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S.Y. Zhang and W.T. Weng
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ABSTRACT

In this paper, we present a new formulation for the longitudinal
coherent dipole motion, where a quadrature response of the environ-
mental impedance is shown to be the effective longitudinal impedance
for the beam instability. The Robinson-Pedersen formulation for the
longitudinal dipole motion is also presented, the difference of the two
approaches is discussed in the comparison. The results by using the
Sacherer integral equation for the coherent dipole motion can generate
the same results as by using the other two approaches, except for a
scaling difference. The formulation is further generalized to the rigid
bunch motion using signal analysis method, where a form factor shows
up naturally. Finally, the formulation is applied to solve the coupled
bunch instabilities. Examples of the AGS Booster and the AGS coupled
bunch instabilities are used to illustrate the applications of the formu-
lation.



I. Introduction

In this paper, we present a new formulation for the longitudinal coherent dipole motion.
The formulation is based on the idealized condition of the synchrotron oscillation modulated
by the RF frequency. We will show that for the longitudinal coherent motion, the quadrature
response of the environmental impedance to the beam signal represents an effective longitudinal
impedance. The Robinson-Pedersen approach to the same problem is also presented, and the
comparison shows the difference of the two approaches, the results however are the identical. In
Sacherer integral equation, the Vlasov equation is used to consider the particle density evolu-
tion in the phase space, the results of the coherent dipole instabilities are shown to be different

by a scaling factor from other two approaches.

By considering the rigid bunch beam signal and the associated impedance, the formula-
tion will be further generalized to the rigid bunch motion. A form factor under this condition
will be developed. Finally, the coupled bunch instability is studied as a special case of the long-
itudinal coherent motion, and the application of the presented formulation gives rise to several
results. Two examples at the AGS Booster and the AGS will be presented td illustrate thé

application of the formulation.

II. The New Formulation

In this section, we present a formulation for the bunched beam coherent dipole motion. In
~ the longitudinal motion, the beam perform;s a synchrotron oscillation. This oscillation is modu-
lated by the RF carrier. The induced voltage through the longitudinal impedance, for instance
the RF cavities, may affect the synchrotron oscillation and cause the beam instability. A
model of the beam dynamics based on tile longitudinal impedance will be proposed. It will be
shown that under the RF frequency modulation and demodulation, a quadrature response of
the longitudinal impedance with respect to the RF carrier will be the dominant impedance and

therefore to contribute to the beam instability.



2.1. Beam Dynamic Model

In Fig.1, a dipole motion model is shown, where each block represents a transfer func-
tion between two variables, and s is the Laplace operator. wy and wpp are the revolution
and RF frequencies, respectively. Let A be the harmonic number, we have wpp=hwg. B is
the ratio of the particle velocity and the light velocity, and E is the total energy of the par-
ticle. Throughout this paper, only the situation below transition is considered, therefore the
frequency slip factor 7 is negative. V and ¢¢ are the RF voltage amplitude and the syn-
chronous phase, respectively. We use ¢, AE and AV to denote the phase, energy and the
equivalent voltage deviations from the equilibrium state. AVp is the equivalent RF gap vol-
tage deviation caused by the beam motion itself, and AV, caused by the cavity voltage
variation. Ip is the beam current amplitude of the fundamental frequency, i.e., the RF fre-
quency. Finally, Zj,(s) represents the longitudiné,l impedance, where the subscript M
denotes that the impedance is not a conventional one but under the consideration of RF

modulation and demodulation.

In the block diagram, the upper loop represents the synchrotron oscillation, where the

following relations are used [15],

e wg Veosdg
AF = ——— = -
2ms ¢ (2 1)
“and
WrrM
= AFE 2.2
¢ ﬂ2 Es ( )
Since we have
_ e (UO
= AV (2-3)
it follows,
AVg = Vecosdg ¢ (2-4)

which indicates that under the linearization, if ¢g=0, then 1 rad of beam phase deviation

will be equivalent to the RF cavity voltage variation with full RF voltage amplitude V.
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The lower loop represents the effects of the beam current to the cavity voltage through
the longitudinal impedance. Note that under the linearization the transmission relation
between ¢ and the beam current variation Alp is Ip. Now what remains to solve is the

impedance Zy(s).

2.2. Impedance

In the beam dynamic diagram represented by the transfer functions, e.g., in Fig.1, the
Laplace transform is used. To discuss the impedance where the modulation and demodulation
are involved, the Fourier transform is convenient. In this article, both transforms will be used.
For instance, an impedance in the Laplace form can be Z(s+jwpr), and its counterpart in the

Fourier form is written as Z(w-+wgr), where we used s=jw.

In this section, we will show that the impedance Zy(s) in Fig.1 is,

Zu(s) = 5= ( Z(s-+iwe) = Z(s—jwpr)) (2:5)

Consider a general situation of modulated input and output. Let the input signal of a sy;-

tem be f(¢) and the output be g(¢). The input signal is assumed to be a low frequency signal
f1(t) modulated by an RF frequency, say coswgpt, i.e., we can write,

f(8) = J1(t) coswppt | (2-6)

If we use f (t)—F(w) and f1(¢)—Fp(w) to denote the Fourier pairs, then we have,

F(u) = 3 (F(w+pr) + Fy(o—ogr) ) (2-7)
Also i,
Fi(t) = fL(t) sinwgpt ' -~ (2-8)
then we have, 4
Fy(w) = —21; ( Fp(wtwgp) — Fi(w—wgr) ) (2-9)

Under the modulation of the frequency wpp, the in-phase and quadrature responses due

to the impedance Z (w) with respect to the RF carrier are defined by [8],
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Zp(w) = L ( Z(wrhurr) + Z(w—wgr) ) (2-10)
and
Zg(w) = 2%-( Z(wtwpr) — Z(w—wpr) ) (2-11)
respectively. We also define
Gp(w) = Fr(w)Zp(w) (2-12)
and
Gq(w) = Fi(w)Zg(w) , (2-13)

If the Fourier pairs gp(t)—Gp(w) and gg(t)—Gg(w) are used, the total response through the
impedance Z(w) for the modulated signal F'(w) in (2-7) can be written as,

g(t) = gp(t) coswppt + go(t) sinwppt (2-14)
which implies that the total response of the impedance Z(w) for the signal f(¢) in (2-6) con-
sists of the in-phase response, modulated by coswppt, and the quadrature response, modulated
by sinwppt.

To prove (2-14), we only need to show that it is equivalent to,
G(w) = F(w)Z{w) (2-15)
By using (2-12), (2-13), and (2-7), (2-9), the right hand side of (2-14) has the following

Fourier form,

G (&) = 5 ( Gp(whugr) + Gp(w—wzr) ) + 5= ( Go(wture) — Golw—wzr) )
= %‘ ( F(wtwpp)Zp(wtwprp) + Fi(w—wpr)Zp(w—wgr) )
+ -217 ( Fr(wtwpr)Zg(wtwrr) — Fi(w—wrr)Zg (w—wgr) ) (2-16)
Substituting (2-10), (2-11) into (2-16), we have
() = 5 (Fy(@+wpp)Z(w) + Fi(o—wgp) () ) (217)

Substituting (2-7), the equation (2-17) becomes (2-15). Therefore this part of the proof is com-

~ pleted.
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When the beam passes the cavity gap, the in-phase response due to the cavity impédance,
which is modulated by cos wppt, provides an almost constant force in the beam synchrotron
oscillation, which will not affect the synchrotron oscillation directly. In fact this force will
induce a synchronous phase shift and therefore the RF driving system can provide a compensa-
tion through the phase feedback. On the other hand, the quadrature response is modulated by
sin wppt, which is in the same fashion as that of the RF driving wave and therefore functions
as the same as that the RF driving wave does. In other words, this force generates a bucket in
the phase space, which affects the synchrotron oscillation directly. Therefore, if the instability
of the the synchrotron oscillation is concerned, the effect of the in-phase response can be
neglected, and the quadrature response becomes a dominant factor. It follows,

Zuy(w) = Zo() (2-18)
and therefore (2-5) is proved by substituting (2-11).

2.3. Impedance of RF cavity

In this subsection, we present the transfer function of the impedance of (2-5) for the RF

cavity.

Consider an RF cavity with the resonant frequency wp, the shunt resistance B, and the

half-bandwidth o, which can be written as,

Wg

oc=— 2-19
20 ” (2-19)
where @ is the quality factor of the cavity. The transfer function of the cavity is,
20Rs

Z(s) = -

-( ) 82 + 208 + wi (2-20)
We assume that

Wer ~ Wwp > W N Wwg (2-21)

Let the cavity be detuned from wgp by an angle ¢,. We have

Wpr — Wp ~ 0ta.n¢z (2—22)



We write,
. 2URS +2]UR Wrr
Z(s+jwpr) = — - 2 ; s (2-23)
§° + 2jwpps — Wgp + 208 + 2j0wpp + Wi
In the numerator, since |s | = w << wgp , the term 20Rs can be neglected. In the denomina-

w 3 . » .
tor, since that if @ >> 1, o= -2—2— << wpF, then compared with either 25 wpps or 2jowpp,

the term 20s can be neglected. Also, if |wi—wir | >> |s%| = &7, we have,

wh — Wiy + 8° N Wi — whp (2-24)
Using
w§ — Wip N — 2wpp(Wpp ~ Wg) = — 2wppotandy (2-25)
we get,
2joRw

2jwpps + 2jowpy — 2wppotandy, s + 0+ jotandy,

In a similar way we get,

oR
s +0 — jotand,

Z(s—jwpr) & (2-27)

Substituting (2-26) and (2-27) into (2-5), the longitudinal impedance of the RF cavity

becomes,

— Ro%tand,
s2 +20s + o%(1 + tan%py)

Zy(s) = (2-28)

4. Stability

To study the beam stability under the influence of the longitudinal impedance of RF cav-

ity, we can write the following equation from Fig.1,

e wowWppnVecosdg

€ Wo WrrMN
¢ = ¢ Zy(s)Ig ¢ 2-29
2n3%Es? 2nB%Es? u(o)lp ( )
Note that below transition,
2 e wowppnVcosdg
(US = —

2nflE (2-_30)



Substituting (2-30) into (2-29), we get,

2

24 0 2 — s
56 +wsd Veosdg

Zy(s)lp ¢ (2-31)
Define the ratio of the beam current to the generator current as [2,9],

Ip I
Iey V/R

(2-32)

where I is the generator current without beam loading effect. Substituting (2-28), (2-32) and

omitting the variable ¢, the characteristic equation of the equation (2-31) becomes,

wiYotangy /cosdg
s2 4+ 208 + 0%(1 + tan?¢y)

s2 4+ wi= (2-33)

which is a fourth order dynamic system. Using Routh-Hurwitz table, it is straightforward to

find the following stability conditions [9,12],

tang, > 0 (2-34)

and

Ytangzcos®d, < cosdg (2-35)

which are called the first and second Robinson criteria, respectively. The first criterion con-
cerns just the detuning angle, and the second criterion concerns also the beam intensity, which

is represented by Y.

III. Robinson and Pedersen Approach

The stability problem for bunched beam longitudinal dipole motion was first solved by
Robinson [12], where the effect of the fundamental component of the beam phase deviation on
the cavity phase deviation is considered to give rise to the stability criteria (2-34) and (2-35).
Among later works, the Pedersen formulation [5,9] is of particular interest because where the
phase and amplitude modulations and their cross effects due to the detuned cavity are treated
separately, therefore the phase feedback and tuning control can be included in the dynamic

model of the beam'loa,ding. The stability analysis gives rise to the same results as by Robinson.
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In this section, we present the Pedersen formulatioﬁ, and then it will be compared with

the model presented in the last section.

3.1. Pedersen Formulation

In the Robinson and Pedersen approach of longitudinal bunched beam stability analysis,
the perturbatidn source is the beam phase deviation. The stability is studied by finding the
equivalent RF cavity phase deviation due to the beam phase deviation. The block diagram can
be shown in Fig.2, where an inspection indicates that the upper loop is nothing more than a
rearrangerﬁent of the synchrotron oscillation loop in Fig.1, and the transfer function Z g‘p (s)
represents the total effect of the cavity voltage phase variation due to the beam phase devia-
tion. Adp.

To find the transfer function Z g'p (8), several steps have to be followed. Since only the
fundamental beam frequency at wpp is considered, the vector diagram shown in Fig.3 can be
used, where Iy, Ig, and Iy are the generator, beam image, and the total currents, respectively.
If the cavity detuning angle ¢ is chosen properly as shown, which can be achieved by a tun-

ing loop, then the total cavity voltage V can be kept unchanged under the beam loading.

The Pedersen approach considers the total effect on the phase variation of the cavity vol-

tage Vi due to the variation of the phase of the beam current.
Step 1: Projection of Iz on Ip.
From Fig.3, we can write,
Ig — jIlge 7% — e 7%2 (3-1)
The relation of both phase and amplitude variation on Iy and Iy is,
Ig — j(IB_I_AIB)e—J (ps+L¢5) — (IT-I-AIT)C—] (pz+0d7) (3-2)
By linearizing (3-2), subtracting (3-1) from (3-2), and equating the real and imaginary
parts separately, we have,

(3-3)

Alp ] [Sin(¢z—¢s) ~ cos(¢pz—ds) [ Al ]
It Adp |~ |cos(dz—ds) sin(dz—dg) IpAdpg



Step 2: Projection of Iz on V.
Under detuning, the impedance of the cavity can be written,

Z = Rcospze 1%z (3-4)

Thus, we have

VT = IT e_J ¢ZZ = ITRCOS¢Z (3-5)
To find the static projection of I on Vi, we write,

Uy + Alp)e ™7 2T Reosgy = (Vy + AVp)e ™/ 2%V (3-6)

Therefore, we get,

AV Al
Vady |~ B |1 0py ®7)

Since the bandwidth of the RF cavity is narrow, the transient response must be con-

sidered. The complete projection from Iy to Vi therefore is,

AVyp
Vi Ady

(3-8)

[zaa(s) Zpa(s)] [ Aly ]
= Rcos¢y Z4p(8) Zpp(s) IpAdp

where Zg4(s) is the normalized transfer function from the amplitude variation of Ip to the

amplitude variation of Vi, and so on for other transfer functions. These transfer functions are

as follows [7,9],

1 ( Z(s+jwpr) |, Z(s—jwrr)

Zaals) = Zpp(s) = 2" Z(jwgr) Z(—j wgr) ) (39)

and,

L Z(s+jwrr) _ Z(s—iwrr)

Zpals)=—2,(s5) = — - - 3-10
pale) ap(°) 27 " Z(jwerr) Z(—j wer) (3-10)
Using (2-26) and (2-27), we have,
. R
Z = .
(5 wrr) = T by (3-11)
Substituting (2-26), (2-27), and (3-11) into (3-9) and (3-10), we get,
o? tan®
Zaale) = Zppls) = o T LT 100 91 (3-12)

52 + 205 + o%(1 + tan?d )
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and,

— otangys
82 +20s + (1 + tan?py)

Zpa(s) =—Zap(3) = (3-18)

Step 3: Projection of beam phase variation A¢p to V.

Assuming Alz=0, using (3-3) and (3-8), the total voltage phase variation due to the

beam phase variation can be written as,

5 R — Igcos(¢z—os)
by = 25y (5)Adp = 2 cosp; [zap(s) z,,p(s)] Lsin(dg—ds) |05 (319

Substituting (3-12) and (3-13) into (3-14), we get,

ng (s) = Iz —singgos + 0‘2cos¢zsin(¢z — )1 + tan2¢z)
V/R s 4 208 + 0%(1 + tan®py)
— sindgos + 0% (tandcosds — sindyg)
s? + 205 + 0%(1 + tan?¢;)

=Y

(3-15)
Also from,

— Igcos(¢z—9s)
AVy = Z3, (s)A¢p = Rcosdy [Zaa(s) Zpa(s) ] Ipsin(;—bg) Adp _(3'16)

we have,

— cos¢gos — ocosdzcos(d; — dg)(1 + tanZdy)
s2 4+ 205 + 01 + tan®py)
— cos¢pgos — 02(ta,n¢z.sin¢5 + cos¢g)
5%+ 205 + 0%(1 + tan?gy)

Zga (s) =RIp

= RIB

(3-17)

Step 4: Total equivalent projection of Agp on Ady.

In order to develop the total projection of A¢y on Ag¢y, including the contribution of
voltage amplitude variation AV, the equivalent phase deviation of the RF voltage due to AV
is needed. Note that the total particle energy gain due to the RF voltage amplitude and phase

variation is proportional to

(V + AV) sin(¢g + A¢y) — Vsindg = (V + AV) cosdpgAdy + AVsingg (3-18)
Letting AV= 0 and Ady = 0, separately, and equating each gain leads to
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tandg

Ady = AV | (3-19)

Therefore consider the contribution of Zga (s), the total transfer function from A¢p to

A¢V iS,
tangg Yo*tang, /cosdg
7L (s) =28, (s) + —— 25, (s) = 3-20
pp (s) pp () 14 pa( ) s? 4+ 205 + o¥(1 + tan’¢y) (3-20)
3.2. Stability
From Fig.2, we have
e Wy Wppn Veosd e wpwppNVeosdg
27f“Es 2wp°Es
Using (2-30), the equation (3-21) can be written as,
526 + wio = wiZy, (s) ¢ (3-22)

Substituting (3-20) into (3-22), and leaving off ¢, we get the same characteristic equation
of that of (2-33). This shows that the two approaches are equivalent with respect to the dipole

motion instability.

3.3. Comparison

In deriving the transfer function Zy(s) in Fig.1, the in-phase and quadrature transfer
functions Zp(s) and Zg(s) are used. To determine the beam stability under beam loading, it
it shown that the quadrature transfer function plays a key role. In deriving the transfer func-
tion Z gp (8) in Fig.2, the phase to phase, amplitude to amplitude, and the phase to amplifude,

amplitude to phase transfer functions, Zpp(s), Zaa(s), and Zps(s), Zgp(s), respectively, are
used. The total equivalent transmission from the beam phase variation to the induced cavity

voltage phase deviation, i.e., Z g,‘p (s), determines the system stability.
In Fig.4, the step responses of these transfer functions are shown, where the parameters of
the AGS upgraded RF cavity are used, and the detuned angle ¢ is at 40 degrees. From these

respéhses, the fundamental difference between the two typeé of the transfer functions, and the

two approaches as well, can be observed.
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IV. Sacherer Integral Equa.tion

In this section, we present the solution of the dipole coherent motion solved by using the

Sacherer integral equation.

4.1. Sacherer integral equation for dipole motion

Consider the Vlasov equation,

Y o , 4 8¢ _
ot TP TP%5 O (1)

where 1 (¢,9,t) is the normalized phase space density, and ¢ is the particle phase deviation.

Using the phase space co-ordinates (¢,$/ws), and the polar phase space co-ordinates,

¢ = rcosf (4-2)
¢/wg = rsinf (4-3)

the equation (4-1) can be written as,
O _ . O 4+ wie) 2l = 44

The phase space density can be seen as a large time independent part 1y and a small per-

turbation part 1, which oscillates with frequency w,

P (r,8,t) = P(r,0) + ty(r,0) €7t (4-5)

We note that in (4-4), the term & + wi¢ represents a first order quantity, therefore z—¢

can be replaced by

0y sind 4o

= 6
a¢ OJS dr (4- )
The linearized Vlasov equation therefore is,
; oy . ind d¥o
. el wt __ e’ wt 2 sin —
Jwiy Ws 5 + (¢ + wig) ws dr 0 (4-7)

In the next, we discuss the coherent electromagnetic force represented by & -+ wZ¢. Simi-
larly to (2-31), in a time domain version, we can write,

w§

b+ wis =— Voosdy Vi(4) (4-8)
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where V(#) represents the cavity voltage induced by the perturbation term gbl(r,ﬁ)e’wt in

(4-5). To determine V(#), we define the line density N(¢), which is the projection of ty(r,0) on

the ¢ - axis,
NO) = [ h(8d/ws) ddjws (+9)
The line density can be Fourier expanded as,
Ll ¥ i i
M0 =3 35 AGe (+10)
where
Ap) = [ N@)e=i7% dg (411)
Using (4-10), we obtain,
Vi) = —ed 3 Z(p)A(p)e? (+12)
p=—0co

where Z(p) is the corresponding impedance. Substituting (4-12) into (4-8), we get,

W.%I 0

. 2, st
b+ wsd = Veosdg

ed9t 3 Z(p)A(p)eTr® (4-13)

p=—00

We emphasize that V(@) is the voltage generated by the line density M¢) in (4-9), which
applies only to the particles with the phase position ¢. Therefore the equation (4-13) is not a
regular synchrotron oscillation equation, such as (2-31), and to solve it for the synchrotron

motion is not justifiable.

For dipole motion only, the perturbation distribution can be written,

%(r.0) = Ry(r)e?’ (+14)
where R (r) is the radial function of dipole motion. Substituting (4-13), (4-14) into (4-7), and
leaving off €9¥! we get,

- wel Ay = .
(0 — we Ba(r)edl = 0570 s 9 4% ¢
= wo)Ri(r)ed? = 0 sing S0 5 Z()A()e (415)

Multiplying both sides of (4-15) by e—je, and integrating over 6 from 0 to 27, we get,

(0 = @)R(r) = e T L Z0) gy (prya(p) (+16)
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where we have used (4-2) and the integral

2r .
fo gl (preost—mO)ginp gg = — 2—::?—j”‘ I (p1) (4-17)
with m=1.

The equation (4-16) is the Sacherer integral equation for dipole motion [3,13,17].

4.2, Stability

To determine the beam stability, the Fourier coefficient A(p) in (4-16) is needed. Using

(4-11), (4-9), (4-14), and the relation,

d¢ d¢/wg = rdrdf (4-18)

we have,

A(p) = [ NBe% ag = [ ([ ti(d.3/ws) ddfws)e ™ dg

©o 2n . ©0
= [ rRy(r) dr [ e=i00-precsl) gg — %’r— [, Balr)Ji(pr)rdr (4-19)
Substituting (4-19) into (4-16), multiplying both sides of (4-16) by 2wgrJy(r), integrating over

r [6,14], and picking up p= +£1, we get,

— arwil, d
205 (00— 05) = om0 ([ %12 (s) L0 dr) & ( Zerrns) — Z(o—snp)) (420
cosdg
where we used
Jy(—r) == Ji(r) (4-21)
Using
2uwg(w — wg) N W — wi (4-22)
the equation (4-20) becomes,
471"0)5.[0 d'l,bo

o = wf = o ([, TR dr) - (Z(orers) = Zomunr)) (429

Substituting s=j w, and using (2-5), (2-28), it can be written as,

d ¢o

o+ wf = 5 ( j J2(r) dr) Zy(s) (4-24)
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which is equivalent to (2-31) and (2-33) except for a scaling difference. Note that for delta func-

tions, we have Iy = 2I,. To solve the integral in (4-24), a specific static distribution is needed.

V. Generalize the Formulation

In Section II, the impedance Zy(s) is derived under the consideration of the synchrotron
oscillation modulated by the RF frequency. In a real situation of rigid bunch motion, the beam
current signal contains other frequency components, and also the signal scaling has to be con-
sidered. Therefore to generalize the formulation to the rigid bunch motion, the beam current
signal needs to be analyzed. For each component in the signal, the effective impedance can be
found, which needs only a trivial modification from the results in Section II. The summation of
the effects of the impedance due to each component in the signal is the force the beam received.

In the treatment, a form factor will emerge.

5.1. Signal of rigid bunch motion
Let Tppr be the RF period, i.e.,

2T 2T
Tpp = = 5-1
RF =7 o R (5-1)

A beam longitudinal signal with IV particles in a bunch can be written as,

[>2]
i(t)=Ne 3, 6(t—kTpp+ 7 coswgkTgpp) (5-2)

k=—c0

where 7 is the synchrotron oscillation amplitude in time.

The spectrum of this signal can be calculated as [16],

[+ o] 0 .
Iw)=Ne[ 3 6(t—kTgp+ 7 coswskTrp) €~7%“ dt

k=—co
co . [oe) . o) .
=Ne 33 e I Ter=rcowshlur) _ o §3 =9 kTar 53 jmy (ur)edm¥skTar.
k=—o0 k=—0c0 - M =00
o0 O .
=Newpr 31 31 " Jn(wr) §(w—puwpp—mws) (5-3)
’ p=—00m=—00

where the identities
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. [s] )
eJWT coswgkTy — 2 jm Jm(m)ejmwsjkTo (5_4)
m =—00
and
X kT, b
3 e = 3 wpp 8 (Q—pwpp) (5-5)
kaz—00 P =00
are used.

We further assume that the bunches have a Gaussian distribution with an effective bunch
length 7. The reason to choose the Gaussian distribution is for convenience. For each bunch,

we have the following line density,

. 2 .2 —8t2/71?
io (8) = 2= (22 &3 (5-6)
TL T
With the average beam current
Ne Wrr
Iy = —— 5-7
o= (57
and using the phase oscillation amplitude
r = (IJRFT (5'8)

the equation (5-3) becomes [16],

W) =21l 3 5 ™ Tn(rwfupe)e LRI 5 (o pppmus)  (5-9)

p=—00 M=—CO

which is the spectrum of the rigid bunch motion.

5.2. Generalization

To compare the spectrum of the rigid bunch motion (5-9) with the signal used to develop

the formulation in Section II, we let an idealized RF frequency modulated synchrotron oscilla-

tion signal to be,

71(t) = Igr coswgt sinwppt (5-10)

whose spectrum can be written as,

1
Ij(w) = 2rlgr a7 > Y (—p) §(w—pwpp—muws) (5-11)
J p=tl m=zm1
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The first difference between the real rigid bunch motion signal represented by (5-9) and
the idealized signal (5-11) is that (5-9) contains not only RF frequency modulation but also RF
harmonics modulation, i.e., by the frequencies P WrF, |p |>1. To justify the corresponding
effective longitudinal impedance for these components, it is convenient to take the beam signal

as approximately a delta function series, then to consider its frequency decomposition, such as,

ad 1 X, Ipwrpt 1 d
E 6(t - kTRF) = T E e = —T_ ( 1+ 22 cos prFt) (5'12)

k=—co RF P =—00 - RF p=1

Note that all the frequency components are in cosine waveform. Furthermore, at the bunch
passing time ¢ = kTgpp, these components become cos p27k, p =0,1, -, which shows
that in the decomposition, at the beam passage these cosine functions have no phase shift for
all p. Therefore concerning the effective longitudinal impedance the same argument as that in
Section II can be used for p 1, and the conclusion is that the quadrature responses still
determine the effective longitudinal impedance for all p. Thus we have Zy(w) = Zy(w) not
only for the RF frequency modulation, but also for the RF harmonic modulation. For the car-
rier component with the frequency pwpp, the variable wpp in (2-11) should however be
replaced by pwpp. In the system synthesis, firstly these frequency components in thé rigid
bunch motion signal should be identified, then the corresponding longitudinal impedances

should be used to find the induced forces. The combined force is the one the beam received.

The second difference of (5-9) from (5-11) is that it contains not only dipole motion but
also high mode motion, i.e., mwg, |m |>1. If only the dipole motion is concerned, this aspect

can be overlooked.

The third difference is that in (5-9), the spectrum amplitude is affected by several factors,

such as the Bessel function, the bunch distribution and the bunch length. The combined
influence of these factors can be called a form factor, which should be multiplied to the scaling
Ig in Fig.l. If the synchrotron oscillation frequency is assumed to be constant, then this

" modification will change the stability margin. A detailed discussion will be presented in the fol-

lowing.
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5.3. Form factor
Consider the most important case of dipole motion with RF frequency modulation, where
p = =1 and m = 1. We write (5-9) as

(=21l X 5 ™ In(rwfwge)e R /32 § (0 pupe—maug)  (5-19)
p=%1 m=%1

Since J,,(r w/wpp) is evaluated at w = twpptws ¥ t+wpp, and we have,

Ji(—z) = = Jy(=) (5-14)
T_y(z) = — Jy(2) (5-15)
the equation (5-13) can be written as,
1(6) = 8aloy(r || fupp)e /9B 2L 5 Sy () §(w—puwpp—mws)  (5-16)

41 p=tl m=x1

Using the standard relation between the average beam current Iy and the beam current at

the fundamental frequency Ip, for the delta series distribution,

Iz =2I, (5-17)

the form factor can be written as,

F=d@ _ 2J1(r lw|/wer) e~ (mw/wrr /32 2J4(r) ¢ ~(rLw/wrr /32
r

he = (5-18)

where in the simplification we consider that in this case |w] ~ wgp.

2J
The factor r) is plotted in Fig.5, which shows that if the phase oscillation amplitude

varies within 1 rad, the error caused by using the idealized dipole motion model is not larger
than 12 % compared to the rigid bunch dipole motion.

Consider the longitudinal dipole motion discussed in Section II again, where only the syn-

chrotron oscillation modulated by RF frequency is concerned. The form factor F in (5-18) has
Ip
to be multiplied to the scaling Iz in Fig.1, and therefore also to Y = v / B in (2- 33) Thus,

the new ratio of the beam current to the generator current

Y =FY _ - (5-19)



-19 -

will replace Y in the stability equation (2-35). Since F <1, the stability margin due to the

beam loading effect defined in (2-35) is extended.

VI. Coupled Bunch Instabilities

A typical coupled bunch motion is generated by the impedance of a resonator, such that
the relative phase position of the adjacent bunches is changed in phase space in a certain mode
for a period of the revolution, and therefore in the beam current signal a frequency shift can be
observed. Several consequences of this change will be discussed by using the presented formula-

tion.

6.1. Coupled bunch motion

Let there be h bunches, and let n be the coupled bunch mode number. There will be

n =0,1, .., k—1 coupled bunch modes [4,13]. The phase difference between two adjacent

bunches in the phase space is 27’;”. Since the period between the two adjacent bunches, i.e.,
the RF period, is Tgpp = ﬂ——, if one observes from a wall beam current monitor, frequency

h wy
components of the coupled bunch mode ej (nwotmws)t will show up in the beam current sig-
nal. Corresponding to the longitudinal signal in (5-2), the signal of the coupled bunch motion
can be written as,

o0 o
i(t)=Ne 3 e™“FTrr §(t LTor 4 1 coswgkTay) (6-1)

k==—00

If further a rigid Gaussian distribution is also considered, then similar to (5-9), the spectrum of

the signal observed from the wall monitor becomes,

I(w) = 2rl, i ’ § J" I (rw/wgp)e ~lruw/wrr /32 4 (w—p wpp—nwy—mwg) (6-2)

pP=—00 Mm=—00

where a frequency shift of the coupled bunch mode is shown.

If the coupled bunch instability is considered, then the coupled bunch mode 6jn Wot can
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be assumed to be a rigid wave, which is generated from the relative phase difference of the
bunches in the p}iase space and then its induced force is applied back to these passing bunches.
Thus for an individual bunch, which performs a synchrotron oscillation in the phase space, the
modulation effects of the beam current signal due to the coupled bunch mode is demodulated.
By the same argument as in Section II, the quadrature response represents the effective longitu-
dinal impedance. Consider the effect of the frequency shift, we therefore have the following

longitudinal impedance for the signal with RF modulation,
Zu() = 5= ( B(wnartaps) = Z(w+nwo—wgr) ) (6-3)

8.2. Coupled bunch instabilities

Combine the longitudinal impedance (6-3) with the consideration of the signal analysis

(6-2), several results of coupled bunch instabilities follow.

Taking an example that A =4 and n =1, the coupled bunch modes are shown in Fig.6,
where the fundamental spectrum lines of p = =1 are directly from (6-3), and others are from

the signal generalization (6-2).

If n 0, then the two spectrum lines of the same frequency modulation may be far
apart, for instance the two lines of p =1 and p = —1 in Fig.6, and therefore in general the
treatment for the resonator type impedance under the RF modulation such as that in Section
II cannot be applied, and the spectrum lines may have to be treated separately. Consider the
dipole upper sideband at Z(w+wy+wpr), and let the real part of the impedance be R. Using

s = jw ™ juwg, the stability equation (2-31) can be written as,

2 2 = 3

2 2 OJSIB L 7 ~ wSIB B— o~ OJSIBR
87 ws Veospg 27 (wtwptewpr) 2Vcosgpg J 2Vcosdg s (6-4)

which can be written as,
wglgR
2 SiB 2

————— Wo = 0 6"5
s 2Vecosdg s+ ws (6-5)

Below transition cos¢g >0, therefore the upper sideband is stable because that the coefficient of



-91 -
s is positive. It follows that the lower sideband at Z(w-+wy—wgp), which has a negative sign in
(6-3), is unstable, and the opposite above transition.

It is interesting to revisit the form factor derived in Section V. We rewrite it as,

_ 2J:(r |w|/wpr) ¢ —(rLw/wrr /32
" ;

F (6-6)

The simplification of the form factor in (5-18) cannot be made in the case of the coupled bunch
mode, since now |w| is not close to wpp if n % 0. Now both variables have to be considered in
the Bessel function. In general, the influence of the synchrotron phase oscillation amplitude
cannot be overlooked, such as the svimpliﬁcation in (5-18). Taking the AGS Booster as an exam-
ple, the form factors for different » are shown in Fig.7. At the RF frequency of 2.55 MHz as
shown both in Fig.5 and Fi_g.7 , the influence of the variation of r is not significant. For the
higher frequency, which is often of interest in the coupled bunch instabilities, this influence
shows up. For a small variation, for instance in Fig.7 a range of r between 0.01 to 0.2, the
form factors are approximately the same. This fact has the following implications. Once a cou-
pled bunch motion has started, the signal frequency shift by the coupled bunch mode fre-
quency can excite reactions from the longitudinal impedance at these frequencies. Fof each
bunch, the synchrotron oscillation may get chance to grow, and so does the phase oscillation
amplitude r appeared in the form factor (6-6). This amplitude, on the other hand, is also the
amplitude of the coupled bunch mode. The insignificant influence of the variation of r in the
process, shows the reason why we can assume that the coupled bunch mode is a rigid wave,

when we consider the instability problem.

3. Examples of the AGS Booster and the AGS

In a test, a coupled bunch instability has been excited in the AGS booster by tuning an
unused RF cavity [1]. The coupled bunch motion was observed in a long front porch, with the
revolution frequency of 850 KHz. The harmonic number of the booster is 3, and the RF fre-

quency was 2.55 MHz. In the test, the coupled bunch instability of a dipole mode was

observed at the first revolution line, ie., at 850 KHz, which implies that n = 2. There are.
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210! protons in a bunch, therefore we have Iy = 0.082 A and Iz = 0.164 A. The synchrotron
oscillation frequency was about 4.3 KHz, the synchronous phase angle ¢5 = 0, and the RF vol-

tage amplitude V = 30 KV.

The RF cavity used to excite the coupled bunch motion has a quality factor 2.5 and a
shunt resistance 3 K(, it was tuned at the the revolution frequency in the test. The impedance

of the cavity and also the driving RF cavity is shown in Fig.8.

To estimate the coupled bunch instability, the equation (6-5) can be used. To estimate
the resistance B which is crucial in this test, the form factor in (6-6) is used, where the Gaus-
sian distribution is still used since the associated error is not significant. The bunch length can
be measured, which is 7;, ~ 130 nS. The final effective resistance R of the unused cavity is
shown in Fig.8 by dotted line, which indicate that it is 60 db, i.e., 1 K2 at the 850 KHz. The

growth rate calculated using (6-5) is about 27.7 mS, which is close to the test result of 30 mS.

In an AGS operation, a coupled bunch instability was observed and analyzed [10], which
appeared at the 1.77 GeV front porch, with RF frequency of 4.18 MHz. It is a dipole motion
with a coupled bunch mode n =11, and the AGS has an RF harmonic number b =12. To
locate the frequency of the coupled bunch mode exciting resonator, two tests were performed.
The bunch lengthes are 46 nS and 70 nS, and the beam currents are 0.089 A and 0.457 A,
respectively. The RF voltages are 260 KV and 184 KV, the synchrotron frequencies are 1.64
KHz and 1.38 KHz, respectively. The observed growth rates are 48 mS and 24 mS, respectively.
The form factors according to (6-6) are plotted in Fig.9, where a moderate r = 0.1r; is used.
To generate the observed growth rates, the required resistances in the longitudinal impedance
are plotted in Fig.10, which shows that at approximately 17.6 MHz the required resistances are
crossed, note that the closest unstable coupled bunch mode frequency is at 17.1 MHz, therefore
Fig.10 shows a possible location of the exciting resonator for the coupled bunch instability.

This result agrees to the one obtained by different approaches [10].
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