5) 
ws4e 

where is the half bunch length in rad. Again, considering w s  in (2.3), the unit per charge 
is used. 

These parameters are the hard parameters, which can be physically verified. Some other 
parameters such as the bucket and bunch area, height, etc., are basically the convention, 
therefore the situation becomes more flexible and probably more subtle than the hard pa- 
rameters. 

- f- AP 
P I7 l WRF 
-- 

2.2 Bucket and bunch 

For simplicity, we consider the case of 4s = 0. The most important parameter is the 
stationary bucket half height, which can be derived from a canonical coordinates of the 
phase space as, 

2,02 EwS 
HBKS = IQI W ~ F  0 The stationary bucket area is, 

and the longitudinal emittance, i.e. the bunch area, is defined as, 

2.3 
One would like to have a constant longitudinal emittance through a change of charge state. 
For this purpose, the longitudinal emittance per nucleon is used, in eVs/u. The equation 
(2.6) shows that the bucket height per nucleon, calculated using energy per nucleon, is & / A  
times of the one per charge, given w s  unchanged. Complication arises that us must be 
calculated using Ech, therefore, one needs to be careful using other formulations, which, on 
other hand, are always suitable for protons and electrons. We show two examples. 

Unit per charge and per nucleon 

1. The the bucket height in [l] is, 
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Note that here the difference between the bucket height per nucleon and per charge is 
&@, this error comes from the improper cancellation of E ,  when substituting (2.3) 
into (2.6). 

2. A further manipulation on (2.9), using (2.3), yields, 

(2.10) 

where exits no difference between which unit is used. The cause of the problem is also 
the improper cancellation of energy. 

The straightforward way to evaluate the longitudinal emittance is to use the bunch length 
and the energy spread, as that in [2], which agrees with the use of (2.6) and (2.8). However, 
the complication of the change of focusing as charge state changes still needs to be resolved, 
which is the subject of following subsections. 

2.4 Matching with the same WRF 

Whenever the charge state changes, the longitudinal focusing is changed. Let us recall 
the situation of the RF voltage variation. When the RF voltage changes, the stationary 
bucket height will change. Should the RF voltage change non-adiabatically, the longitudinal 
emittance would blow-up. If the RF voltage increases, then the bucket height also increases, 
therefore the particles at the large phase deviation contribute to the emittance blow-up. 
If the RF voltage decreases, then the particles with large energy deviation contribute to 
the emittance blow-up. For this reason, the adiabaticity in the RF voltage manipulation is 
required to conserve the longitudinal emittance, or bunch area, A B H .  

The change of heavy ion charge state, usually at the transfer lines, does not allow an 
adiabatic change. Thus, one needs to consider the matching of the focusing. The situation 
with the same wRF applies to the Booster to AGS transfer, provided that the following two 
important issues at the stripping are disregarded. 

a 

1. Emittance blow-up. 

2. Energy loss. 

Since the RF frequency is not changed, the bunch length Sn, keeps constant. Thus, the 
matching condition is that the stationary bucket height is constant, in the unit of eVs/u, 
according to (2.8). With this matching condition satisfied, the longitudinal emittance per 
nucleon would be conserved. Considering (2.6), given that ,f?, E,, and WRF are all the same, 
the matching condition is, 

(2.11) 

where the footnotes 1 and 2 represent that before and after the stripping. Using (2.3), the 
matching condition becomes, 

0 
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(2.12) - VRFZ - V . 1  

Echlhl 1711 EchZh2 l r lZ l  
Taking the gold beam transfer from the Booster to the AGS as an example. The beam 

extracted from the Booster at E, = 1.027 GeV/u, at the charge state Q = 32, therefore, 
we have Echl = E, X A/& = 6.322 GeV. Other parameters are V& = 80 K V ,  hl = 4, 
and 71 = -0.78. In the BTA transfer line, the ions are stripped to Q = 77, therefore, 
disregarding the energy loss, we have Echz = 2.627 GeV. From the parameters h z  = 16, and 
r]2 = -0.81, we get the matching RF voltage VW2 = 138 KV. 

2.5 Matching with the different WRF 

With different RF frequencies, the bunch length in rad., i.e. $e, would be different. This 
can be seen from the relation, 

4 8  = WRFTe (2.13) 

where re is the half bunch length in sec., which is to be unchanged. 

(2.6) and (2.8), then the matching condition is, 
Again under the guideline of the constant longitudinal emittance per nucleon, we use 

(2.14) 

where w : ~  in (2.6) is cancelled by the one included in 4; of (2.8), see (2.13). Although this 
equation looks the same as (2.11), using (2.3), the real matching condition would be different 
from (2.12), 

e 
(2.15) 

this is because that w& can no longer be cancelled from the two sides of the equation. 
Let us take the gold beam transfer from the AGS to the RHIC as an example. Using the 

parameters given in [2], the beam extracted from the AGS at E, = 11.73 GeV/u, with the 
charge state Q = 77, therefore, we have Echl = E, x A/& = 30.01 GeV. Other parameters 
are V&l = 320 K V ,  hl = 12, 71 = -0.0074, and f ~ ~ l  = 4.44 M H x .  The ions are stripped 
in the transfer line to Q = 79, therefore, we have Ech2 = 29.25 GeV. From the parameters 
ha = 360, 72 = -0.0044, and f R F 2  = 28.1 MHx,  we get the matching RF voltage VRFZ = 139 
KV. 

For another example, we consider the BTA transfer with energy loss. The beam momen- 
tum loss was found as 14 MeV/c per nucleon [3], about 3%. Now we have p = 0.409 instead 
of p = 0.421 at the AGS end. The AGS RF frequency needs to be fRFZ  = 2.434 M H x ,  
which is different from the Booster extraction RF frequency f R F 1  = 2.502 M H x .  Therefore, 
the equation (2.15) is more adequate in this case for the matching. The other parameters 
at the AGS injection are Echz = 2.611 GeV and r/2 = -0.82. Thus, for the same conditions 
at the Booster extraction, the matching RF voltage at the AGS becomes v R F 2  = 147 KV,  
about 6.5% higher. 

0 
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The matching condition with the different wRF is more general than the one of harmonic 
n u b e r  change in the ring, which is obtained from (2.15) as, 

V R F I ~ I  = Vm2h2 
e 

(2.16) 

3 Longitudinal Instabilities 
In the longitudinal instability analysis, the longitudinal focusing plays a key role. Therefore, 
the unit per charge should be used. For instance, the bunched beam longitudinal microwave 
instability threshold is given in [4] as, 

where 2 ~ ( n )  is the longitudinal impedance. In the beam dynamic equation [5], 

where h:(n) is the beam power spectrum, only hard parameters are used. Using (3.2), the 
equivalent equation to (3.1) is [6], 

WRF ]COS 4 s  I Aw 
Us10 

@ Considering (2.3), q c h  should be used in (3.1). 

(3-3) 

Also in the Keil-Schnell criterion for the coasting beam [7], 
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(3.4) 

where F is a scaling factor, the rest energy per charge E Q ~  should be used. 

4 Transverse Formulations 
The transverse normalized emittance, including 95% particles, is defined as, 

I.. 

where p(s )  = R/v is the average beta function. The conventional calculations for coherent 
and incoherent tune shift are 

where b is the radius of the vacuum pipe, and 

0 
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-NroR 1 
2 3 2  Avinc = 

4.lrv0BfP Y a 

where a is the beam size, it is 1/z times of the rms beam size c, 

a = h a  

We note that ro,ch should be used in (4.2) and (4.3). 

5 Transverse Instabilities 
The transverse instability problem can be solved similarly to the longitudinal counterpart. 
We may start from the beam dynamic equation [8], 

where mO,ch should be used. The followings are examples in applying (5.1). 
For bunched beams, the transverse microwave instability threshold is given in [4], 

where  TO,^^ should be used. A more accurate formulation is give in [9], 

(5.3) 
E:=-, ZT(n)hO(n') 

E,"=-, 
where mo,ch should be used. For coasting beams, the microwave criterion is given in [7], 

where EO,ch should be used. 
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