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TWO MODELS FOR A STATIONARY BUNCH 
I N  LONGITUDINAL PHASE SPACE 

Joseph Bb. Kats 

A b s t r a c t  

A stationary bunch is the simplest acceferakar concept for testing 
mathematical model5 o f  parkicle dynamic5 in longitudinal phase space. 

There are t w o  mathematical, mudels f o r  particle dynamics : 
cantinuous and discrete. The r u n t i n u a ~ s  model is- bas=d on differential 
e q t t a k i u ~ t ~  and Hamiltonian formalism, while the discrete model is ba5eb 
on difference e q u a t i o n s  and recurrence theory. Each of t h e  madE15 i 5  
appraximate  and is judged by cclmpar15on w i t h  experiment. B o t h  m o d e l s  
advantaqes come from their analytical and computational simplicity and 
effectiveness, It is a combination of the5.e two models which makes 
modeling successful. Far example, WE? almast always ~t5e the Hamiltonian 
d r u m  the continriotts madel ta calculate the bunch 5hape (baundary of 
p a r k i c l l e s '  s table  r e g i a n )  and the bunch parameters, ~ , u c h  as length and 
height; ?hen w e  track. p a r t i c l e  trajectaries using the discrete model. 

In this r e p ~ t - t  w e  construct t h e  bunrrh shape t w i c e ,  without mixing 
the t w o  models; f i r s t  from the cctntinuaus model, then from the 
discrete model. A comparison of the two bunches reveals that. the 
second bunch i5 tilted w i t h  rft5pect ta t h e  -Fir5t. 

The angle between axe5 af t h e  t w o  bttnches depends on +-he ratio of 
the syntzhratrun tune t c t  t h e  number cf cavities. the bigger the ratio, 
the l a t - 3 ~ -  t h e  angle. 

I n  this report we review both models and compare same of the 
results coming independently f r u m  each model. The main cclncl~ar;ion is 
that bath  resirlts are very close. The reason f u r  such czoseness 5s that 
the ratto of synchrotron? tune to the number of {equally spaced) 
accelerattng cavCttes 6s very small ror the vast nmJortty of exCstCng 
acceterators .  
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1. CONTINUOUS MODEL e 
7 . 7  Basic equations and :parameters. 

I n  t h i s  s e c t i o n  w e  r-rill r e v i e w  *Re  c o n t i n u o u s  model d e s c r i b i n g  

l o n g i t u d i n a l  mot ion  of c h a r g e d  par t ic les .  T h i s  m o l d e i  a s s ~ i m e 5  t h a t  one 

a c c e l e r a t i n g  c a v i t y  acts c o n t i n u o u s l y  a l o n g  the w b l e  c i r c u m f e r e n c e  af 

the machine.  Then a s y n c h r o t r a n  matitm af n o n - i n t e r a c t i n g  p a r t i c l e s  

w i t h i n  the stationary buckfit is governed by the e q u a t i o n s :  

w i t h  
AE=E--E E: , hw=2rrp, 

where  E , ?  are p a r t i c l e ' s  e n e r g y  and  phase, s t t b s c r i p k s  rs , t  refer t a  

t h e  rest, s y n c h r o n o u s  and t r a n s i t i o n  e n e r g y ,  e 2s p r o t o n ' s  charge, 4 

is charge af  the i o n  subjrect t c t  s y n c h r o t r o n  motian, l3 is t h e  i ~ i  

charge 5tate i n u m b e r  of s t r i p p e d  e l e c t r a n s i ,  A is =ass nitmber? I is 

i o n i c  res? e n s r q y  per n u c l e o n ,  V is ( t o t a l ]  peak voltage of  H F  s y s t e m ,  

driven with the frequency f which is synchronized with the p a r t i c l e ' s  

revaluticrn frequency w as it is shown by ( 2 ) .  N o t e  that ese:O below 

trEmsi'kiI3n ( 7  and e s > O  above t r a n s i t i o n  ( 7  37 j . Definitions and 

detaiLs on ion parameters are presented in Appendix A .  

Fcr the t--t_t? p a r t i c l e ! ,  the n o n l i n e a r  s jys te~ (13 is s a l v e d  starting 

9 s t  

ti, t i >  
fro= i n i a i i l  p s s i t i o n   BE^, .qO I 
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1.2 Hamiltonian and Bunch. a 
E q u a t i o n s  flf l e a d  ta or tan be d e r i v e d  from t h e  H a m i l t o n i a n  

T h i s  r e p r e s e n t s  a c o n s e r v a t i o n  law: the 5 u m  of p a r t i c l e  k i n e t i c  and 

p o t e n t i a l  energy f i n  a p p r o p r i a t e  c a n o n i c a l  v a r i a b l e s )  is c o n s t a n t  

during p a r t i c l e  m o t i o n ,  [See Appendix B for basic LerminoLogy. j 

The Hamil tonian  ( 3 )  h a s  a d i m e n d u n  uf e n e r g y  fFiq=If. 
If necessary the Hamil tonian  can be 

norma l i zed  by a n  a p p r o p r i a t e  chatice 

of c a n s t a n t ,  O n e  way t5 d o  it is t o  

make H as a p o s i t i v e - d e f i n i t i v e  

farm: H ~ Q  i u r  negative-cief i n i t i v e H < O  j 

and t o  make m3&=Q imaxH=of e 
F a r  example, by adding tu ( 3 )  

the c o n s t a n t  q w V f 2 x  we get 

T h i s  form is c o n v e n i e n t  for PZ8.l. HumtItontan surface 
s t u d y i n g  s motion a f t e r  t r a n s i t i o n  

when e :?<I? H'p2 tFig-2) 
Er 

- 
unct tts proJect.ton 
on t h e  phase plane. 

On the ather hand, by s u b t r a c t i n g  qwVJ27c f r o m  f3 )  we get 

f 5) 

T h i s  H a m i f  tanian is m o r e  c a n v e n i e n t  before t r a n s i t i o n ?  rcthen esc:O, 

( F i g . 3 ) .  In b a t h  ca-5~5 Hamiltonian equations 

H<CB 

lead t o  fl}. I f  t h e  i n i t i a l  c o n d i t i o n s  

f u r  a p a r t i c l e  are Ko,qo then t h e  

Hami l tonian  for such a parkicle h a s  a 

c a n s t a n t  v a l u e  o f  H'~a~~,cp~~=H'. 0 

The trajectory for  that p a r t i c l e  can 

be expr~55ed e i t h e r  implicitly 
+ 

H % ~ , A E ? = H ;  (71  

Ftg.2. Hamiltontun surface 
or energy above t runs. l t . lon.  

. .  



F i x e d  p o i n t s  of H a m i l t o n i a n  sttrface H=Hl(p,hE) are found from 

T h e s e  p o i n t s  are p a i r s  (cp=vm,A€=O), n=01-+l,t2,. . . . 
If a p a r k i c l e ' s  t r y j e c t o r y  is closed 

i n  the vicinity of  t h e  f i x e d  point, 

t h e n  s u c h  a p o i n t  is c a l l e d  stable. 
EJtherwise,  t h e  f i x e d  p o i n t  is c a l l e d  

unstable. I t ' 5  easy t D  5ee f r o m  the 

Hand t h e  stable f i x e d  points-Ecp=2n7r7AE=O) for ]H- are unstable f o r  H', 
The salue of t h e  H a m i l t o n i a n  c a l c u l a t e d  a t  unstabl~ f i x e d  point is 

a separator. I t  is p o 5 i t i s ~  w h e n  e >OF n e g a t i v e  when es<Q : s 
- 

(11) 

It 5 ~ p a r a t e s  trajectories of a l l  p a r t i c l e s  w i t h  d i f f e r e n t  i n i t i a l  

c o n d i t i o n s  i n t o  t w o  classes - open and closed, Accord ing  t o  175 e a c h  

t r a j e c t o r y  can  be uniquely  c h a r a c t e r i z e d  by t h e  value o f  its 

Hamiltonian. T h a s e  trajectories f o r  wh ich  

H' =k,j-..- w 
y GP 7c 

/H'I x: ]H' I 13-21 
0 = eP 

are cles~lcf and  t h o s e  f o r  which  

are open- 

A t r a j e c t o r y  w i t h  

is c a l l e d  (z separatrdx. 
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1% S=c\ne,ic,ts a-f t b m  b r a n c h e s  i n t e r z e c t i n g  each o t h e r .  Two b r a n c h e s  of a 

s e ~ a r a t r i x  between c o n s e c u t i v e  ~ t n s t z b l ~  f i x e d  p o i n t s  roniftose a closed 

t r a j e c t o r y  cirlLed a bucket. The l e n g t h  a i  khe s t a t i a n a r y  b:tcket is 2%. 

T h e r e  are h b t i c k s k s  in t h e  phase 5;gace, t h e  configuration of  b u c k e t 5  

periodically repeating i tself-  All trajectories w i t h i n  t h e  b u c k e t s  ars 

closed, w h i l e  all trajertaries a u t s i d e  the bucket5  are open- A t  t h e  

c e n t e r  o f  e a c h  bucket t h e r e  is e x a c t l y  o n e  s t a b l s  fixed paint.  

The set o f  particles w i t h i n  a bucke t  is called a bunch. The p r e c i s e  

d e f i n i t i o n  is m o r e  flexible; it s a y s  a bunch c o m p r i s e s  95% c)r I W %  or 
93% Cor w h a t e v e r )  p e r c e n t a g e  o f  the t a ta l  b u c k e t  p a r t i c l e s .  

The actual number of bttcketr i n  an acceleratar is d e t e r m i n e d  by %he 

ha rmon ic  n t t m b ~ r  . I n  the AOS w e  have h=l2 buckets lying along the 

8M.WSm circderence of machine. So, we have 8W/12= 67.25m as the 

length of each bucket. 

In t h i s  repart WE! b + i l l  d e a f  e x c l u s i v e l y  w i t h  %'tergi~+5 be law 

t r a n s i t i a n  < e  (01 and w i t h  t h e  i-iamiltgnian K DR t h e  intFrvaf <-x7s j -  

Far t h e s e  reasons. we w i f i  drop t h e  zuperscript fo r  the H a m i l t o n i a n  

and w i l l  w r i ' t e  H instead of H and 

- 0 

- le, I i n s t e a d  of  e=. 

1.3 Synchrotron Frequency and Synchrotron W e .  

I R  ?he t7hase space l i p , b E f  a part , icle=s t r a j e c t o r y  is a clased titfve 

and fm- -khat r e s s ~ n  the p a r t i c l e ' s  m:z&ictr: is p e r i o d i c  k - e .  it perfurms 

synchrotron oscXlZat2ons. The certicle's synchrotron frequency a, 
depends an the v a l u e  of t h z t  p a r t i c l e ' s  H a m i l t o n i a n :  

- 

w h i c h  is a constant, Ha, det3rmined by pai-ticle's i n i t i a l  po5ition: 

H 0 = H ~ A E ~ , C ~ , )  
The l a r g e r  the a h s a l u t e  value r s f  H, t h e  smaller is 

f r e q u e n c y  & b ~ f H ) .  
Whi l e  a p a r t i c l e  m a v ~ 5  aLcsnq -3 t r a j e c h r - y ,  its cam-$ 

la) 
t h e  s y n r k r a t r o n  

i n a t e 5  AE=AEr: t ) ,  

rp=ip(t j  are c h a n g i n g  w i t h  time a c c o r d i n g  to (3.51 - However, the 

H a m i l t o n i a n  d o e s n ' t  change; its value H, r e m a i n s  t h e  s a m e  a5 a t  

initial p o s i t i o n  E = A E ~ ~  cp'cp, as well a5 a t  otrtrer p o s i t i o n s ,  say, 

AE=O cp=r>O or AE=AEb>O, p 0  ? 



*' ' - 7 -  

f a r  w h i c h  

I 17 f 

In khe same r4ay a5 we c h a r a c t e r i z e  a trajectory by its Hamiltanian,  w e  

can d a  it u s i n g ,  instead, either r ar Eb. The advantage uf t h i s  is 

that  w e  tan get rid of the initial c u n d i t i o n s  far the given p a r t i c l e ,  

and taft characterize it by #>ne invariant of motion: e i t h e r  H, or r ur 

P a r t i c l e s  within a bunch have d i f f e r e n t  energies- The mast e n e r g e t i c  

particies m o v e  along t h e  'r!-ajectary w h i c h  contains a'fl the o t h e r s ,  

Then tzar- such a t ra jec tory ,  parameters- r ,AEbfHo are called bunch 

half-length, bunch half-hedght, and bunch EumZltondan fFig.4). 

W e  w i f f  apply stibs;cript b ta a31 I A E  
bunch parameters . Smxetime5 rb is 

ca2 led bunch Csynchrot ran 1 

because it can be easily me;lsured 

experimentally. 

The bunch half-lengkh ar  half-height can be expre-?-sed by the 

c o u n t e r p a r t  -to f 17) : 

P@.4.Stationarv bucket & bunch. 

c 3-31 

Tbe m a s t  important  parameter of  the mation is the centra'l 

synchrotron frequencu no, which is a f t e n  is referred ta simply a5 the 

s y n c h r o t r o n  frequency <#f a small amplitude). A r t t t a f l y  it i5 the 

maximal synchratran f~equency, Me can find it by linearizing t h e  

equations of m o t i o n  (1 j : s e t t i n g  ~incpscp, t.+hich is a gactd appraximation 

f o r  all the particles moving w i t h i n  a short bunch rb" 1- 

1 
I 



and w e  reduce it to one equation o f  harmonic oscillations f e _ t O  1 
a 

whose frequency i5 what we call the {central) synchrotron frequency 

[for small amplitude): 

If the synchrotron amplitude r i5 not small, then the synchrotron 

Bynchrotron.,CZongZtudfaaZ) tune v = v l r )  is the ratio of frequencies 

frequency depends on amplitude r )  ( s e e  R e f .  1 for m o r e  deta i l s )  .) 

v=ntr)/w - (251 
E%st appficati~ns use a centra l  spnchrotron tune 

$24) 

which is o-ften referred ita sirnply as spnchrotron tune, We'll fallow 

t h i s  tradition- The  b u c k e t  half-height and time have a s i m p l e  relation 

E = 2v 01eJ - I251 0 

Wi-kh the 5 a m e  accuracy as SincpScp, one can rewrite (1s) for short 

b s n c h e s  as 

I f  w e  can measure the burnch length experimentally, then 

(263 w e  can calculate the bunch height or bunch energy spread. 

p ~ i t h  ( 1 ~ 1  ay- 
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* i "4. Dimensionless Equations. 

L e t  u5 i n t r o d u c e  a d i m e n s i o n l e s s  t i m e  measured i n  u n i t s  o-f synchrotron 

p e r i o d  and a dimensionless i  energy measured i n  u n i t s  of bucket 

h a l f - h e i g h t  z 

Then the dynamirr equat iuns  f1) will kake the d i m e n r i o n f e s s  f a r m :  

with t h ~  carrespanding new Hamiltonian 

2 
H ( G E , q j  = - BE - Sin 'j 

i 

which is scaled to t h e  a16 separatctr: 

H = H/H . s e p  

f 3tr 3 

131) 

BE = - - c  c o s  I 2 
B u c k ~ t  h a l f - h e i g h t  15 

fSE =605i>=l. 
0 

B u c k e t  e m i t t a n c e  is 

fhs kra jec tory  equatiDn ~f the 

with synchrotron  ampl i tude  T 

w r i t t e n  a5 

( 3 2 )  

f S 3 )  

p a r t i c l e  

can be 

(35) 

If f 3 5 )  i5 s n  squation csf t h e  bunch boundary t h e n  t h e  h a l f - h e i g h t  of 

rb QE = m =Sin-  I b 2 
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I f  t h e  bunch hal f - - length  is Pb5 t h e n  the bunch { lanqitudinal) 

e m i t t a n c e  is 

0 

where  KIm) and E f m l  are r r o m p l e t r ;  e l l i p t i c  i n t e g r a l s  of t h e  1st and 2nd 
rb Tb 

k i n d  { s e e  Appendix C for m o r 0  detaiLs) I For a s h o r t  bunch fSin-=-j 2 -2 
any part ic le  w i t h i n  t h e  bunch i5 g o v e r n e d  by H a m i l t o n i a n  

2 2  
H(&E,cpj = - &E 2 - y=-- 'r 

4 4' 

which  means that t h e  p a r t i c l e  t r a j e c t o r y  is a n  e l l i p s e  

The bunch boundary i5 t h e  s a m e  t y p e  o f  e l f i p s e  w i t h  F P ~ ,  and the area 

c t f  ti325 e l l i p s e  is t h e  s h o r t  bunch e m i t t a n c e :  
2 

xrb 
2 (40) 

T h e  d i m e n s i o n a l  bunch h a l f - h e i g h t ,  h a l f - l e n g t h ,  and e m i t t a n c e  are then 

E = - -  

AEb=AEoGEb7 rb, A=AEoe f411 

where  Eo is a bucket h a l f - h e i g h t  according t o  (191 and  (25). 

- 
In t h i s  5ectim-2 w e  have cons idered  a cr>ntinurrtur; model of  p a r t i c l e  

dynamics .  T h i s  madcf is good becatise it is simple and p r a d u c t i v e .  ft 
g i v e s  us a11 the bunch p a r a m e t e r s  w e  need .  B u t  how accurate is the 

c o n t i n u o u s  model? H a w  good is a ~ t r  a p p r o x i m a t i a n  which reduces the 

effect of  ane or m a ~ y  l o c a l i z e d  cavities ta one rzonkinuous cavity? 

i s n ' t  i t  e x t r e m e ?  

To examin= t h i s  ex t r emle ,  w e  w i l l  g o  i n  the n e x t  s e c t i o n  to a n o t h e r  

e x t r e m e  and then we'll cmipare the r e s u l t s  f r o m  both. 
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2. DISCRETE MODEL 

I n  this s e c t i o n  w e  w i l l  r ev i ew a d i s c r e t e  mcsuef d e s c r i b i n g  

l o n g i t u d i n a l  motion of charged  p a r t i c l e s .  T h i s  model assumes t h a t  a l l  

a c c e l e r a t i n g  cavi t ies  are l o c a l i z e d  a t  one  p o i n t  af t h e  machine r i n g  

C 2 3 .  The ~ a 5 e  of many pint-like c a v i t i e s  133 w i l l  be d i s c u s s e d  a t  t h e  

end o f  t h i s  s e c t i o n .  Eelow, s u b s c r i p t  n w i l l  d e n o t e  for any  p a r t i c l e  

its number cif c a v i t y  traversals. 

Then s y n c h r a t r a n  motion of n o n - i n t e r a c t i n g  p a r t i c l e s  f o r  s t a t i o n a r y  

c o n d i t i o n s  is governed by t h e  mapping e q u a t i s n s :  

This sys t em can be reduced t o  t h e  sys t em f1.28)-11.29) 

r e p l a c e  t i m e  d i f f e r e n c e s  by t i m e  d e r i v a t i v e s :  

2.d 8 Stability. 

To s i m p l i f y  a u r  a n a l y s i s ,  w e  s u p p o s e  t h a t  t h e  bunch is s h o r t  enough 

t o  L i n e a r i z e  a non-lineat- p a r t  o f  (1) by p u t t i n g  Siny, =cp fcw any 

p a r t i c l e  i n  t h e  bunch. Mow we are d e a l i n g  w i t h  l i n e a r  system 

w i t h  g i v e n  i n i t i a l  v a l u e s  cpof8Eo. 



2 2  
=-4% vo8En 

c 2 2  
=-4% voqn . 

n=o,a.z,. . . (41 E -  n-4)n+t=n T 

Because the 2nd order difference rquatirarr (5) is similar ko the 2nd 

u r d e r  differential e q u a t i o n ,  c-ae seek a general s o l i t t i o n  as a Linear 

cambination of  two particular solutions: 0 
= q3n+.IbEn' n=cr,l,2,. - . f 7 )  

z en+ge- z e n  z =lie n 

Here A,E are complex csnstant5. famplitude5), which are d ~ t r l r m i n e d  by 

0 0 ia, A+E = cp +26€ = z 
- I 

where cpo,SEo are initial values, 0 is characteristic constank (step 

angle j ." and cpi7EzE1 are calculated $ram t 3 )  : 

Far z to be a si3lution nf ( 5 )  it is necessary that step angle 8 

sakisf ies a characteristic equaticln when any particular solution f r o m  
n 



2.2. Discrete conservation law 

By s u b s i t i t u t i n g  t h e  secand equakion af (35 i n t o  t h e  f i r s t  rsne, w e  

can r e w r i t e  th$5 s y s t e m  a5 

Introduc ing  vectai-5 X and the i r s t r i x  M n 

X = M I X  
n+* n 

where 
P 4 

4 4 
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Th€??n 
e 

x = IX Ccrsn0 f. JXoSinae = n 0 

M u l t i p l y i n g  124) by t h e  m a k r i x  J w e  have ,  u s i n g  122): 

JXn= JXOCursne - IXoSinnf3 I 

C o n s t r u c t i n g  5calar proditcts w e  get f r o m  (243, (251: 

T h i s  5.5 a conse,rvation l a w .  I t  says t h a t  dur ing  t h e  synchrotron  mcskicsn 

a q u a d r a t i c  f o r m  on thy l e f t -hand  s i d e  i 5  t h e  s a m e  as  it w a s  at the 

- 
and 

In the phase  p l a n e  ((p,Ef tbe s e q u e n c e  of p o i n t s  Ccp,,6En)r 

by the Rapping i'I7), is lies along the closed t r a j e c t o r y  

A c o n s e r v a t i o n  l a w  ( Z b )  or (30) tells u5 t h a t  t r a j e c t o r y  

(293 

determined 

(30) is an 

i n v a r i a n t  of motion,  so are t h e  parameters  of t h e  t ra jec tory ,  like it5 

semi -axes  and area ( e m i t t a n c e ) .  
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2.3. Bunch parameters and orientation e 
A 5  w e  w i l l  see, t r a j e c t o r y  ( 3 0 )  is an  ellipse whose a x e s  are t i l t e d  

with respect to co-ord inate  awes(Fig .b) .  W e  wish to Sind  parameters  of 

t h i s  ellipse- If the ellipse c o n f i n e s  a l l  the p a r t i c l e s ,  then the 

e l l i p s e ' s  parameters  arcs hunch parameters .  

In o r d e r  t c s  g e t  t h e  equat im? m f  t h e  ellipse ,_ 

i n  t h e  canonical f w - m  

J.;", u2 = 1 (31 > 
a' b2 

let us i n t r o d u c e  new (tilked) a x e s  X p g  
w i t h  t h e  s a m e  origin as  old axes and 

w i t h  t h e  rct tat ion a n g l e  @ 

X =  COS@ +&E+Sin@ 

y =-'p * S i n @  +6E +cosa 

PZg.6, T t l t e d  bunch on 
(32) the p h a s e  s p a c e .  

f 

Then %he s e m i  awe5 a and b can be expressed a5 
2 cx =-a,,/hz I BZ=-a3,/hi 

where hi,h2 are the r ~ o t s  of  the characteristic e q u a t i o n :  
- 

2 2 - f aii+aZz3 h + f uiiuzz -a i2 )=5. 

The ellipse area [ e m i t t a n c e )  is 

(34) 

(351 
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2.4. Discrete model with N cavities a 
When N cavit ies  are equally spaced along t h e  machine ring, then  khe 

tatal voltage V i5 equally d i v i d e d  between a l l  N cavities. Then 43.1 
becomes 

These  equations de5;cribe changes i n  energy  BE and pha5e cp f o r  p a r t i c l e  

g o i n g  from cavity to cavity N times and r e p e a t i n g  t h i s  prnr-.ee,s a g a i n  

and a g a i n .  The 'on ly  biffw-ence between ( 3 9 )  and (1) ic, that tune vo in 
(1) is replaced by vOfN in (391. Thi5 means t h a t  all t h e  fact5  

f o l l o w i n g  f r o m  (.I) which depended an tune will be the s a m e  f o r  t h e  

case ctf rt! c a ~ i t i e s  a f t e r  w e  replace v by V ~ J  1t-1 pareicuiat- 
0 

and the s n g l e  @ between ellipse a x e s  and r o a r d i n a t e  a x e s  is 
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3. INTERPRETATION OF BUNCH EXPERIMENTAL MEASUREMENTS e 
Mhen W e  are d e a l i n g  w i t h  a s t a t i o n a r y  bunch  i n  an e x p e r i m e n t ,  t h e n  t h e  

f i r s t  t h i n g  w e  l f m k  f o r  is a ”mountain range” or bunch l i n e  

d e n s i t y  d i s t r i b u t i u n ,  which  allows; ufi t o  measure a l o n g i t u d i n a l  

p r o j e c t i o n  of t h e  bunch l e n g t h .  Having a 

h a l f - l e n g t h  w e  then c a n  c a l c u l a t e  a i l  

the o t h e r  bunch p a r a m e t e r s  s u c h  a s  

haif-height t enet-9). sp t - ead  1 a n d  

e m i k t a n c e .  rJf C O L I T ~ ~ ,  w e  k . n s n  f r s m  t h e  

s t a t i o n a r y  c c l n d i t i a n s  a l l  the other 

numbers of inter&*-- to ta l  peak voltage 

V, s y n c h r o n o u s  energy Es, RF frequency 

f’, c h a r g e  4.. and 5.0  ET^. If t h e  bunch 

would be a n  ellipse ~ i t h  t h e  axes 

e x a c t l y  aligned alcmg ccrrjrdinate a x e s  in Ptg.7.EarCzontul bunch 

phase EipaCe.r then the measured 

IprDjected) Length sor-ibd be t h e  exact bunch length IFig.73 - 

-r, 0 rb 

and Zts t $ n e  densdty. 

f.icrw i r r :agine an e x p e r i m e n t e r ,  let’5 call him Bassl, who h a s  gotken f rom 

a mountain range the half-length rbiradian5) a? a s h o r k  bunch- He asks 

t w r j  t h e r l r i s t 5 ,  iet’s call t h e m  Tom and M a r y ,  to calculake the brtnch 

pararnet~rs: ~mittance, energy s p r e a d  and h a l f - h e i g h t -  

3.1.Interpretation based on continuous model 

Suppose  T o m  believes i n  the ~ a n t i n u e u s  m s d e ! .  while Mary beiie=ec, 

in the b i a c r e k ~  m o d e l .  T ~ t m  immediately g e t s  results. P.ccordin3 t u  

<1.3&1 the brtnch half-height tdimensiunless) which i n  h i s  case just 

T h i s  fctrmt- . i la  is n o t  a p p r o x i m a t e ,  it’s exart f a r  s h o r t  as well as fo r  

long bunches.  fa r  the s h a r k  bunch (1) it can w r i t t e n  as 

GEb=rbJZ a f 2 )  
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3.2.Interpretation based on discrete model 
0 

Mary canisicier5 t h e  bunch a5 a t i l t e d  eflipae (Fig.Bj. 

S h e  5dy5 t h a t  t h e  measured vb is nat t h e  

real bunch h a l f - l e n g t h ,  r a t h e r  rb is t h e  

bunch r igh t -mos t  p a i n t  p v b ,  6E=6Er. In 
t h e  v i c i n i t y  of t h i s  p a i n t  t h e  p a r t i c l e ' 5  

trajectory cp"cp(E1 doesn '  t change it5 

Cp-f33?3rdiRZtE?: 

(41 

- 

= o .  

Mary say5  t h e  reai bunch parameters d-irsulcl 

b e  calculated fram (2,341 and (2,381, -5 0 rb 

~ E = B E  
r 

rp 
1 

F a r  t h i s  s h e  need . to  c a l c u 3 a t e  tc33 ,  which Ptg.8.T21ted bunch and 
is part uf trajectory e q u a t i o n  1'2-30): Zts line dens t tg .  

where 

arid 

M a r y  knows pb from expe r imen t ,  

acblving h e t h  (41 and (55 s imultanea&sly .  

but no* BE,. Thz last cart be found 

Indeed, after d i f f e r e n t i a t i n g  i 5 )  w i t h  respect t c b  &E one can 

from which t q0=r;,, 6Eo=6Er i 
2 

a*1a22-a12 2 - 5 2 - - b y b  - -+rb I 4 
a2 2 

a33 - 

@Now t h e  bunch p a r a m e t e r s  can be fuund, The bunch. half-length is 

m a j o r  semi-axis i.3 o f  the e l l i p s e  . 
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Bunch e m i t t a n c e  is 
z 

7Grb /? 
E = 7cab - 4-p . 4 

The h i g h e s t  . , .paint  fQEh, (ph)  o f  t h e  bunch determines 

spread  6E,. Ir! the vicinity o f  t h i s  paint the p a r t i c l e ' s  

QE=GE(cp) doesn' t d-isnge ie5 BE-coordinate: 

the energy 

trajectory 



3.3. Comparison ox the two interpretations e 
Tafn and Mary submitted . t h e i r  results to experimenter Eo5-5, and 

rw-iinded h i m  ta multiply results by AEoft -om f1.19) in ctrder to convert 

half-height, half-spread and emittance to dimensional farm, Boss put 

Tarn and Hary'~; results alrjrtg w i t h  his awn rb in the fallowing +-able. 

Table '1. 

bqnch experimental continuous discr*ete ratio 
par arne t er va 1 ue mode 1 mode 1 discrete/cont i nuous 

phase 
half-spread ,. 
bunch 
half- length 

bunch 
ha 1 f-he ight 

bunch energy 
half-spread 

0 
bunch 
emittance 

bunch t i l t  
angle 42 

r b  

" b  

" b  r b  1 2  
y f l - - p  ? 
L d 

2 >I 

1 2  I---p 

E 
3 

Fig.g.Energy spread is aut- twa models w i l l  be 0.17:/. not  1 7 X  . See 

f m -  example the failowing table, where I put the only comnwn 
parameter por 
two w d x t s .  fur every  machine its largest possible tl-me. 

. .  
. I  

. .  
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Table 2. 
~ ~- 

species: protons heavy electrons 

accelerator: AGs-Euctriter AGS ~ ~ ~ - ~ r ~ o r s t e r  AGS RHIC 
i ons 

LEP 

number of 
cavities N 

0 
I I B *  .3& -09" 

0 0 
8 3.2 n o  bunch tilt u 0 u 

angle for ~ = i  - si5 3.h 1.2 1.L 

-Now you are confus ing  me a g a i n ,  says BSL)E~S, Yau have toct m a n y  

kr- i&s  N i t h  your rncrdels and c ~ ~ m p u t e r 5 ,  and 1 have tau little t i m e  to 
check or s t u d y  them. Plcsrec)ver3 f'm nctt sure t h a t  ysu know , all the 

differences between your madels b b a y .  Maybe y o u ' l l  f i n d  some new one 

tm-mrruw. Sov my p a i n t  is t~ check khe problem e x p e r i m e n t a l l y ,  GiXze m c  

a hint h ~ w  I cart SEE in the ccsntraf r o a m  whether  a stationary bunch is 

horizontal in phase 5pace ar  a b~rnch is tilted? 



- % i t c h  t h e  v o l t a g e  off , - s i m u l k a n e o u s l y  said Turn and Mary.,- and see 

h o ~ ~  .tiis m o u n t a i n  range  w i l l  c h a n g e  its shape d u r i n g  3-4 r e v o l u t i o n s  

while dehunchiny. We have a l r e a d y  bane t h i s  in our computers. 

-If the bunch 4w5 horizonkal b e f o r e  debctnching, %hen during 

debunching the maiintain range will change Like in Fig.10, - s a i d  T a m .  

-On the other hand,-c,aid M a r y , -  deblsnching w i l l  look l i k e  tha t  in 

Fig.11 i f  the bunch w a s  o r i g i n a l l y  tilted. 

L 
- P i  P i  

-Goad bye, s a i d  Effie,ss, F ' r s :  g o i n g  to the CantrcJL Fiaclm tci debunch a 

s t a t i o n a r y  btmch. 

-Good l u c k  5 a i d  T o m  and Hary , w e  are g o i n g  to cur computers,  I .  
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APPENDIX A 

Atomtc temtnologg $or the pedestrian. 

ATOMIC UNITS.  

M o s t  of t h e  m a 5 5  of t h e  a t o m  is i n  its c e n t r a l  particle called the 
nucZeus. Surrqunding t h e  nucleus are enough n e g a t i v e l y  charged 
electrons t o  m a k e  the normal a t o m  n e u t r a l .  The n L t C l e t t 5  of any e l e m e n t  
is composed of protons wnd neutrons. The ward ?2?.LCZt?O?Z is used as a 
generic term meaning praton at- n e u t r o n .  Pi neutrcsn has na cha rge .  

AtomZc number is the number of protans in the nlacle!uc,. It 
is al5o t h e  ordering n u m f 3 9 r  af  a ilhemicdl element in t h e  fqendefeev 
Cable. Nuclear  charge iz 

q=Ze * (1) 

MUSS number A is equal tu t he  sum of prntons and neut-rctns i n  the 
naeie~rs.  he nitmber o f  n e t t t r a n s  i s t  the nucleu5 is N=A-Z. ~ i t c f e i  having 
frhs s a m e  but d i f f e r e n t  N are called Csotopes. 

AtomZc untt of mass ( a m u S  is 1/12th of t h e  ma55 of a carbssn isotope 
with a mass ntimber A = i 2 .  

If Q e l e c t r a n 5  have been removed from the neutral atcm, then the 
lat ter becomes an Con w i t h  the charge state . 
Sere is a part  of the katrrle T r a m  %he Et~osteir Eesign Manual (Tabis I-i.1. 
It stiawc, t h e  atomic iharac te r i s t ics  for s o m e  ions. 

- 

1 ----------I_---_. --_.-- 

CHARUE ATOMIC M A S S  I O N I C  REST 
F N  STATE NUMBER NUMBER ENERUY 

Q z A G e V  i nu 'L 1 



* APPENDIX B 
Does the pmticle possess a potential energy? 

?. e purpose of th i s  sect ion is to cLarify terminoLogy pertaining to 
t h e  basic  concepts o f  cLassicaL mechanics such as potentiat  energy and  
conservation of energy. Good terminotogy shouLd b e  a vorking tooL not 
the source of misconception. speaking  about "potentiaL energy of a 
particle" w e  shouldn't forget that  there  is no such thing as t h e  
potent ia l  energy of a particLe. SO, Let's taLk about s o m e  prime 
concepts of cLassicaL mechanics and the  resut t ing terminoLogy . 

theoret ical  
physics  -- Course of Theoretical Physics by Landau and L i f s h i t z  -- 
.with a minimum of my ovn comments- Becuuse m o s t  of the  foLLoving text 
wiLL b e  a quotution from Mechanics L51 I wiLL use  instead of quotation 
marks a s t a n d a r d  f o n t  l i k e  t h i s .  M y  own commentary I 'LL  type with a 
smctLL font Like the  two parrgra.phs you just r e d .  

Everything that  foLLovs is taken f r o m  the  BibLe o f  

One of t h e  fundamental  concepts o f  mechanics  is t h a t  o f  a particle. 

By t h i s  w e  mean a body whose d i m e n s i o n s  may be  n e g l e c t e d  i n  d e s c r i b i n g  

its motion.  L e t  t i 5  consider a s y 5 t e m  nf p a r t i c l e 5  which i n t e r a c t  w i t h  

one a n o t h e r  but with na il)thEr bodies. This is c a l l e d  a cZoser2 system. 

I t  is found t h a t  i ~ t e r a c k i a n  between khe particles c a n  be d e s c r i b e d  try 

adding to the Lagrangian  far n a n - i n t e r a c t i n g  particler a c e r k a i n  

where q is t h ~  pasition of the Z-th particle?. This is the g e n e r a l  

farm af the Lagrangian f a r  a closeri s y s t e m ,   he s t i m  T=C-m.v. 15 c a i 1 ~ ~ 1  

t h e  kCnetCc energy, and IT t h e  potent.ta1 energg? of t h e  s y s t e m .  

i 
1 2 .  

- 2 L L  

1 have  ts emphasiza that  potential. energy describes t h e  interaction 
between ctLL the  purtictes of t h e  closed s y s t e m ,  not the energy 3tute 
of the  individual particLe. The onLy thing. that  b e b n g s  to t h e  
individuaL i-th particle is its kinetic energy . 5m. v. . 2 

L L  

T h e  p o t e n t i a l .  ene rgy  is defined o n l y  ta w i t h i n  an a d d i t i v e  constant, 

which has n o  e f f e c t  an t h e  equations o f  Istotion. T h i 5  is a particltfar 

case crf the non-uniqueness af t h e  Lagrang ian ,  which is d e f i n e d  o n l y  to 

w i t h i n  a n  additive tc3tai t i m e '  d e r i v a t i v e  a fany  func'kicrn of c o a r d i n a t e s  

and t i m e ,  The nro5t natura1 and m a s t  tisual w a y  ~ - f  choos ing  t h i s  

constant is s u c h  t h a t  the p o t e n t i a l  ene rgy  tends to zern  as t h e  

b i= i t ances  between t h e  particles t e n d  tt) infinity. 

Hitherto w e  have s p o k e n  only of cfased 5 ; y s t e m s .  LE* uc, n o w  c o n s i d e r  

a s y s t e m  A which is nak c l o s e d  and i n t e r a c t s  w i t h  a n o t h e r  s y s t e m  B 
e x e c u t i n g  a given mokirr tn .  I n  sttch a case w e  s a y  t h a t  the sys t em A 

1) 

. .  . .  . .  . 
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moves in a g i v e n  e x t e r n a l  field (due ta s y s t e m  Q > .  S i n c e  t h e  e a ~ r . a t i o n s  

af m o t i o n  are o b t a i n e d  f r o m  tbe p r i n c i p l e  of least action by 

i n d e p e n d e n t l y  v a r y i n g  each o f  "he c o o r d i n a t e s  f i .e= by p r o c e e d i n g  a s  

i f  r e m a i n d e r  w e r e  g i v e n  q u a n t i t i e s ) ,  we can f i n d  t h e  L a g r a n g i a n  LA of  

the s y s t e m  A by u s i n g  t h e  L a g r a n g i a n  L o f  the whole  s y s t e m  A+B and 

r = p l a c i n g  the c o o r d i n a t e s  4, t h e r e i n  by g i v e n  f t i n c t i c m s  5f t i m e .  

f )ssuming! t h a t  the s y s t e m  A+B is closed, w e  have L=I)A14A,~A~+~,f4, '~ . ) -  

-U(4A,qB)t where  the f i rs t  t w o  t e r m s  are the k i n e t i c  E n e r g i e s  the 

s y s t e m s  A and B and t h e  t h i r d  t e r m  is the i r  combined p a t e n t i s 1  e n e r g y ,  

S u b s t i t u t i n g  far  4, t h e  g i v e n  f u n c t i o n s  of  k i m e  and o m i t t i n g  t h e  t e r m  
! 7 ~ 4 ~ !  t~ 3bB ( t 1 1  :-ifi.iizh d e p e n d s  an tifire only ,  and  is t h e r e f o r e  t h e  

t i m e  d e r i v a t i v e  of a f u n c t i o n  o f  time, we ~ b t a i n  

of 

total 

.e 

L,=TAc 4,, Ci*f-Ut4*' 4, { 1 - (2)  

fl-2~:~ the mot ion  of a s y s t e m  i n  an e x t e r n a i  f i e l d  is d e s c r i b e d  by a 

L a g r a n g i a n  i rs f  t he  usus1 type,  the only  d i f f e r e n c e  b e i n g  t ha t  the 

patzntial energy say depend e x p l i c i t l y  an t i m e .  F o r  ExampIe, when a 

single par t i c l e  move5 i n  an exkernal f i e l d ,  the g e n e r a l  form of t h e  

Lagrangiatr: k s  1 2  L= -mw 2 - U f 4 7 t f .  

Aguin w e  have here energy U of interuction between ci fieLd changing us 
u giv0n function uf time una purticLe vith coordinute 4 . 

For any closed system there is u v d i d  expression 

The znergy o f  t h e  s y s t e m  can be w r i t k e n  as the s u m  uf two quite  

d i f f e r e n t  t e r m s :  kinetic e n e r g y  which  depends an the c o g r d i n a t  5 and  

veloci t ies ,  and the p o t e n t i a l  e n e r g y ,  which d e p e n d s  on the c o o r d i n a t e s ,  

of the part ic les  and C3n kirne: 

E=T(4,2j )'ui4?1 t? - 
es t  u s  c o n s i d e r  the c o n s e r v a t i o n  law r e s ~ t l t i n g  T r i m  the- bnwgene.Etg 

Of t 2 m e .  B y  v i r t ~ ~  of t h i 5  homogenei ty ,  t he  L a g r a n g i a n  of a c l o s e d  

system does nak depend e x p l i c i t f y  a n  time. The totaL time derivative 
of the Lagrungian v i L L  be zero and energy <W v i L L  be constunt. 

. .  



T rhe l a w  of c o n s e r v a t i o n  af energy 2s v a l i d  not o n l y  fclr cl~sad 

s y c - t e m ~ ,  but also f a r  those in a rons- tan t  e x t e r n a l  f i e l d  ( i , f t . o n e  

independent of time): t h e  o n l y  praperty  af  the Lagrangian used in t h e  

abave derivation, namely that it does not involve the time explicitly, 
is still valid. In  such a cuse a n  energy conservution Lav is 

E=Tc4,6 j+Ucqj= constunt. ('7) 

Mechanical systems whese energy is canserved are 5ametimes called 

conservaktve sy5 , tem.  

EXAMPLE i . when a mechunicaL pendulum m o v e s  vithout resistance in  
the Earth's gravitationaL fieLd, then the energy conserves: 

Whose energy is conserved? Pendulum's energy? No. 
The system's energy. The system of tvo interacting particLes is 
penduLum-Earth. For that probLem Eurth's kinetic energy is zero 
and the potential energy of interaction betveen penduLum and 
Earth is u=m,&~coscg. 
We aLso can say that  t he  system is u pendulum-fieLd. An Earth 
fieLd. After a L L ,  w e  can s a y  whatever v e  vant, inctuding that 
the pendulum energy is conserved. But  the reaL sense of such 
terminology is that which w a s  just described. I f  we wiLL not 
forget it there viLL never be a misunderstanding. 

EXAMPLE 2. when proton vithin a statianary bunch exercises a 
synchrotron motion then the energy is conserved: 

whose energy is conserved-? Proton's ensrgy-? NO. 
Ths system's energy. The system of two interacting "purtictes" 

say that the system is the pro ton  and the cavity fieLd. 
A potentiuL energy -Sin <cp/Z) io not the "proton's potentiaL 
energy". It is potential. energy of interaction betveen a proton 
and cavity's eLectricaL fieLd. 
I f  w e  agree with a such understanding and remember it then ve 
can use any w a r d s  incLuding "a potentiat energy of a particLen*. 
I'm sorry to  bother you with the  obvious truth, but the cLeas 

t i m e .  

is- the  proton and an  R F  cavity.  In  this cos0 i t  is better to  

terminoLogy shouLd heLp our mutuat understanding and can save 

.. 
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APPENDIX C 

CaZcuZatton 01 bunch longZtudtmZ mt t tmce  

- 
f he power series far E and K are E67 

2 
2 

e f m )  = E-<:L-m ) K  = - - 4 a 


