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Multiturn injection is possible when the acceptance OL the ci rcud accelerator is 
larger than the emittance of the injected beam. The goal of any multiturn injection scheme 
is then to fill the ring acceptance evenly with the injected beam. This process is also 
called "phase space painting." Typically the beam is injected in the horizontal plane with 
an electrostatic inflector bringing the beam into the ring acceptance. The inflector has to 
be positioned between the injected beam and the closed orbit as is shown in the space 
diagram in Fig. 1. The dashed circles in Fig. 1 show the phase space position of the same 
particles for five consecutive turns for a fractional betatron tune of n/5 (n = 1...4). Clearly 
only five turns can be injected in this case. For a smaller emittance of the injected beam 
and/or larger acceptance more turns can be injected at the appropriate tune value. A de- 
tailed description of this scheme is given by J. Wei and s. Y. Lee* and C. Gardner.2 

This scheme will only fill the horizontal acceptance leaving the vertical acceptance 
largely empty. In practice, coupling between horizontal and vertical motion will dilute the 
beam in the vertical phase space until it matches approximately the horizontal emittance. 
This dilution can be avoided by painting the injected beam not only into the horizontal 
phase space but also into the verticad phase space. To accomplish this, sufficient coupling 
between the horizontal and vertical motion has to be present during injection. Using cou- 
pling to simultaneously paint both the horizontal and vertical phase space has the potential 
to significantly increase the number of turns that can be injected into a given acceptance. 
In principle, this number can be the square of the number that is achievable by injecting 
into the horizontal plane only. 
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Figure 1. 

In the following, I will develolp the basic requirements for linear coupling with a 
simple model consisting of a ring with a single thin skew quadrupole located at injection. 
The transport matrix for the thin skew quadrupole is 

with 
0 

Q = (  9 

Q ,  1 

O )  0 

and the rest of the ring is given by 
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1 ( ] = [ cos(2nQx) + J, sin(2nQx) 0 

0 cos(2zQy) + J, sin(2zQy) 

with 

Ji = I 
being the standard Courant-Snyder twiss parameter matrix for the uncoupled ring. 

I will follow the parametrization of the motion in the 4 dimensional phase space of 
Edwards and Teng3 with some useful extensions and generalizations.4 The symplectic 
one-turn matrix is then 

T is diagonalized by the symplectic rotation matrix R: 

and 

E is the transpose of E, IEl is the determinant of E, and 

' AT = Tr(M - N) = 2(cos(2nQx) - cos(2nQy)) 

Au = Tr(A - B) = 2(cos(2nQ1) - cos(2nQ2)) 

Q, and Q2 are the normal tunes of the diagonalized one-turn matrix U. 
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When AT = 0 the effect of the linear coupling by the skew quadrupole is maximized. 

This means that the original tunes Q, and Qy without coupling are equal. We then have 

Au = 4A; + 4 Tr(mn) + 81ml = :2 sin(2nQJ 4- = 2q sin(2nQx) @& 
* 

We can now calculate E: 

' E  
a x  - ay 

Am 
Note that E and thus also the sympkctic rotation R are independent of the skew quadru- 
pole strength. This is due to the fact that the uncoupled ring is tuned to the linear coupling 
resonance Qx = Qy. For R we have 

1 

R = T  

I 
1 1  i m  0 

I 
I 4 O I  1 0 
I 

The symplectic rotation angle $ introduced by Edwards and Teng is directly related to 
the determinant of E: 

IEI = sin2$ 

In our case we get 
1 sin2$ = z or 4 = 45". 

Note, however, that IEl can be negative and therefore 9 is not always defined. 
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The twiss parameters of the normal modes are given by the following relations: 

cos(2nQ1) = cos(2nQ) + q sWnQ)$& 

cos(2nQ2) = cos(2nQ) - f q s i n ( 2 n Q ) G .  

For a weak skew quadrupole stength ( q m  c< 1) these expressions simplify considera- 
bly: 

0 To obtain the x and y coordinates of'the beam motion we transform the time evoluti 
the normal modes given by 

u = cosyr, 

pu = - +i&(sinyr, + a, cosw1) 

v = - d a  cosyr, 

P" = 4M32(s inyr2  + a, cosyr2) 9 

- 

using the symplectic rotation matrk R 

n of 

The invariants a, and o2 and the initial values for the phases y1 and yr2 are determined by 
.I 
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t the location and direction of the injected beam: 

Under the assumption that injection is in the horizontal plane (y = 0) we can then choose 
px and py to minimize a, and a2: 

We then get 

X; 
a, = - 

21 

x; P y  0,=--- 
2P2 Px 

The conditions for px and py approach the conditions for the uncoupled case in the limit of 
small skew quadrupole strength - 

ax (ax + %) 9 P Y  a, 
px = - K - 4 

P X  

xi-+- -xi 

-+o 

The exact solution for the x and y coordinates as a function of time is 

w1- w 2  w1 ur2 

2 
cos xi 

2 2 
x = - (cosw, + cOsy2;) = xi cos 

2 
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Figure 2. 

Fig. 2 shows the trajectory of the injected beam for 

w 1 -  w 2  1 
Vl + w2 4 

= -  

The dots show the beam locations for (VI + V2)/2 = n/5 (n = 1 ... 4). For this case 20 turns 
can be injected before the closed orbit has to be moved away from the inflector. This is 
four times more than for injection without coupling. 

For small skew quadrupole strength 

For the case described above we then get for the skew quadrupole strength 
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(I=--- 1: .011 m-' 

where we used m = 9 m. This corresponds to a focal length of 90 m. 

uncoupled beam then has the following emittances: 
After injection is completed the skew quadrupole can be turned off adiabatically. The 

Ex =: no, , Ey = nU)2 

note that-the beam width is smaller than during injection: 

,/$ jl.": x i p  
2P2Px $i Px 

. Y =  --= -=- 

During injection the surface of the four-dimensional ellipsoid that is defined by o1 
and o2 will be evenly "painted." To :€ill also the inside volume of the ellipsoid the distance 
between the injected beam and the closed orbit can be slowly increased as is proposed for 
the injection scheme without coupling. In this way it should be possible to inject well over 
a hundred turns with high efficiency and small final emittance. 
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