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Some Calculations of Dispersion in the Booster

C. J. Gardner

1 Introduction

Recent modeling [1, 2] of the BTA transport line suggests that one may
achieve better transport efficiency if the periodic dispersion and its
derivative are made to be zero (or near zero) at the point of extraction in
the F6 straight section of the Booster. In principle this can be
accomplished by appropriately adjusting the currents in some subset of the
booster quadrupoles, and recent searches [1, 2] using the MAD code have
yielded some possible solutions. The most promising of these requires
adjusting the current in a single quadrupole—the horizontal focusing
quadrupole at F2. Following are some algebraic calculations meant to
supplement the results obtained with the MAD code. We consider first the
case of a single thin quadrupole and calculate its effect on the periodic
dispersion. The case of four thin quadrupoles arranged in pairs such as
those employed in the gamma-transition-jump scheme of the AGS is then
considered. The resulting formulae are applied to the manipulation of the
periodic dispersion at F6.

2 Notation

We use T; to denote the unperturbed (i.e. without perturbing
quadrupoles) transfer matrix for one turn around a ring starting at some
point, s;, on the design orbit. The perturbed transfer matrix for one turn
starting at sp will be denoted by T. For motion in the horizontal plane,
these are three-by-three matricies which we partition as follows:
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where

M; = Icos2wvg + J;sin2wvg, M = Icos2xv + Jsin27v, (2)
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Here o, B3;, v; are the unperturbed Courant-Snyder parameters at s;, and
Vg is the unperturbed horizontal tune. «, 8, v are the corresponding
perturbed parameters at sg and v is the perturbed horizontal tune. The
unperturbed and perturbed periodic dispersion vectors at sy are denoted

by
DO:(gg)’ D-—-(g/)- (5)

MoDo+do =Dy, MD+d=D (6)

These must satisfy

and therefore
Do = (I - Mo)—ldo, D= (I - M)_ld. (7)

The unperturbed transfer matrix from point s; to point s; is given by

o Nji ny _{ Aj By
.U]z - ( 0 1 ) ’ N.ﬂ - ( Eji Fji (8)
where
i
n;; = ( 'n; ) = D; - N;D;, (9)
72

D; is the (unperturbed) periodic dispersion vector at s;, and

Aji = /B;/Bi(cos A+ a;sin Avp), Bj; = /B;B;sin A (10)
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Fji = 1/Bi/B; (cos A — o sin A). (12)
Here At = 9; — 1; and 1); is the unperturbed betatron phase advance
from sg to s;. For the case ¢ = j — 1 we define

U; =0y, Aj =Aj;, Bj=Bj, E;=E; FIF;=1F;. (13)

The transfer matrix for a thin quadrupole at s; is given by
Q; 0 0 0
R; = ( 0o 1/’ Q=I+G;, G;= G: 0 (14)

where G; is the strength of the quadrupole.

Following Courant and Snyder we also define the symplectic conjugate of a
two-by-two matrix A to be

A =-SA's (15)
where
a=(fdz) s=(28) o
and a dagger denotes the transpose of the matrix. Thus we have
a=(a i) an
and it follows that
AA =AA = (A1 415 — A1 A)I =T1]|A]|, (18)
A+ A= (A + Ap)l=1TrA. (19)

If |[A]| = 1 then (18) implies A = AL,

3 Single Quadrupole Perturbation

Let us now consider a single thin quadrupole placed at a point, s, on the
design orbit such that

S50< 81 < 83, Sa=89+C (20)



where C is the ring circumference. We wish to calculate the effect of this
quadrupole on the periodic dispersion at sg. In terms of the notation
introduced in the previous section we have

Ty, =U,U;, T,=U;U,;, T=TUR,U; (21)
and therefore
My = N3;N;, M; =N;N,;, M =N.Q;Ny, (22)

do =Ngny +n3, dy=Ninp+mn;, d=N;Qin;+ny, (23)
where
n; = D1 - NlDo, ny = D2 - N2D1 = DO — N2D1. (24)
(Note that since s3 = 89 + C we have Dy = Dy.) Using (24) in the last of
equations (23) we then have
d = N2Q;i(D; — N1Dyp) + Dy — N3Dy (25)
and using Q1 = I+ G; we have
d = N,G;D; + (I- M)D, (26)
where
M = N2Q;N; = M, + N2G;N;. (27)

The perturbed periodic dispersion vector at sg is then
D=(I-M)'d=(I-M)"'Ny;G;D; +Dg (28)

and therefore .
D-Dy=(I- M)_1N2G1D1. (29)

Thus (29) and (27) give the difference between the perturbed and
unperturbed periodic dispersion vectors at sg in terms of the strength of
the thin gquadrupole at s; and the unperturbed lattice parameters.
Equation (29) has the same form as the expression for the Periodic Closed
Orbit Distortion at sg due to a dipole perturbation at s;. With a little
more algebra it can be simplified a bit further. Using (2), (18) and (19) we
have

(I - M)(I—M) = 21— (M + M) = WI, (30)



where

W =2 — TrM = 2(1 — cos 27v). (31)
Thus 1
I-M)l=_—_(I-M 2
(1~ M)~ = (1~ W) (32)
where
M = M, - N:G1 N, (33)

Now, multiplying (33) by N2G; and using N,N; = I and G? = 0, we have
MN,G; = MyN,G; — N; G} = MyN.G; (34)
and therefore
1 — 1 —
(I-M) NG = —(I- M)N3G; = —(I - My)N,G;.  (35)
w w
Thus (29) becomes
1 —
D-Dg= W(I - My)N,G,D;, (36)

and since L o
MoN, = N,Mj, (37)

which follows from (22), we also have
D-D,= %NZ(I ~M,)G1D:. (38)

To obtain W in terms of the unperturbed parameters we take the trace of
(27). Thus

TrM = TrM, + Tr(N,G1Ny), (39)
where
TI'(NzGlNl) == TI'(G]N]_NZ) = Tl‘(GlMl), (40)
G1M1 = Gl COs ¢ + G1J1 sin ¢, ¢ = 271'1/0, (41)
and therefore 1
cos 27y = cos ¢ + §G1ﬂ1 sin ¢ (42)
and
W = 2(1 ~ cos27v) = 2(1 — cos ¢) — G1 By sin ¢. (43)



Now, carrying out the matrix multiplication in (38) we obtain the
components of D — Dg. Thus

D—Dy= G;J?l {B2(1 — cos @) + (B1 42 — a3 By) sin ¢}, (44)
and G.D
D' - Dy = S {Fy(1 ~ cos §) + (BLEr — cu Fy)sing}  (45)

w
where Ay, By, E, F, are given by (10-13) and ¢ = 27wy. Collecting terms
we find

B14s — a; By = /3182 cos 1, (46)
PrEs — a1 Fy = —/B1/Ba(x cos 9 + sin ) (47)

where
Y=t2—%, Yr=2rp=¢, B2=Po, az=ap (48)
and equations (44-45) become

GlDl
w

D — Dy = VBoBi{siny + sintp1 } (49)

G

D'~ Dy = A2 [, ofeos § — cos . — ao(sing + sing)}.  (50)

4 Four-Quadrupole Perturbation

Independent manipulation of the periodic dispersion and its derivative
requires at least two perturbing quadrupoles and these will in general alter
the machine tunes and other lattice parameters. In this section we show
that by adding two more quadrupoles to a minimal scheme of two, we can
manipulate the periodic dispersion vector at so without affecting the
horizontal lattice parameters there. The scheme is based on the pairing of
quadrupoles employed in the gamma-transition-jump schemes of the AGS
and other machines [3-6].

We consider four thin quadrupoles placed at points 31, s2, s3, and s4 such
that
850 <81 <8<83<84<85 8=8+C (51)

where C is the ring circumference. We then have
To = U;U,U3U,U,;, T,=1U,U;U;U,4Us, (52)



T, = U,UsU, U Us, T = UsRyU,;R3UsR,UsR, Uy
M, = N5NyN3N,N;, M, = NN N;N4Ns,
M,y = NyN3NoN; N5, M = N;QuN4Q3N3Q;N,Q: Ny,
do = N5sNyN3Nony + NsNyN3np + N;Nyng + Nsnyg + ns,

and

d = N;QuN4Q3N3Q:N2Qin; 4 N5Q4N4,Q3N3Q2n; +
+ N;Q4N4Q3zn3 + N5Qyny + ns.

Now suppose the quadrupoles are arranged in pairs such that
sin(¢2 — 1) =0, sin(gs —13) =0

and

B2Ga + G =0, PB4Gy+ PB3G3=0.
It then follows from (10-13) that

By =By =0, AyGy+ F,G1=0, AGys+F;G3=0

and therefore
QsN4Q3 = N4, Q;N2Q; = Nj.

The second of equations (55) then becomes
M = N5N4N3N2N1 = Mo

and it follows that the horizontal tune and the horizontal lattice

(53)
(54)

(55)
(56)

(57)

(58)

(59)

(60)

(61)

(62)

parameters at sq are left unchanged by the four quadrupoles. Using (61) in

(57) we also have

d= N5N4N3N2n1 -+ N5N4N3Q2n2 + N5N4Il3 + N5Q4I‘l4 + s

and subtracting (56) from (63) we have
d-— do = N5N4N3G2n2 + N5G4Il4.

Then since M = My it follows from (7) and (32) that

D — Do = (I— Mo)~}(d — do) = WL(I — M)(d — do)
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(64)
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where

Wy = 2 — TrMp = 2(1 — cos 27wyp). (66)
Thus 1 B
D-Dy= WO(I — Mo){NsN4N3Gen; + N;Gyng} (67)
and since
M,N;N4N3 = N;NyN3;M,, MyN; = N;M, (68)
we have

1 — 1 —
D - Do = WON5N4N3(I — Mz)Gznz -+ W(;Ns(l — M4)G4H4 (69)

where
g = D2 - N2D1, ng = D4 - N4D3. (70)

Carrying out the matrix multjplication in (69-70) we obtain the
components of D — Dg. Collecting terms as for the case of a single
quadrupole perturbation we find

G . . G ) .
D-Do = 1;77:2 v/ BoBz{sin ¢y +sin o} + T;’T vV BoBa{sin s +sintps} (71)
G . .
D'-Dy = I;;Zz \/B2/Bof{cos ¢3 — cos by — ap(sin @2 + sin )}
G . .
+ %:4\/ﬂ4/ﬂo{cos ¢4 — cos Py — ap(sin @y + sinepy)} (72)
where
@2 =27V — b2, Gy = 2Ty — Py (73)
and
g = Dz — A2D1 — Bz.Di, Ny = D4 — A4D3 - B4Dé (74:)

5 Application to Booster

Let us now apply the formulae of the previous sections to the manipulation
of dispersion in the F'6 straight section. We take so to be the center of the
F'6 quadrupole and use the formulae to calculate D — D¢ there. For the



case of a single quadrupole perturbation we take s; to be the center of the
F2 quadrupole and imagine that a thin quadrupole with strength G; is
placed there. We shall assume that alpha is zero at the centers of the F2
and F6 quadrupoles and that the horizontal beta function at both points
has the value B. We assume further that the derivative of the periodic
dispersion is zero at both points. Thus we have

a2=a1:a0:0, ﬂ2=,81:,30=B (75)

and
Dy =D;=D{=0. (76)

Equations (49-50) then become
_ BGlDl

D — Do W (sin¢ -+ sin¢1), (77)
D' - D} = %(cos ¥ — cos 1), (78)

where
W =2(1—-cos¢) — BGising, Y =1s—1t1, P2=2mo=¢. (79)

These equations give the change in the periodic dispersion at F6 due to the
thin quad at F2. Using (79) in (77), and solving for BG; we obtain

_ 2(D — Dg)(1 — cos ¢)
"~ Dy(sintp + sintp) + (D — Do) sing
which gives the quadrupole strength required to change the dispersion at

F6 by D — Dy. If we want the perturbed dispersion D to be zero, (80)
becomes

BGy

(80)

_ 2Do(cosp — 1) (81)
D, (sint +sintpy) — Dosing’

Now, if we take the unperturbed horizontal tune to be vy = 4.8 = 24/5,

then the betatron phase advance per superperiod is 2wy /6 = 87 /5 and the

betatron phase advance between adjacent quadrupoles is approximately

7 /5. The betatron phase advance between the centers of the F2 and F6

quadrupoles is then approximately 4w /5. Thus we have

BG4

¢ =48w/5, Y =4r/5, P =44x/5 (82)



and (81) becomes

(—1.3820)D,
(1.1756)Dy + (.9511)D¢’

BG, = (83)
Then taking Dy = 2.9 meters and D; = 1.4 meters we have G; B = —0.91,
and taking B = 13.6 meters we find that the required focal length for the
thin quad at F2 is G ! = _14.9 meters. This is to be compared with the
focal length of approximately —3.6 meters for the horizontally focusing
lattice quadrupoles. Thus, in order to make the periodic dispersion at F6
equal to zero, the strength of the F2 quadrupole must be increased by
about 24 per cent. This is in agreement with the result obtained with the
MAD code.

Let us now consider the four-quadrupole perturbation. We shall assume, as
with the single quadrupole case, that

= =ay=az=ay=as=0, (84)
Bo=Pr=P2=p3=Ps=05=B, (85)
Dy =Dj =Dj=Dj=Dy=DL=0. (86)

Equations (71-74) then become

BGsn
D — Dy = 2 2 {sin ¢ + sin oo} + n4 {sin ¢4 + singh4} (87)
! 7 G2n2
D'— D= {cos ¢o — cos Py} —|- {cos ¢4 — cos Py} (88)
where

P2 = 2wvg — th2, ¢y =27 — Py (89)
and
ng = Dy — Dycos(vs — ¢1), ng=Ds— Dzcos(ipy —13).  (90)
Taking D = D' = 0 and solving (87-88) for Gany and G4ny we find
Do(cos1ps — cos ¢y4) —Dg(cos 1Py — cos ¢2)
B sin(¢4 — 'lpz) ’ B sin(¢4 - 1/12)

which give the quadrupole strengths required to make the periodic
dispersion and its derivative equal to zero at the center of the F6
quadrupole. Now, as before, we take the unperturbed horizontal tune to be

Giny =

(91)

Gang =
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vp = 4.8 = 24/5, so that the betatron phase advance between adjacent
quadrupoles is approximately 7 /5. Then in order to satisfy equations (58)
and (85) we must take 4 — 13 and 1P, — 3 to be even multiples of w. (If
they are odd multiples, then one quadrupole in each pair will be at a
horizontal beta maximum and the other will be at a horizontal beta
minimum.) As one possible arrangement we take sy, s2, s3, 54 to be the
centers of quadrupoles C6, D8, E2, F'4 respectively. We then have

W1 =24n /5, s = 34w/5, b3 =36n/b, wy=467/5,  (92)

¢2:147T/5, ¢4 =27('/5, ¢4—¢2=12W/5 (93)
and equations (91) become
G2(Dy — Dy) = (—1.176)Do/B, Ga(D4— D3) = 0. (94)

(Note that G4(D4 — D3) happens to be zero in this case because

cos ¢pp = cosh.) Taking Dy = Dy = Dy = 2.9 meters, Dy = D3 = 1.4
meters, and B = 13.6 meters we then have G;' = 6.0 meters, and
according to (59) we must also have G]* = —6.0 meters. Thus, increasing
the strength of the C6 quadrupole by 60 per cent and decreasing that of
the D8 quadrupole by the same amount will make the periodic dispersion
and its derivative equal to zero in the F6 quadrupole.
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