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Measuring a Beam Emittance Using Linear Least-Square Analysis 

J. Ryan 

1. Sumarv 

This report describes one method of measuring the beam emittance. 

beam width measurements are fitted to the first order TRANSPORT Equation using 
a least-squared analysis procedure. The values and the standard deviations are 
determined. 
beam emittance to the 'D' line. Test programs and Fortran Source programs are 

given illustrating the use of least-square analysis. The necessary measurements 
to find a real emittance are also given. 

Many 

The method was used to measure the Single-Bunch Extraction (SBE) 

2 .  Introduction 

Four steps are necessary to find the characteristics of a beam in a trans- 
port line. The necessary equation must be developed that expresses the beam 
width as a function of the emittance or characteristics of the beam. The vari- 
ables of this equation, which are transport matrix elements, must be found. The 
horizontal or vertical width of the beam must be measured using flags, swics 
(segmented wire ion chambers), multi-wire devices or other instrumentation. 
best emittance that uses these matrix elements and beam width measurements must 

be determined using some form of least-square fitting. 

The 

3 .  The "Transport Equation" 

This report will use the notation of the QTUNE program ... AGS Tech. Note 

181. This notation is the same as the TRANSPORT Program except that a 5 x 5 
matrix is used for the magnetic elements instead of a 6 x 6 matrix which TRANS- 

PORT uses. qnly first order theory is considered. 

The beam is considered a collection of particles traveling down a beam 

line with the magnetic elements described with a matrix Ri. 
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__+ beam d i r e c t i o n  ---+ 

- output input R2 R3 

x@ xl 

o r  

input  output 

DET(R) = 1 

The c h a r a c t e r i s t i c s  of the beam p a r t i c l e s  a t  the output  can be determined 

from the  following matr ix  equation: 

For a 5 x 5 order  mat r ix  f o r  the  magnetic elements ( R ) ,  Equation 2 can be 

expanded t o  : 

where s tandard TRANSPORT d e f i n i t i o n s  apply t o  the, p a r t i c l e  c h a r a c t e r i s t i c s :  

xo ---- h o r i z o n t a l  displacement of input  r ay ,  i n  inches,  with respec t  t o  

assumed c e n t r a l  t r a j e c t o r y .  

00 ---- the  angle  (mr) t h a t  t h i s  input  ray makes in hor i zon ta l  plane with 

respec t  t o  c e n t r a l  t r a j e c t o r y .  

yo ---- v e r t i c a l  displacement of input ray ( inches)  with respec t  t o  cen- 

t r a l  t r a j e c t o r y .  
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$0 ---- the angle (mr) that this input ray makes in vertical plane with re- 
spect to central trajectory. 

---- AP/P = fractional momentum deviation (%) of this input ray and. the 
a 

6 0 .  

assumed central trajectory. 

One set of units for the (R)  matrix is: 

In’ R (’.”-”.) R (7) In X 
‘13 (-1 14 mr 15 

mr X 
R (&) R (y) mr X 

23 (G) 24 mr 25 

In Y In Y In Y 
R (-1 R (7) 

33 (zz) 34 mr 35 

mr Y R (H )  mr Y 
44 mr 

53 55 

The beam is considered an array of particles that is described with a 5th 

The symmetric SIGMA matrix at the beam line order symmetrical sigma ellipsoid. 

input is: 

- bo) - 

“1 1 “21 “3 1 “4 1 “5 1 

“2 1 “22 “3 2 O42 “5 2 

“3 1 “32 “33 “43 “53 

“4 1 “42 “43 044 “54 

“5 1 “5 2 “53 “54 “55 

(4)  
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= %ax = maximum ( h a l f )  width of the beam envelop i n  the X (bend) 

plane a t  the  given poin t  ( inches) .  

- @,ax = maximum ( h a l f )  angular divergence of the  beam envelope 

i n  the  X-bend plane.  

- - %ax = maximum ( h a l f )  height  of the beam envelope. 

- - 4max = maximum (ha l f )  angular divergence of the beam envelope 

i n  the Y (non-bend) plane. 

= half-width (1/2 AP/P) of the momentum i n t e r v a l  being - - L a x  
transmitted by the system. 

The input  SIGMA matr ix ,  (Do) can be obtained from the hor izonta l  and 

v e r t i c a l  T w i s s  parametePs of the beam i f  no x-y coupling i s  assumed. 

hor izonta l  plane: 

For the 

z 
(J u - u  

H 11 22 21  E =.i 
and fo r  the v e r t i c a l  plane: 

0 = - € a  
43 v v  

l+G 
u . = E y  = E  (-) 

44 v v v Bv 

E V =J- 

where one s e t  of dimensions for  a, B ,  E are:  
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--- dimensionless 

B --- k i l o  inch 

& --- emittance -- inch-mrad 

A t  any poin t  i n  the beam l i n e ,  the SIGMA matr ix  (01) can be found from the  

input  matr ix  (a$) and the t o t a l  ( R )  matr ix  t o  t h i s  point :  

where ( RT) is the  t ranspose of ( R )  . 
t i o n  i n  matr ix  form. 

Equation 7 i s  the  genera l  TRANSPORT equa- 

Equation 4 shows t h a t  the  maximum ( h a l f )  width of the beam envelope i n  the  

X plane a t  po in t  1 is  hx and the  maximum ( h a l f )  he ight  of the  beam 

envelope i s  Ymax: 

where the no ta t ion  ind ica t e s  eva lua t ing  these components a t  po in t  1 i n  the  beam 

l i n e .  

Expanding ( 7 )  and combining with (8)  g ives :  

+ 055R152 = 15 t e r m s .  
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+ a33R332 + 2043R34R33 + 2053R35R33 

+ “44R342 + 2054R35R34 (9b) 

+ 055R352 = 15 terms. 

Equation 9 is the general TRANSPORT Equation. 

Some simplifications can be made: 

1 .  Assume that the input beam has no coupling between the horizontal and 

vertical components ... i.e., 031 = 041 = 051 = 032 = 042 = 052 = a53 = 054 = Q 
or: 

- 

(04) = 

011 021 Q Q Q 

021 a22 Q Q Q 

Q 4 a33 043 Q 

Q Q 043 044 Q 

4 Q Q Q “5 

then Equation 9 reduces to: 
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2. Assume further that the above beam is passing through no skew magnetic 
elements that couple the horizontal and vertical ... i.e., R13 = R14 = R23 = R24 

= R31 = R32 = R41,= R42 = Q,. 
is constant.. . i.e., R51 = R52 = R53 = R54 = Q, or 

Assume also that the fractional momentum deviation 
* 

e -  

R11 R12 4 $ R1 5 

R21 R22 Q, 1 4, R25 
I 

Q, Q, R33 R34 R35 

4 4 R43 R44 R45 

@ Q, Q, Q, R55 

Equation 11 is the simplified TRANSPORT Equation which will be used 
Note that if R35 is zero then Ymax is to solve for the emittance parameters. 

independent of fractional momentum deviation. 

Rewriting lla 

This linear equation with constant coefficients is very .similar to the following 
power series equation: 

where Y = 

X corresponds to R112 
X2 corresponds to 2RllR12 
X3 corresponds to R122 
X4 corresponds to R152 
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One would expect t h a t  the same least square ana lys i s  program f o r  the  e power series expansion could be  used f o r  the  TRANSPORT equat ion i f  the  X's were 

replaced with the above expressions.  The ana lys i s  would f ind  the values  of 011, 

021 9 O22*-* 

4 .  The TRANSPORT Matrix (R)  

To so lve  Equation 11 it necessary t o  f ind  the t r anspor t  matr ix  from 

po in t  $, the  input ,  t o  po in t  1, the  loca t ion  where the beam width i s  measured. 

For each beam width measured, the (R)  matr ix  needs t o  be  known. The (R)  mat r ix ,  

f o r  each measurement, is  determined from poin t  $ o r  the input .  The least square 

f i t t i n g  w i l l  f i nd  the beam parameters a t  po in t  $. 

The beam widths can be obtained a t  several po in t s  along the  beam l ine  o r  

a t  one po in t  f o r  d i f f e r e n t  quad s e t t i n g s  o r  a combination of both.  

The QTUNE program has an opt ion  t h a t  w i l l  p r i n t  out  the  t o t a l  matrix (R)  

from the  input  of the  beam l i n e  t o  the end of a l l  the  beam l i n e  elements and 

f l a g s .  Another op t ion  w i l l  p r i n t  out  the t o t a l  mat r ix  from the  input  t o  only 

one po in t  i n  the  beam l i n e .  This  l a t t e r  i s  used i f  quads are va r i ed  and the 

beam widths are measured a t  one poin t .  

The TRANSPORT Program o r  TURTLE Program o r  o the r  programs can be used t o  

f ind  the t o t a l  matr ix  [ R ) .  

TRANSPORT Equations 9 ,  10, o r  11 can be  used t o  c a l c u l a t e  the  beam width from 

the  input  beam and the (R)  matr ix  p r in t ed  and compared t o  the p r in t ed  beam 

width. 

ana lys i s .  

An assumed input  beam emittance is needed. The 

This  checks t h a t  the c o r r e c t  ( R )  matr ix  w i l l  be  used i n  the  least-square 

The t o t a l  mat r ix  ( R )  may a l s o  be  found by c a l c u l a t i n g  the  ind iv idua l  

matrices f o r  each of the beam l i n e  elements and mult iplying.  The BASIC program 

is  a convenient program t o  mul t ip ly  and p r i n t  matrices.. 

Figure 1 shows p a r t  of a t y p i c a l  matr ix  p r i n t o u t  from QTUNE. The TRANS- 

PORT p r i n t o u t  i s  s imi la r .  

5 .  The Beam S ize  

It is necessary t o  measure the  beam s i z e  and the s tandard dev ia t ions  of 

t he  beam s i z e  t o  use the  least square f i t t i n g  procedure. 

determined from f o i l  i r r a d i a t i o n s ,  m u l t i w i r e  o r  s i n g l e  w i r e  monitors,  segmented 

The beam s i z e  can be 
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w i r e  ion chambers (swics) o r  f l ags .  

be combined i n  one a n a l y s i s  by weighting the measurements according t o  t h e i r  

s tandard devia t ions .  

S i zes  from d i f f e r e n t  types of devices  can 

F o i l  measurements a r e  obtained by i r r a d i a t i n g  an aluminum f o i l  i n  a beam 

l i n e  and then c u t t i n g  the  f o i l  i n t o  narrow v e r t i c a l  s t r i p s  f o r  a h o r i z o n t a l  pro- 

f i l e .  The r a d i a t i o n  on these s t r i p s ,  t y p i c a l l y  g r e a t e r  than .040 inch wide, i s  

measured and normalized t o  the s t r i p  weight. 

r a d i a t i o n  counts g ives  a p r o f i l e  d i sp l ay .  

P l o t t i n g  the  s t r i p  width versus  

Multiwire devices  can be in se r t ed  i n t o  a t r anspor t  beam. These r e t u r n  a 

cur ren t  on each of  approximately 30 w i r e s  which can be  d i g i t i z e d  and read i n t o  

a computer. P l o t t i n g  these  d i g i t i z e d  s i g n a l s  versus  the  wire loca t ion  g ives  a 

p r o f i l e  d i sp lay .  

Swics are s imi la r  t o  the mult iwire  devices  and produce a p r o f i l e  d i sp lay .  

S ingle  w i r e  devices  can be stepped through the  beam t o  produce a p r o f i l e .  These 

s i n g l e  w i r e  devices  do not  ob ta in  a t o t a l  p r o f i l e  f o r  one pulse  bu t  f o r  several 

pulses .  

F lags  can be in se r t ed  i n t o  a beam and then observed with a TV camera. The 

f l a g s  do not  produce a p r o f i l e  b u t  a s i n g l e  spot  s i z e  of the  beam. 

A l l  dev ices ,  except  the  f l a g s ,  produce a p r o f i l e  d i sp l ay  s i m i l a r  t o  Figure 

2. 

def ined i n  t h i s  r epor t  as the  h a l f  width t h a t  includes 99% of the  beam. 

99% h a l f  width can b e  obtained i n  d i f f e r e n t  ways: 

From t h i s  d i sp l ay  it is  necessary t o  ob ta in  the  beam width. This w i l l  be  

This  

- x  

Figure 2.  Typical  P r o f i l e  Display 
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The beam can be assumed t o  have a Gaussian d i s t r i b u t i o n .  A t  the  AGS t h i s  

is probably t r u e  f o r  the f a s t  ex t r ac t ed  beam (FEB), the  s i n g l e  bunch ex t r ac t ed  

beam (SBE), and the  v e r t i c a l  plane of the  slow ex t r ac t ed  beam (SEB). 

t r u e  f o r  the h o r i z o n t a l  plane of the slow ex t r ac t ed  beam. 

It is not  

The Gaussian desc r ip t ion  is  : 

where : 

xo --- mean o r  cen te r  of t he  beam 

(5 --- standard dev ia t ion  o r  sigma width of the beam 

A --_ area under the  func t ion  

x --- independent p o s i t i o n  v a r i a b l e  

The 99% h a l f  width i s  2.57 (5. 

The most accura te  means t o  f ind the th ree  parameters of the Gaussian i s  t o  

apply a least-square ana lys i s  t o  the  p r o f i l e  da t a  Y(1). 

square ana lys i s  subrout ine LSQFIT of Appendix A can be used i f  Equation 12 i s  

changed t o  a l i n e a r  equat ion.  

12 w i l l  produce a modified l i n e a r  equat ion with cons tan t  c o e f f i c i e n t s .  

For t ran  program TEST3 i n  Appendix A shows how va lues  of Y(1) are used t o  f ind  

the cons tan ts  A, (5, and xo and t h e i r  s tandard devia t ions .  

2.57 U and the  s tandard dev ia t ion  of the  99% h a l f  width i s  2.57 t i m e s  the  s tan-  

dard dev ia t ion  of u. 

The l i n e a r  least  

Taking the  n a t u r a l  log of both s ides  of Equation 

The 

The 99% h a l f  width is  

Another means of determining the  beam width i s  t o  use the  genera l  equat ion 

f o r  the cent ro id  of a beam and the s tandard dev ia t ion  of the  beam as Weng and 

Weisberg do: 

11 



Th 99% h I f  width i s  2.57 (STD DEV) 

For a t rue  Gaussian func t ion  Equation 14 w i l l  f ind  a smaller beam width 

then Equation 12. For a p r o f i l e  with a s tandard dev ia t ion  of 5 wires, t he  ca l -  

cu la t ion  of Equation 14 w i l l  g ive  a 4.5% smaller width i f  25 w i r e s  are used and 

33% smaller width i f  13 wires are used. 

It i s  a l s o  necessary t o  determine the s tandard dev ia t ion  of the 99% h a l f  

width.  Since a least  squared ana lys i s  was not  used to f ind  the 99% h a l f  width,  

t h i s  s tandard dev ia t ion  can be est imated as 2.57 t i m e s  the  half-spacing of one 

w i r e  o r  less. 

A less accura te  means of f inding the beam width can be used i f  o s c i l l o -  

scope photos are a v a i l a b l e  of the  p r o f i l e s .  

assumed, then one can e a s i l y  show from Equation 12 t h a t  the h a l f  width of t he  

beam a t  h a l f  magnitude is  1.177 0. 

then ca lcu la ted .  The s tandard dev ia t ion  can be est imated from the  shape of the  

p r o f i l e  and i s  usua l ly  about 50% t o  100% of the  w i r e  spacing. This procedure 

was used t o  f ind  the beam widths f o r  the  SBE emit tance ca l cu la t ion .  

I f  a Gaussian shaped beam i s  

Once (J is  obtained the  99% h a l f  width i s  

One should note  t h a t  the  p r o f i l e  da t a  of Figure 2 i s  no t  d i r e c t l y  received . 
from the instrumentat ion.  The instrumentat ion da ta  must be modified before  

analyzing.  Due t o  noise  o r  inaccurac ies  one usua l ly  d i s r ega rds  da t a  i n  the  

t a i l s  of the  p r o f i l e  t h a t  i s  below 5 percent  of the  peak s i g n a l  f o r  mult iwire  

devices ,  f o i l  i r r a d i a t i o n s ,  and s i n g l e  w i r e  devices .  Weisberg has shown t h a t  ad- 

d i t i o n a l  modif icat ions must be made f o r  swics. A no beam s i g n a l  must be sub- 

t r a c t e d  from the  swic da t a  and then a background must be removed. For the  CW039 

swic used f o r  the SBE measurements, t h i s  background c o n s i s t s  of a Gaussian 

s i g n a l  with a (J of 5 w i r e s  t h a t  is  matched t o  the  swic s i g n a l  i n  the  t a i l s .  

Af te r  the o f f s e t  and background are removed, the above procedures can be used. 

P r o f i l e  information i s  not  r e a d i l y  ava i l ab le  from f l a g  information. Some 

p r o f i l e  information can be obtained by d i g i t i z i n g  the  TV scan s igna l s .  

one can estimate the t o t a l  width and he ight  of the  beam and t h i s  can be halved 

t o  f ind  the  99% h a l f  s i z e s .  The s tandard dev ia t ion  f o r  f l a g  measurements i s  usu- 

a l l y  large. .  .about 30 o r  4 0 %  of the  99% h a l f  s i z e .  

Normally 

12 
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6 .  The Least Square Analysis 

As descr ibed i n  Appendix A the LSQFIT subrout ine w i l l  do a least  square 

f i t  t o  l i n e a r  equat ions with cons tan t  c o e f f i c i e n t s .  
. 

Y = alX1(z) + a2X2(z) + a 3 ~ 3 ( z )  + ... (15) 

where z i s  the  independent v a r i a b l e ;  Xl(z) ... Xi(z> are known funct,ans of the --I- 

dependent v a r i a b l e  z but  independent of the c o e f f i c i e n t s  a i ;  al . . .an are con- 

s t a n t  c o e f f i c i e n t s  t o  be found and Y i s  the  dependent v a r i a b l e .  

A t y p i c a l  equat ion t h a t  f i t s  t h i s  c r i t e r i a  i s  the power series equation: 

The LSQFIT rou t ine  can be used d i r e c t l y  f o r  t h i s  power series equat ion t o  f ind  

the  c o e f f i c i e n t s  a l ,  a2,  a3 given many sets of (x ,y> d a t a  poin ts .  

devia t ions  of the Y po in t s  can be used as input  t o  the subrout ine and the  a i  

va lues  with t h e i r  s tandard dev ia t ions  w i l l  be  obtained. The ana lys i s  can be 

performed i f  no weighting i s  used f o r  the po in t s  ... i .e . ,  the accuracy of a l l  the 

po in t s  is  known equal ly  o r  i f  each poin t  i s  known t o  a d i f f e r e n t  accuracy. 

The s tandard 

I f  the f i t t i n g  is  good and the c h i  square i s  small, the  s tandard dev ia t ion  

of a i  w i l l  be s m a l l  and one w i l l  know a i  accura te ly .  I f  the f i t t i n g  is poor be- 

cause the da t a  was measured poorly o r  because the equat ion does not  f i t  the  da t a  

accu ra t e ly ,  a l a rge  c h i  square w i l l  r e s u l t  with l a rge  s tandard devia t ions .  

Using d i f f e r e n t  modes of weighting the input  d a t a ,  the s tandard devia t ions  of 

t he  r e s u l t s  can be made propor t iona l  t o  the accuracy of the d a t a  or  t o  the accu- 

racy of the f i t t i n g .  Appendix A descr ibes  the d i f f e r e n t  modes poss ib le .  

From Equation l l a  and consider ing only the  ho r i zon ta l  plane f o r  simplic- 

i t y ,  one must do a least  square ana lys i s  on Equation 17 t o  f ind  the beam 

parameters : 

This equat ion is  not a l i n e a r  equat ion with cons tan t  c o e f f i c i e n t s  

be modified t o  a l i n e a r  equat ion:  

u t  can 

13 



A problem arises for this modified equation because the LSQFIT routine re- 
turns the standard deviations of the cs parameters and not the standard devia- 
tions of the Twiss parameters that are calculated from these using Equation 5. 

The standard deviation of Gax is known but the standard deviations of 

must be input to LSQFIT. 

Bevington shows that if the fluctuations in the observations of 011, 012, 

a22 are correlated and if: 

A = f(all, a12, a22) (18) 
then : 

the standard deviation of A can be found from the correlation or error matrix 
and the partial derivatives as: 

2 af 2 + (SIG 0 ) (-) 
22 3022 

Commonly (SIG A) 2 is known as the variance of A and (SIG all) 2 is the vari- 

The standard deviation of A is SIG A and the standard deviation of 
The coupling elements or covariances are terms as SLG U12022. 

11 ance of cf 

all is SIG all. 
This error matrix is available from the LSQFIT subroutine in the common/LSQ/ 
statement and is called SIGW2. The elements of the matrix, for 3 unknowns, 
are : 

14 



SIGW2 = 

5 1  (J 21 l 2  (SIG ( ~ ~ ~ u ~ ~ )  '1 
2 

( S I G  (J21) 
2 

(SIG alla21) 

As one can see, the diagonal elements of the matrix are  the variances of  

and the off diagonal elements a re  the covariances. The matrix i s  all' O 2 1 9  a22 
a symmetrical matrix. 

each function or can be approximated as: 

The p a r t i a l  derivatives must be evaluated exactly f o r  

- = -  A' with (J and 5 constant. af 
3011 A 0 1 1  12 22 

The derivatives are  found for  the Gaussian function and for  the Transport 

equation i n  Appendix A. 

Barton has shown t h a t  Equation (19) can also be expressed as a matrix equa- 

tion: 

where the matrix (a f /a )  i s  the vector: 

and the transpose of t h i s  vector is :  

The advantage of the matrix equation i s  i n  the computer calculat ion of the 

standard deviations. A function subroutine. 

15 



Function STDEV (DERIV) 

e .  

as described in Appendix A, is used to calculate the standard deviation of any 

function if the partial derivatives are given. 
. If one knows that the fluctuations in the data are uncorrelated, then the 

covariances are zero. 
SIGXMAX, and XMAX is input data, then the standard deviation of (XMAX) 

For example, if the standard deviation of Xmax is 
2 is: 

or 

2 The standard deviation of (XMAX) 
After measureing the beam widths for several different quad settings or lo- 

is used as input to the LSQFIT subroutine. 

cations in the beamline, the TEST4 or TEST5 programs in Appendix A can be used 
to find the Twiss parameters of the beam. 
mined with a TRANSPORT or QTUNE type program. 

The matrix elements must be deter- 

7. The Necessary Measurements 

As described in Appendix A, the TEST4, or TEST5 programs can be used to 

find the beam parameters if several beam width measurements are made. 

input to these programs are certain matrix elements of the Transport matrix from 
the starting point to the measurement point. This is not sufficient information 

to guarantee that an emittance will be found. Experimentally it has been shown 
that if beam sizes can be measured on both sides of a waist, then an emittance 
can usually be found. It sometimes happens in practice that due to power supply 
limitations or device location limitations that beam sizes cannot be measured on 
both sides of a waist at one location. This section will show what are the nec- 
essary measurements. 

Also 

16 



Equation 4 gives the desc r ip t ion  o€ the  5 th  order  symmetrical beam 

e l l i p s o i d .  

the  011' 021' 022 s m a l l  square matr ix .  This is normally c a l l e d  the ho r i zon ta l  

emittance and t h e  Twiss parameters can be ca lcu la ted  from these  us ing  Equation 

5. This p ro jec t ion  i s  an e l l i p s e ,  as given i n  the Transport  Manual o r  SLAC 91 

The p ro jec t ion  of  t h i s  e l l i p s o i d  on the  x/e plane is  described wi th  

a s  : 

0 x2 - 2021X0 + all  e2  = E 2 
22 (25) 

o r ,  i n  terms of t h e  Twiss parameters: 

yx2 + 2axe + Be2 = € 

e 

(26) 

I The necessary condi t ions are t h a t  s u f f i c i e n t  po in t s  be found on t h i s  e l -  

The po in t s  should be located on l i p s e  so t h a t  the  e l l i p s e  can be constructed.  

widely spaced po r t ions  of t h e  e l l i p s e .  The problem, the re fo re ,  reduces t o  f ind-  

ing where on t h i s  input  e l l i p s e  are the poin ts  located t h a t  are measured a t  the 

measurement po in t .  Equation 2 i s  used t o  solve t h i s  problem. 

(X], is the  vec tor  t h a t  gives  the  value of X ,  0, Y ,  4 ,  and 6 a t  the  mea- 

4 surement poin t .  

components of (X) 
( X ) o  i s  the vec tor  a t  the input  and the  values  of t he  X and 0 4 

give  a po in t  on t h e  input  e l l i p s e .  4 

17 
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Experimentally one knows the X va lue  a t  the measurement p o i n t ,  bu t  does 

not know’the values  of 8, Y, 4, and 6. To solve t h i s  problem one must assume a 

given beam input  emittance and, then,  propagate t h i s  beam through the R mat r ix  

using TRANSPORT o r  QTUNE. Figure 1 gives  a t y p i c a l  QTUNE o r  TRANSPORT p r i n t o u t  

with the  t o t a l  R mat r ix  and the beam matr ix .  A s  i s  s tandard ,  the  maximum s i z e s  

o r  hii and the c o r r e l a t i o n  components are p r in t ed .  

nents  are def ined as, f o r  example : 

The c o r r e l a t i o n  compo- 

One can e a s i l y  show from the e l l i p s e  equat ion o r  the  SLAC 91 r e p o r t ,  

the  va lue  of 8 when X = XMAX i s  

8 = r  8 . 21 max 

t h a t  

9) 

One now knows the  X and 8 components of the (X) ,  vec to r  a t  the  measurement 

The beam e l l i p s o i d  has many p ro jec t ions  on many planes. .  . each descr ibed po in t .  

by a s m a l l  square p a r t  of the 5 x 5 order  sigma matrix. For example; 

a )  

b) 

c )  

d)  

The X / 8  plane e l l i p s e  is  def ined with all,  c ~ ~ ~ ,  a21 o r  all, U22, r21 

The X/Y plane e l l i p s e  i s  def ined with all,  033, a31 o r  all,  033, r31 

The X/$ plane e l l i p s e  i s  def ined with all,  a44, a41 o r  all,  c J ~ ~ ~  r41 

The X / 6  plane e l l i p s e  i s  def ined with all,  055,  cT51 o r  all,  a55y r51 

Therefore,  from Equation 29, one can w r i t e  t h a t  the  5 components of the  

( x ) ~ ,  vec to r  are: 

XI = x = q1 max 

81 = r21’max = ‘21 G 
Y 1 = r ’ Y  - 31 max - r31 % 
$1 = r41@max = r41 % 
6 = r  6 51 max = r51 % 1 

(30) 

I f  no skew elements exist  i n  the t r anspor t  mat r ix  o r  the beam matrix, r31 

and r41 are zero.  For the SBE, however, r51 is not  zero.  

18 



Once the ( X ) l ,  v ec to r  is  found, then the  ( X ) o  vec to r  can be found from 

Equation 27 and a poin t  i s  loca ted  on the X / 0  e l l i p s e .  Actua l ly ,  two po in t s  are 

known s ince  both XMAX and -XMAX are measured. The o ther  po in t  i s  d iagonal ly  op- 

p o s i t e  the ca l cu la t ed  poin t .  This  procedure can be used t o  determine i f  enough. 

widely spaced po in t s  a r e  found t o  def ine  the e l l i p s e .  Mathematically, i f  one 

f inds  t h a t  a l l  the po in t s  a r e  crowded toge ther  i n  one po r t ion  of the e l l i p s e ,  

then the TEST4 program may not  be ab le  t o  f ind  an emmitance o r  the emittance 

found may have a l a r g e  s tandard devia t ion .  Thus i f  one f i n d s  t h a t  power supply 

o r  o ther  l i m i t a t i o n s  prevent measuring beam s i z e s  on both s ides  of a waist a t  

one loca t ion ,  the so lu t ion  may be t o  make one o r  more measurments i n  another  lo- 

ca t ion .  

This  same procedure can be used i f  one tr ies t o  f i n d  the f r a c t i o n a l  momen- 

tum devia t ion ,  6, of the input  beam, from beam width measurements. For t h i s  

case one wants t o  f i n d  the e l l i p s e  i n  the X / 6  p lane and one needs t o  make s u f f i -  

cieri t  measurements so t h a t  po in t s  a r e  found widely spaced on the X / 6  o r  0 

o~~~ o~~ e l l i p s e .  

l oca t ion  on both s i d e s  of a w a i s t  t h a t  one w i l l  measure po in t s  spread out around 

the  e l l i p s e .  

11 ’ 

One can show using t h i s  procedure t h a t  i f  one measures beam s i z e s  a t  one 

8. Resul t s  f o r  the SBE 

The beam widths were measured from the swic a t  CW039 f o r  the SBE beam with 

an i n t e n s i t y  of 9.4TP i n  the AGS on October 19,  1983. This  swic i s  located 39 

f e e t  from F13 a f t e r  the  CQ1,  CQ2, CQ3, and CQ4 quads. The h o r i z o n t a l l y  

focussing quad CQ1 was va r i ed  over a wide range and the  hori-zontal  p r o f i l e s  

were photographed from an osc i l loscope .  The beam widths were determined from 

the photographs by removing a background and then determining the 99% h a l f  width 

from the h a l f  maximum po in t s .  The assumed s tandard dev ia t ions  were about 10% of 

the measured widths. Using a program s imi l ia r  t o  TEST5 i n  Appendix A ,  Figure 3 

shows the  r e s u l t s  of the h o r i z o n t a l  and v e r t i c a l  f i t t i n g .  For the ho r i zon ta l  

plane is  p l o t t e d  aga ins t  the r ec ip roca l  of the  equiva len t  ho r i zon ta l  

f o c a l  length of the  group of four  quadrupoles. 

t o t a l  R matr ix  a t  the swic loca t ion  and i s  approximately the r ec ip roca l  of the 

f o c a l  length of CQ1 s ince  C Q l  w a s  the  s t ronges t  ho r i zon ta l  focussing guad. It 

i s  a l s o  approximately propor t iona l  t o  the cu r ren t  i n  CQ1. 

This i s  the -R21 element of the 

For the v e r t i c a l  
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plane (YmaXl2 i s  p lo t t ed  aga i sn t  the  equivalent  v e r t i c a l  foca l  length element, 

-R43. Also shown on the  graphs a r e  the  f i t t e d  po in t s  with one s tandard devia- 
t i o n  e r r o r  ba r s .  

v e r t i c a l  focussing quad CQ2 w a s  va r i ed  f o r  the  v e r t i c a l  measurements. The R 

mat r ices  were ca l cu la t ed  from c a l i b r a t e d  computer readbacks of the cu r ren t s  from 

the power suppl ies .  The ho r i zon ta l  widths passed through a waist bu t  the v e r t i -  

c a l  widths could only approach a w a i s t .  

This graph i s  not  necessary f o r  the computer ana lys i s .  The 

The r e s u l t s  of the least  square a n a l y s i s  are shown i n  F igures  4a-5b. Also 

included i n  the  ana lys i s  i s  the  beam s i z e  measured a t  the  CFOll f l ag .  The re-  

s u l t s  f o r  mode +1 and the unweighted mode +2 are given a t  F13. 

The r e s u l t s  f o r  mode 1 o r  instrumental  weighting using the  measured s tan-  

dard devia t ions  f o r  the ho r i zon ta l  plane are: 

Alpha = -3.69 , STD. DEV. = 0.737 

Beta = 0.963 , STD. DEV. = 0.188 k i l o  inch 

Epsi lon = 0.0762,# STD. DEV. = 0.0112 in-mrad 

The r e s u l t s  f o r  mode 2 o r  no weighting f o r  the ho r i zon ta l  plane are: 

Alpha = -1.07 , STD. DEV. = 0.501 

Beta = 0.314 , STD. DEV. = 0.113 k i l o  inch 

Epsi lon = 0.0709, STD. DEV. = 0.0193 in-mrad 

The assumed va lues  f o r  the ho r i zon ta l  plane were: 

Alpha = -5.67 

Beta = 2.26 k i l o  inch 

Epsi lon = 0.0755 in-mrad 

The mode 1 r e s u l t s  f o r  the  v e r t i c a l  plane are: 

Alpha = 2.609 , STD. DEV. = 1.472 

Beta = 0.444 , STD. DEV. = 0.199 k i l o  inch 

Epsi lon = 0.0495, STD. DEV. = 0.024 in-mrad 
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The mode 2 results for the vertical Dlane are: 

Alpha = 2.516 , STD. DEV. = 0.595 
Beta = 0.437 , STD. DEV. = 0.0877 kilo inch 
Epsilon = 0.0532, STD. DEV. = 0.0102 in-mrad 

The assumed values for the vertical plane were: 

Alpha = 0.987 

Beta = 0.1457 kilo inch 
Epsilon = 0.0755 in-mrad. 

From the results one can see that the results for the horizontal plane are 

good. The mode 1 results should be used in both planes since they include the 
measured inaccuracies. The mode 2 results are added for comparison only. The 
horizontal emittance is close to the assumed emittance and the standard devia- 
tion is only 15% of the magnitude. 
ellipse is different from the assumed theoretical values. Figure 3 shows that 
the beam size did pass through a horizontal waist. 

The orientation of the horizontal emittance 

The data for the vertical plane is less accurate because the beam sizes 
did not pass through a waist. Because of power supply limitations, it was not pos- 
sible to measure beam sizes on both sides of a waist. Also included in the anal- 
ysis is a point from the flag at CFOll but with a,large standard deviation. The 

standard deviation for the vertical emittance size is about 50% of the magnitude 
but the measured size is almost within one standard deviation of the theoretical 
size. The fact that the measured data is within 1 standard deviation for about 
one-third of the points on Figure 3 indicates that the standard deviations are 
correct. Ninety-nine percent of the points should be within 2.57 standard 
deviations. 

One is usually concerned with the beam sizes down a beam line if the Twiss 
parameters are known. 

used. If one knows the standard deviations of the Twiss parameters, one can 
find the standard deviation of the beam size down the transport line. Since 
Equations 9-11 use the sigma elements to find the beam size, it is easier to cal- 
culate the standard deviation of the beam sizes from the standard deviations of 

The TRANSPORT or QTUNE program or Equations 5-11 can be 
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the sigma elements. 
shows how to calculate these standard deviations using the Function STDEV. 

These are also found in TEST4 and TEST5. The TEST4 program 

@ 
9. Conclusions 

a 

This report gives the first measurements of the SBE emitance. The results 
are for 2.57 sigma or a 99% beam. They are, for the horizontal plane: 

Alpha = -3.69 , STD. DEV. = 0.737 
Beta = 0.963 , STD. DEV. = 0.188 kilo inch 
Epsilon = 0.0762, STD. DEV. = 0.0112 in-mrad 

The results for the vertical plane are: 

Alpha = 2.609 , STD. DEV. = 1.472 

Beta = 0.444 , STD. DEV. = 0.199 kilo inch 
Epsilon = 0.0495, STD. DEV. = 0.024 in-mrad 

The measurements were made with 9.4 TP in the AGS ring. 

Besides providing the above data, this report shows in detail how one can 
measure the beam parameters using linear least square analysis. As Witkover and 
others have shown, it is a necessity when measuring the emittance that beam size 

measurements be made at suitable locations in a beam line. Ideally, to prevent 

small errors in size measurements from causing large standard deviations in the 
Twiss parameters, the beam sizes should be measured on both sides of a waist. If 
one or more quads are varied, the beam size at the measurement point should go 
thru a waist in both planes or sufficient other points should be taken to con- 
struct an ellipse in the proper plane at the input point. This conclusion is 
emphasized by comparing the results for the SBE in the horizontal and vertical 
planes. If one knows the Twiss parameters and their standard deviations, one 
has a method to find the beam size and the standard deviation of the size any- 
where in the beam line. 

Another major conclusion of this report is a knowledge of how to use least 
square fitting for any problem that can be described with a linear equation with 
constant coefficients. This report is particularly useful for modified 
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equations. 

modified equations. 
The standard deviations are found for both standard equations and 

Sufficient test programs are given’ so that one can immediately find the 

Fractional momentum deviation beam horizontal and vertical Twiss parameters. 

can also be included in the analysis. 
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:~HORIZONTAI? DATA 

\'INPUT DATA 

J= 1 
J= 2 
J= 3 
J= 4 
J= 5 
J= 6 
J= 7 
J= 8 
J= 9 
J= 10 
J= 11 

0.2500 STGXMAX= 
0.1360 SIGXMAX= 
0.1090 SFGXMAX= 
8.0763 SPGXMAX= 
0.060 1 S IGXEIAX= 
0.1150 SIGXPlAX= 
8.1910 SIGXMAX= 
0.2460 SIGxEIAx= 
0.2130 SIGXMAX= 
0.1860 S PGxIlAX= 
0.2 180 S IGxI\IAX= 

8. I800 
8.0162 
8.0108 
0.0100 
B. 0100 
0.0100 
0.8128 
0.0128 
8.8206 
0.@218 
0.0218 

R11= 
R11= 
R11= 
R1 l= 
R11= 
R11= 
R11= 
R11= 
R11= 
R11= 
R11= 

71.00Q00 
G0.463 17 
fO. 58472 
+0.701'Z7 
-0.81073 
&0.8967 1 
+1.00169 
k1.0999 1 
+ 1.05 140 
-0.33992 
-0.27794 

R12= 
R12= 
R12= 
R12= 
R12= 
R12= 

R12= 
R12= 
R12= 
R12= 

R12=- 

0.13400 R15= 
0.23968 R15= 

8.19069 R15= 
0.16832 R15= 
0.15067 R15= 
0.12915 R15= 

8.21474 R15= 

0.10891 ~ i 5 =  
0.11894 R15= 
0.26497 R15= 
0.27768 R15= 

- 1 X6030 DMOM= 
-8420453 DMOM= 
0.0 1 127 DHOM= 
0121921 DMOM= 
8.41269 DPiOFf= 
0.56539 DMOPi= 
0 : 75 173 DMOW 
0 L 92886 DPIQPI= 
0 1 84 19 1 DMOM= 
-0.42 139 DMOW 
-0.53 140 DlclODI= 

INSTRUMENTAL WEIGHTING -- WEIGHT * l/SIGMAY"2 
J= 1 A= .073451 SIGPXAA= .0073981 FVALlJ= I 0.0000E+00 CHISQR= i 0:3733373+01 
J= 2 A= .281488 SIGPIAAZ .029048', FVALUE , Q .  8924E-04 CHISQR= 1 0.373337E+01 
J= 3 A= 1.157928 SIGNAA= . 11228311 FVALU= 10.28533+02 CHISQR= j 0:373337E+Ol 

.COVARIANCE MATRIX ' 

S IGC 1,l) = 5 :.4'72829E-05 
SIG(2,1)= 2.0550873-04 SIG(2,2X= 8.437407E-04 
SIGC3, l)= 6i754356E-04 SIG(3,2)= 3.0564603-031. SIGC3,31* 1.2589603-02 

ALPHA= -3.69 119 6 STD. DEVIATION = 0 .  ?a784 

EPSILON= e07625948 t STDJ DEVIATION = ,01119430 
BETA= 0.96318 . STDI. DEVIATION = 0.18784 

BEAM FIT CHISQR = 10.5566693-02 

( . 3  
J..= 1 VIDTHS. 
J := 2 WIDTH= 
J"= 3 WIDTH= 
J = 4 WIDTH= 
J = 5 WIDTH= 
J-:= 6 WIDTH= 
J' = 7 WIDTH= 
J':= 8 WIDTH=. . 
J' 9 
J '= 10 WIDTH= 
J'.= 1 1  WIDTH* 

. *  
I .  

= SQUARE! 
0.25000'. ( 
0.13600 I. ( 
0.189001.( 
0. 07630'::%( 
0.060 10-.(( 
0.11500 I: ( 
0. 19180'i.C 
0.24600,: ( 
0.21300:( 
0. 18608'iC 
0.2 1800 :.< 

8.12 
0.12 
0.12 
0.12 
0.12 
0.12 
0.12 
0.12 
0.12 
0.12 
0.12 

MODE= 
PIODE= 
NODE= 
NODE= 
MODE= 
NODE= 
FfQDE= 
MODE= 
NODE= 
MODE= 
MODE= 

OF VIDTHlOR WIDTH FIT OR STD. 
.06250) :WID%% FIT= 0.452487 ( 
.01850) .WIDTH FIT? 0.14276 :.( 
.01188) 'WIDTH FIT= 0.08844':( 
.00582) WIDTIi F IT= 0. @6@27 : ( 
.ocmi) :WIDTH FIT= o.oai93'( 
.01322)~iWIDTH FIT? 0.11785 I.( 
.a36481 . -WIDTH FIT? 0.16828"i( 
.86052) ̂WIDTH FIT=. 0.2 1803 I ( 
i04537) "WIDTH FIT? 0. 18334'!( 
.03460) :'WIDTH FIT=. 0.2O485 I ( 
-84752) .:WIDTH FITS, 0.23574:.i( 

DEW OF WIDTH.jFIT SQUARED. 
,20474) STD. .'DEVIATIONt 8.0186 I :iB.OlbS) 
.02038) STD. :'DEVIATION= 0.0076 ( ::0-.0022) 
.80782) STD:'DEVIATION= 0.0Q72 ( 10.0013) 
.00363) STD. -'DEVIATION= 0.0078 ( :'0.0009) 
.00671) STD. iDEVIATION= 0.8053 ( .'0.0009) 
-81389) STZP..'DEVIATIONF 8.0049 C 10.0012) 
.02832) 5TD. ,:DEVIATION= 8.8864 (;'0.0021) 
.04754) STD. .'DEVIATION= 0.8083 ( .'0.0036) 

.04163) STD. ,'DEVIATION= 0.0896 ( ::0,@039) 

.05557) STD. :'DEVIATIONt 8.0107 (:'0.0051) 

.a37381 STIP. .'DEVIATION= 0.0873 ( ::0.0@28) 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

EBRORS?* 80.99 
ERROR%= 4.97 
ERROR%=-18.86 
ERROR%=-2 1.8 1 
ERROM= 36.32 
ERROR%; 2.48 
ERROW=-1 1.89 
ERROR%=-ll. 37 
ERROWn. -9.23 
ERROR%= 9.70 
ERROM? 8.14 

Figure 4a. Horizonta l  Data - Mode 1 



C HORIZONTAL DATA 
!INPUT DATA 

J= 1 
J= 2 
J= 3 
J= 4 
J= 5 
J= 6 
J= 7 
J= 8 
J= 9 
J= 10 
J= 1 1  

. XMAX= 0.2500 SIGX@lAX= 0.0100 R f l =  -. 1.00000 R12= 
.X@IAX= 0.1360 SIGXMAX= 0.0100 RII= -0.46317 R12= 
XTW= 0.1090 SIGX@IAX= 0.0100 R11= G0.58472 R12= 
XI== 0.0763 SfGXIWX= 0.0100 RI1= +.0.70177 R12= 
xEIAX= 0.0601 STGXMAX= 0.43100 R11- -0.81073 R12= 
x1swI; 0.1150 SIGX@UX= 0.0100 RL1= -8.89671 R12= 
XI== 0.1910 SIGXTfAX= 0.8100 R11= +1.08169 R12= 
X@W4 0.2460 SIGXTIAX= 0.0100 R11= kl.09991 R12= 
xlW+ 0.2130 STGXI\IAX= 0.0100 R11= +1.05140 R12= 
XTW= 0.1860 SIGXHAX= 0.@100 Rl1= -0.33992 R12= 
xELAx= 0.2180 SPGX@UX= 0.8100 R11= -0.27794 R12= 

0.13400 R15= -1L56830- DPIOM= 0. I2 MODE=. 
8.23968 R15= -0220453 DPIODI= 0.12 NODE= 
8.2 1474 R15= 0 ;'0 1 127 DMOM= 0.12 MODE= 
0.19069 R15= 0121921 DNODI= 0.12 NODE= 
0.16832 R15=. 0;41269 DPfOM= 0.12 MODE=' 
0.15067 R15= 0,56539 DHON= 0.12 MODE= 
0.12915 R15= 0?75173 DPIOPI= 0.12 PIQDE= 
0.10897 R15= 0: 92886 DPiOPI= 0.12 lfODE= 
0.11894 R15= 9184191 DPOPI= .0.12 NODE= 
0.26497 R15= -0,42139 DMOM= 0.12 PfQDE=- 
0.27768 R15= -0.53140 DNOPI= 0.12 lfODE= 

."NO WEIGHTING FOR MODIFIED EQUATIONS 

J= 1 .A= i022252 SIGPIAA? .010838!i FVALU= 0.0800E+00 CHISQR= j 0>2159563+02 
J= 2 .A= G.075676 SIGPIAAG .037828!1 FVALU: ..0.1193E-02 CHISQR= I 0.'2159563+82 
J= 3 A= .483179 SIGI'IAA? .1789?8!' FVALU= I0.72883+01 CHISQR= I 0.;2159563+02 . 

COVARIANCE MATRIX 

SIG( 1 , l )  1'. 174567E-04 
S IG( 2,l) = 3 02727 1E-04 S IGC 2,23= I .  43Q957E-03 
S IG( 3,l) = 4.182739E-04 S IGC 3.2) = 4.939827E-031 9 IG( 3,3) = 3.2Or3309E-02 

N 
4 

ALPHA= -1.0675€b2 STD. DEVIATION = 0.60@76 
BETA= 0.31391 STDI DEVIATION = 0.11340 
EPSILON= .07088539 I STDJ DEVIATION = 2.81932522 
BEAM FIT CHISQR. = .0.247447E-O2 

( :') = SQUARE? OF WIDTHrOR WIDTH EIT OR STD. DEV. OF WII)TH.'FIT SQUARED. 
J .= I WIDTHY. 0.25000'..( ,06250) ",WIDTH FIT5 0.29371:?( ,08627) STD. "DEVIATION? 0.0363 ( 10,0213) 
J '= 2 WIDTHS 0.136001.( .01850) :WIDTH FIT?. 0.12779 I.( .01633) STD. .:DEVIATION"- 0.0238 1:'0.0061) 
J = 3 WIDTH? .O. 409001.( .011881 :WIDTH FIT? 0.10434i.c .01089) STD. !DEVIATION= 0.0208 ( i0..0043) 
J '= 4 WIDTH= 0.076301( .00582) ;WIDTH BIT= 0.04469"'( .08897) STD. 'DEVIATIONi 0.0186 (118.0035) 
J .= 5 WIDTH= 0.06018;C .0@361)'WIDTH FIT? 0.1@0571.( .01011) STD.:'DEVIATION?;8.0183 (.10.0037) 
J '= 6 WIDTH: 0.115001( -01322) WIDTH FIT? 0.11409f.t -01302) STD..'DEVIATIONi 8.0196 ( :0'.0845) 
J '= 7 WIDTH? 0.19100!( ,03648) :WIDTH FIT? @.13764EL( .01894) STD..'DEVIATION' 0.0221 ( i  0.0061) 
J.:= 8 WIDTH=. 0.24600'.( .06052) :WIDTH FIT? .-0.16407"*.( .02692) STD. 'DEVIATION' 0.8249 (:0.0082) 
J := 9 WIDTH=. 0.21300 : (  .04537) ':WIDTH FIT? 0.15071";( .02271) STD. ?DEVIATION* 0.0235 (st0.0071) 
J':=10 WIDTH? 0*18600:'f,( s03460) :WIDTH FIT? 0.15944 ( .02542) STD. :!DEVIATION? ,0.0272 (:.0.0087) 
J':=11 WIDTH=O .0+21800:( .04752) .?WIDTH FIT? 0.17709 ( ..03136) STD. ,'DEVIATION+ 0.Q290- ( :'0.0183) 

ERROR%*. 17.48 
ERROW.= -6.03 
ERROWh -4.28 
ERROM; 24.10 
ERROR%= 67.33 
ERROR%= -0.79 
ERROR%=-27.94 
ERRORZ=-33.30 
ERROR%=*-29 - 24 
ERROR%=.- 14.28 
ERROR%=-18. 77 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

Figure 4b.  Horizontal Data - Mode 2 



IVERTTCAL DATA - 
IINPUT DATA 

J= 1 0.2948 SFGYMAX= 8.0540 R39= 1.66659 R34= 

J= 3 YMAX= 0.1992 SPGy1fAX= 0.0272 R33= -1.12022 R34= 
J= 4 W W =  0.1938 STGYMAX= 0.0272 R33= 10.94175 R34= 
J= 5 YMAX= 0.1637 SIGYMAX= 0.0218 R33= 0.60082 R34= 
J= 6 YMAX= 0.1365 SIGYMAX= 0.8195 R33= ,0.28299 R34= 
J= 7 YPW= 0.0874 STGYPfAX= 0.0108 R33= "0.08696 R34= 
J= 8 YPlAX= 0.0737 SIGYMAX= 0.9218 R33= -0.25233 R34= 
J= 9 YlIAXe 0.0519 SIGYMAX= 0.0108 R33= -0.42588 R34= 
J= 10 WUX: 0.0682 SIGYlIAX= 0.8218 R33= -0.13733 R34= 
J= 11 W W =  0.0819 S I G Y P W =  0.0131 R33= -0.07327 R34= 
J= 12 WL4X= 0.1336 SIGYMAX= 0.0218 R33= 0.20573 R34= 
J= 13 YPW= 0.0600 SIGWlAX= 0.0300 R33= 1.00000 R34= 

J= 2 .YMAX= 0.2511 STGYlfAX= 0.0272 R33= ?1.48376 R34= 
0.62856 R35= 
0.48135 R35= 
0.38743 R35= 
0.34132 R35= 
0.25322 R35= 
0.17105 R35= 
0.09687 R35= 
0.03259 R35= 

-0.0 1233 R35= 
0.06234 R35= 
0.07891 R35= 
0.15107 R35= 
0.13400 R35= 

0;00000 DMOM= 0.12. MODE= 
0: 00000 DMOlP 0.12 MODE= 

0.00000 DPIOPI= 0 .  12 NODE= 
0: 00000 DNOM= 0 .  12 NODE= 
0.00080 DMOTI= 0. 12 NODE= 
0.00000 DMOW 0.12 NODE= 
0.00800 DPIOM= 0.12 PIODE= 
0.00800 DPlON= 0. 12 MODE= 
0.00000 DMOM= 0.12 MODE= 
0.00000 DPfOPI= 0.12 MODE= 
0.00000 DMOW 0.12 MODE= 
0.00000 DFfOPl= 0. 12 NODE= 

0.00000~ DPlOEf= 0.12 MODE= 

INSTRUMENTAL WEIGHTING -- WEIGHT = '  1/SIGMAy"2 

J= 1 .A= .821987 SIGPW= .0055531 FVALU= 0.8000E+00 CHISQR= > 0:2348423+80 
J= 2 A= -. 12917'8 SIGMAAS .0251751 FVALU= '0.3803E+03. CHISQR= ,' 062348423+88 
J= 3 .A= 1870417 SIGNAAs .1124281 FVALU= ~0.25523+03 CHISQR= 0:234842E+80 

COVARIANCE I\IATRIX 

SIG( 1 , l )  = 3i083530E-05 
SIG(2,13=-1;103825E-04 SIG(2,2)= 4.337715E-041 

N SIG( 3 , l )  = 3.4098733-04 SPG( 3,2)  =-2.5772163-031 SIG(3,3) 1.2644301E-02 
00 

ALPHA= 2.60913i STD. DEVIATION = 11.47192 ' 

BETA= ' 0.44410 , STDi DEVIATION = 0.19929 
EPSILON= 104951003 . STDJ DEVIATION = i02453404 
BEAN FIT CHISQR = 8.1474483-03 

( -) 
TUr I DTE= 
WIDTH=. 
W I DTH= 
W I DTH= 
WIDTH? 
WIDTH? 
WIDTH= 
WIDTH= 
WIDTH= 
WIDTH= 
W I DTH= 
WIDTH= 
HI DTH= 

= SQUARE 
0.29480 
0.25110 
0.19920 - 
0.19380 1 
0.16370 - 
0.13650 
0.08738'. 
0.07368 . 
0.05186 
0.06823 
0.08188' 
0.13360. 
0.06080 

OF 'WIDTHi.OR WIDTH FIT OR STD. DER OF WIDTB.!FIT SQUARED. 

( .06305)WIDTH FIW. 0.25605':( .06556) STD. 'DEVIATION* 0.8162 
( .08691)!WIDTH FIT=. 0.276876( .07666) STD. .LDEVIATION= 0.02&4 

( .03968)W'fDTB. FIT=. 0.21474 :( .04611) STD. -'DEVIATION= 0.@122 
( .03766)WIDTH FIT? 0.19457"i( .03784) STD. :!DEVIATION= 0.0104 
( -02680)'WIDTH FIT? 0.15634"'.( .02444) STD. +DEVIATION= 0.8074 
( .0.1863)'WIDTH FIT?. 0.12133f.C .01472) STD. :!DEVIATION+ 0.0062 
( -00164) WIDTH BIT+ 0.@9059':( -00821) STD. :'DEVIATION* 0.8Q59 
( 00543)'WIDTH FITS I 0.06670':.( -00445) STD. !DEVIATION= 8.0062 

( .00466).'WIDTH FIT= 0.077521( .00601) STD. :'DEVIATION2 0.8060 
( .@06701'WIDTH FIT' . 0.88386',( .00703) STD. 'DEVIATION6 0.0959 
( -017851-WIDTH FIT? 0.112991.( -01277) STD. :'.DEVIATION= @.@06@ 
( *0036@) WIDTH FIT= 0.05474.: ( .08300) STD. :!DEVIATION= 0.8270 

( .80269)'WIDTH FIT= 0.85257'7( .00276) STD. lDEVIATION= 0.0@78 

Figure 5a. Vertical Data - Mode 1 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

0.Of02) EMOR%= -6208 
0.0083) ERROR%= 1.97 
0.0852) ERROM= 7.80 
0.8840) ERROR%= 0.40 
8.0824) ERROW= -4.50 
0.0015) ERROR%=-l l . l l  
0.06311) ERROR%= 3.68 
0.0808) ERROR%= -9.47 
0.8808) ERROR%= 1.37 
0.0809) ERROW= 13.61 
0.0810) ERROW= 2.41 

8.8830) ERROR%= -8.76 
0.0814) EFiROR%=-l5.43 



:.': VERTICAB DATA 

[ ' INPUT DATA 

J= 1 :-Y'MEiXk 0.2948 STGYMAX= 8.0100 R33= ';1.66659 R34= 
J= 2 :',"'MAX= 0.2511 SIGYMAX= 8.0100 R33= . ? ,1 .48376  R34=- 
J= 3 :.YMAX= 0.1992 SPGYNAX= 0.0100 R33= r. 1.12032 R34=.  
J= 4 . ypIAx= 0.1938 SIGyL\IAx=, 0.8180 R33= t.0.94175 R34= 
J= 5 'DUX* 0.1637 SPGWIAX=- 0.0100 R 3 3 =  ".0.60882 R 3 4 =  
J= 6 .:YMAXC. 0.1365 SPGYMAX= 0.0108 R 3 3 =  ".:0*28299 R34= 
J= 7 :YMAX= 0.0874 SFGYMAX= a.0.100 R33= - 0 . 0 Q 6 9 6  R34= 
J= 8 ,'YPlAX= 0.8237 SIGYMAX= 0.0108 R33= -@. .25233 R 3 4 =  
J= 9 .'YMAX+ 0.0519 S I G W U X =  0.0100 R33= -0a.42588 R34-  
J= 10 ' YMAX? 0.0682 SIGYMAXZ 0.0180 R33= -0.13733 R34= 
J= 11 .:WlAX=' 8.0819 SIGWIAX= 0.0100 R33= -0.01327 R 3 4 =  
J= 12 ::YMAX=- 0.1336 SIGYPIAX= 0.0100 R33= . 0.29573 R34= 
J= 1 3  .;"TIAX= 0.0608 SIGYNAX= 8.8100 R 3 3 =  ':.1.08080 R34= 

0.52856 R35= 
0..48135 R35= 
0.38743 R35= 
8.34132 R35= 
0.25322 R35= 
8.17105 R 3 5 =  
0.09607 R 3 5 =  
0.03259 R35= 

-0.0 1233 R 3 5 =  
0.06234 R35= 
8.07891 R 3 5 =  
8.15107 R35= 
8.13400 R35= 

0,00000 DMOM= 0.12 MODE= 
0,00908 DMOW 0.12 MODE= 
0:0080@ DMOW 0.12 PIODE= 
8 . 8 0 0 Q Q  DPlOPi= 0. 12 NODE= 
0'.@0008 DPiON= 8 .  12 FlODE= 
8.80888 DMOM= 0. 12 PIODE= 
0;08080 DFiOPi= 0. 12 NODE= 
8;00888 DPiON= 0. 12 NODE= 
0:88890 DPfOPi= 0 .  12 NODE= 
8 : 00888 DPiOPi= 0 .  12 PlODE= 
8.00880 DPlOW 0.12 MODE= 
0.80080 DPlOW 0 .  12 PIODE= 
0 . 8 0 B Q 8  DPiOPl= 8 .  12 PIODE= 

:NO WEIGFiTIFlG FOR MODIFIED EQUATIONS. 

J= 1 .A= ~'023277 SIGMA& .00406?!. .FVAT.,U= :~0.0000E+00 CHI5QR= i 0,:1348823+01 
J= 2 .A= -':133933 GIGPLUG .819264I! PfrALU= ! Q .  1644E+02 CHISQR= ; 0 ; i 1 3 4 8 8 2 E + 8 1  
J= 3 .A= ' 2 8 9 2 3 2 7  SIGMAAS .082623! FVALU= : 0 . 1 1 6 6 E + Q 3  CHISQR= . 0..:134882E+01 

.COVARIANCE MATRIX 

2 S I G (  1 ,1)=  1.6538513-05 
- 

S I G ( 2 , 1 ) = - 7 ; 2 8 7 1 7 8 E - 0 5  SIG(2,2)= 3.711187E-04~ 
S I G ( 3 , 1 ) =  2,7320883-04 SIG(3,2)=-1 .539511E-0311 S I G ( 3 . 3 ) f  .6.8264973-03 

ALPHA= 2.51643, STD. DEVIATION = 10.59510 I 

BETA= 0.43735 STDl DEVIATION = 8.8877'2 
EPSILON= .ti35322340 STDJ DEVIATION = :01026249 
BEAN FIT CHISQR E j0.1390353-03 

( . < I  
J':= 1 WIDTHS. 
J"= 2 WIDTH=+ 
J"= 3 WIDTH? 
J'.= 4 WIDTH= 
J '=  5 WIDTH? 
J':= 6 WIDTH= 

, J := 8 WIDTHE 
J' I= 9 WIDTH= 

, J' '= 10 WIDTH= 
J'.'=11 WIDTH= 
J'= 12 WIDTH? 

' J'1=13 WIDTH= 

. J':= 7 IfIDTH" 

= SQUARE OF W1DTBl;OR WIDTH P I  
0.29480': ( . 0 8 6 9 1 ) W I D T H  FIT=. 
0.25110: ( , 0 6 3 0 5 ) W I D T H  FIT=. 

8.19380': ( .03756) 'WIDTB[ FIT= 

0.13650". ( .81863) WIDTH FIT= 
0.08738': ( .88764) .WIDTH F IT= 
0.07368';: ( .08543) WIDTH FIT+ 

0.06823': I . 8 8 4 6 6 ) W I D T H  FIT=' 
0.08188':' ( .@0670)WIDTH FIT= 
8.13368": C . 81785) 'WIDTH PIT? 
0.0600g-':. ( . 0 0 9 6 0 ) W I D T E  FITei 

0.19920:- ( ,03968) WIDTH F I P ,  

8.16370 .: ( . C32680)'WIDTH FIT* 

0- 06 186.: ( . 00269>>WIDTH FI% 

T OR STD. DEV; OF WIDTFkFrIT SQUARICD. 
0.2?926.!< .07799) STD. .'DEVIATION= 

8.2.1455 :.( .84689) STD. . 'DEVIATION= 
0.25823"( ,06668) STD. :'DEVIATION:' 

0.19621"!.(  ,038501 STD. .'DEVIATION= 
0.15769'::.( -02487) STD. :'!DEVIATION= 
0.123501.( .015813 STD. : 'DEVIATION= 
0.89174'.( .08842) STD. : 'DEVIATION= 
0.86886'::( . 0 Q 4 6 3 )  STD. 'DEVIATION? 
0.05432': ( .00295) STD. .'DEVIATION* 
0.078'74':( ,08620) STD. . 'DEVIATION" 
0.88503'-:( .08723) STD. :lDEVIATION= 
@.11413f( ,81302) STD.:'DEVIATION" 

i 0.Q6836':f .0@?47t STp.:!DEV$+T$OIy* 

2 
2 
2 
2 

0.00'70 ( 0.0039) ERROR%= -5427 
0.8862 I 8.0832) ERROW*= 2.84 
0.0047 ( 0.0821) ERROR%= 8.71 
8.8842 ( 0.OQdl6)  ERROR%= 1-24 
8.9036 ( 0.0812) ERRoR571= -3.67 
8.8838 ( 8.8809) ERROR%=-10.26 
0.0043 ( 0.0808) ERROR%= 4.99 
8.8847 < 0.0806) ERROW-= -7,621 
8.0052 ( 0.0686) ERROR%= 4,76 
8 . 0 Q 4 5  ( 0.8807) EIPRQ)R%= 15448 
8.8844 ( ~ 8.8008) Emom- 3.85 
0.0039 I 0.0889) E H R O W ~ = - 1 4 . 5 8  

F igure  5b. Vertical Data - Mode 2 



Appendix A -- The LSQFIT Subroutine 

A. 

constant coe f f i c i en t s :  

The LSQFIT subroutine w i l l  do a l e a s t  square f i t  t o  l i n e a r  equations with 

where: z -- independent va r i ab le  

Xl(z1 -- Xn(z) -- known funct ions of the independent va r i ab le  z but  in- 

dependent of the coe f f i c i en t s  a; 

a1 -- an -- constant coe f f i c i en t s  t o  be found 

Y -- dependent va r i ab le  

This rout ine  is  a modification of the LEGFIT rout ine  i n  Bevington. 

Other l i n e a r  l e a s t  square f i t t i n g  subroutines a re  ava i l ab le  but  one should 

use caution with them. 

o r  average term. This type of f i t t i n g  rout ine  cannot be used fo r  emittance 

ana lys i s .  

Some rout ines  w i l l  solve fo r  the coe f f i c i en t s  plus  a dc 

Some equations tha t  s a t i s f y  t h i s  c r i t e r i a  are:  

1. Y = a l x  + a 2 ~ 2  + a 3 ~  3 

2 .  Y = alx + a2x3 + a 3 ~  5 

3. Y = a l c o s t  + a2cos2t + a3cos3t +... 

Some equations t h a t  do not s a t i s f y  t h i s  c r i t e r i a  are:  

1. Y = alx + a2xa* + a 3 ~  a1 

Some equations tha t  do not s a t i s f y  t h i s  c r i t e r i a  but  can be modified t o  
meet the c r i t e r i a  are:  

A-1 



the Gaussian Function A1 1. G(X) = 

The Gaussian function can be modified t o  a l i nea r  equation by taking the 

n a t u r a l  log of both s ides  

where: Y = Rn G(x) 

-1 a3 - - 
2 ~ 3 2  

The Transport equation can be modified by squaring. 

where: Y = (XMAXI2 

A-2 . 

(All 
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B. Calling the LSQFIT Routine 

To use the LSQFIT subroutine, one calls: 

CALL LSQFIT (X, Y, SIGMAY, NPTS, NUMT, IHV, MODE, YFIT, A, S I G W ,  FVALU, 
CHISQR) . 

Descr,$tion o Input Parameters 

X -- array of the independent variable 
Y -- array of data points for the dependent variable in the same 

Y is the measured value for a given value of X for order as X. 
standard equations or Y is a modification of the measured values 
for modified equations. 

SIGMAY -- array of standard deviations of the Y data in the same order as 
Y. For modified equations the SIGMAY is a modification of the 
standard deviations of the measured points. 

NPTS -- number of pairs of data points, maximum = 40. 
NUMT -- number of terms in the function or number of coefficients; maxi- 

mum = 10. 
IHV -- a variable that may or may not be used. For Transport calcula- 

tions it identifies horizontal or vertical plane. 
MODE -- determines the mode of weighting the Y points when doing the 

least-squares fit. 
+I (instrumental) WEIGHT(I) = 1/SIGMAY(I)**2 

I$ (no weighting) WEIGHT(1) + 1.0 
-1 (STATISTICAL) WEIGHT(I) = ~/Y(I) 

+2 (no weighting for modified equations) 

For standard equations modes -1, 4 ,  and +1 are valid. For modes -1 and +1 
the data points are weighted and the coefficients A are found. The standard de- 
viations SIGMAA are proportional to the weighting of the Y points. Thus, if 
mode +1 is used and the analysis is repeated for the same values of the data 
points but with smaller values of SIGMAY, the same coefficients will be found 
but with smaller values of SIGMAA. For mode 4 SIGMAA is proportional to CHISQR 
or to the fit of the data to the equation. 

A-3 



For modified equat ions only modes +2 and +1 a r e  v a l i d .  For mode +1 SIGMAA 

i s  propor t iona l  t o  SIGMAP as f o r  s tandard equat ions.  

modified equat ions,  mode +2 i s  used. However, when mode +2 i s  used, the  s tan-  

dard devia t ions  of the measured po in t s  must a l l  be made equal  and then SIGMAA 
w i l l  depend on CHISQR o r  t o  the f i t  of the  da t a  t o  the equation. 

For no weighting f o r  

Descr ip t ion  of Output Parameters 

PFIT -- a r ray  of ca l cu la t ed  values  of Y. 

A -- a r ray  of s tandard c o e f f i c i e n t s  i n  Equation A l .  

SIGMAA -- a r ray  of s tandard devia t ions  f o r  the  c o e f f i c i e n t s .  

CHISQR -- reduced CHI-SQUARE f o r  the f i t  t i m e s  the  weighting. 

(WEIGHT * C H I  SQUARE) 
(NPTS-NTERMS) CHISQR = 

This  i s  approximately the  average weighted C H I  SQUARE f o r  a da t a  

I poin t .  

FVALU -- a r ray  of FVALmS f o r  each term 

FVALU i s  a measure of the e f f ec t iveness  of each term t o  the  f i t -  

t i ng .  I f  FVALU(J) i s  negat ive o r  zero,  t h a t  term should not be 

included. FVALU f o r  the f i r s t  termeis always zero.  A term 

should be added only i f  it reduces CHISQR o r  makes the  f i t t i n g  

b e t t e r .  

An a d d i t i o n a l  funct ion program needs t o  be added t o  the  program c a l l i n g  

LSQFIT. This  func t ion  rou t ine  c a l c u l a t e s  the  X . ( z >  value  f o r  each term and i s  

d i f f e r e n t  f o r  each equat ion Al-A5. 
1 

It is wr i t t en  as: 

Function FCTN (X,  I ,  J ,  IHV) 

X -- the value of X f o r  a d a t a  poin t  (may not  be used) .  

I -- index of da t a  po in t s .  

J -- index of the term of the funct ion.  

IHV -- a v a r i a b l e  t h a t  can be used. 
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For Equation A2 

3 + a3X Y = a l X + a X  2 
2 

Function FCTN (X, I, J, IHV) 

FCTN -- X**J 
RETURN 
END 

Another function program is sometimes needed to calculate standard 
deviations. 

subroutine will return the standard deviations of the A coefficients. 
for modified equations, other values are calculated from these A coefficients 
and one needs to know the standard deviation of these values. For example, the 

This program is always needed for modified equations. The LSQFIT 

However, 

Twiss parameters are calculated 
This function program evaluates 

W 

from the U parameters which are found by LSQFIT. 
Equation 19. If: 

= f(A1, A2, A3) 

and A1, A2, and A3 are the coefficients returned by LSQFIT, then the vari- 
ance of W or the square of the standard deviation of W is: 

The unknowns of this equation are the partial derivatives -- af/aA, 
af/aA2, and af/aA3. 
A coefficients are available from the LSQFIT subroutine through the: 

As discussed in Part 6 the variances and covariances of the 
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COMMON/LSQ/NTERMS , SIGW2 

statement.  The func t ion  program is: 

Function STDEV (DERIV) 

Descr ipt ion of Input  Parameters.  

DERIV -- a r ray  of d e r i v a t i v e s ,  af/aA1, a € / a A 2 ,  af/aA3. 
order  of the  A c o e f f i c i e n t s .  Thus: 

The a r r ay  must be i n  the  

DERIV(~) = af/aA1 

DERIV(2) = af/aA, 

DERIV(3) = af/aA3 

Use of the funct ion 

SIG = STDEV(DER1V) 

I f  W = f(A1, A2, A3> then SIG i s  the s tandard dev ia t ion  of W. 

A load command t h a t  can be used is: 

The va lues  
of DERIV are ca l cu la t ed  i n  TEST3-5.. 

Load TESTl .F4, E L :  REGRE/LIB 

C. Sample Programs 

1. TESTl 

The TESTl.F4 program t r y s  t o  f i t  the  X and Y d a t a  t o  the equation: 

3 + a3X Y = a l X + a X  2 
2 

The Y d a t a  w a s  ca l cu la t ed  from: 

2 3 Y = 2x + 3x + 4x  

A-6 



The MODE used i s  zero  o r  no ‘weighting i s  used. The s tandard devia- 

The r e s u l t s  shown i n  Fig- t i o n s  of the c o e f f i c i e n t s  w i l l  depend on the f i t t i n g .  

u re  1 show t h a t  the  3 c o e f f i c i e n t s  are found accura te ly  and the  CHISQR is very 

small. 

i nd ica t ing  t h a t  a l l  t e r m s  i n  the  equat ion a r e  needed t o  f i t  the  da ta .  

s u l t s  are: 

For each term, except the  f i r s t ,  the  FVALU is p o s i t i v e  and l a rge  

The re- 

al = 2.000, STD. DEV. = 0.0010 

a = 3.000, STD. DEV. = 0.0006 

a3 = 4.000, STD. DEV. = 0.0001 
2 

These compare with the exac t  va lues  of 2.0, 3.0,  and 4.0. 

2. TEST2 

The TEST2.F4 program t r y s  t o  f i t  the same d a t a  as TEST1 to: 

by changing NUMT t o  4 .  

The r e s u l t s  shown i n  Figure A2 show t h a t  the CHISQR is less and t h a t  

the c o e f f i c i e n t s  are not  known as p rec i se  as TEST1. 

is  negat ive ind ica t ing  t h a t  t h a t  term should be omitted s ince  the f i t t i n g  became 

worse when it  w a s  added. 

NUMT equal  t o  3 .  The r e s u l t s  are: 

The FVALU f o r  the  4 t h  term 

For b e t t e r  accuracy one should r epea t  TEST2 bu t  with 

a = 2.000, STD. DEV. = 0.0333 

a2 = 2.990, STD. DEV. = 0.0349 

a = 4.0009 STD. DEV. = 0.0114 

a4 = 0.00 STD. DEV. = 0.0012 

1 

3 

3. TEST3 

The TEST3.F4 program w i l l  f i t  p r o f i l e  da t a  t o  the  b e s t  f i t t i n g  

Gaussian funct ion.  

equat ion and cannot be used d i r e c t l y  with LSQFIT. 

As discussed ear l ie r  Equation A9 is  the  Gaussian func t ion  
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where : 

area under the Gaussian funct ion.  

the  mean of the  funct ion.  

the sigma o r  width o r  s tandard dev ia t ion  of the funct ion.  

Taking the  n a t u r a l  log of G(x) and rearranging:  

Y = a  + a X + a X  2 
1 2 3 

where a l y  a2, and a3 are func t ions  of A I ,  A2, A3 but  are independent of X. 

This is the  modified equat ion t h a t  can be solved with LSQFIT. 

a3 are found: 

I f  a l ,  a2,  and 

The LSQFIT rou t ine  can be used t o  f ind  a l ,  a2, and a3 i f  t he  Y meas- 

ured poin ts  and t h e i r  s tandard devia t ions  are modified f o r  LSQFIT; 

Y = Rn(measured Y po in ts )  

(Al l )  

x = x  
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From Equation 19 the standard deviation of the Y points can be calculated from 
the standard deviations of the Y measured points: 

= (- l I~ (SIGMAS)~ 
' YMEAS 

or 

SIGMAY = - (SIGYMEASURED) YMEAS 

Y, X, and SIGMAY are used as input to LSQFIT. 
The LSQFIT routine returns the fitted values of ai, a 2 ,  and a3. The 

constants AI, A2, and A3 of the Gaussian can be calculated from these using Equa- 
tion (A10). The routine also returns the standard deviations of al, a 2 ,  and a3. 

To find the standard deviations of the Gaussian constants, the function 

STDEV(DER1V) is used. The 'partial derivatives are needed: 

For A3 -- the sigma width = f(al, a2, a3) 

DERIV(3) = (-2a3) = a ~ ~ / a a ~  

For A2 -- the mean value = f(al,'a2, a,> 

DERIVW = @ = aA2/aal 
DERIV(2) = -1/2a3 = aA2/aa2 

DERIV(~) = a2/2a3 = aA2/aa3 

For A1 -- the area = f(al, a2, a,> 

DERIV(1) = A1 = af/aa, 
DERIV(2) = (-a /2a3)A1 = af/aa2 

DERIV(3) = Al(A2 - 1/2a3) = af/aa3 22 
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The TEST3.F4 program of Figure 3 illustrates using LSQFIT to find the 
constants in Equation (A9). The data was calculated from a Gaussian with a mag- 
nitude (AI) of 1253.3, mean (A*) of +2.0, and sigma (A31 of 5.0 and rounded to 

the nearest integer. The X data varied from -10 to +lo. The standard deviation 
of all the measured points was 0 . 5  and the mode was +l. Therefore, the standard 
deviations found are proportional to these measured standard deviations. The 

function FCTN for Equation A5 is different from TEST1: 

Function FCTN (X, I, J, JHV) 
FCTN = X**(J-l) 
RETURN 
END 

The CHISQR that is returned from LSQFIT is for Equation A5 and not for 
the Gaussian fit. The reduced CHI SQUARE for the Gaussian function is 

calculated from: 

2 , NPTS 
CHI SQUARE = C (calculated Gaussian Y-YMEAS) 

1 

To illustrate the error matrix or covariance matrix, the 

COMMON/LSQ/NTERMS, SIGW2 

statement was added to TEST3.F4. This is not needed to calculate the standard 
deviations. Since the covariance matrix is symmetrical, only the lower half is 
printed. One can determine the effect of correlation between the A coefficients 
returned by LSQFIT by comparing the off diagonal elements of the matrix with the 
diagonal elements. If the off diagonal elements are zero, no correlation exists 
between any of the A coefficients. 

The results of TEST3.F4 are: 
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A1 = area 

A2 =mean = 2.000; STD. DEV. = 0.0025 

A3 = sigma = 5.028; STD. DEV. = 0.0027 

= 1260.04 ; STD. DEV. = 0.56 

These compare favorably with the  exact  values  of 1253.3, 2.0, and 5 . 0 .  

4. TEST4 

The TEST4.F4 program is  used t o  solve the  ho r i zon ta l  s impl i f i ed  TRANS- 

PORT Equation, l l a .  For the SBE (S ing le  Bunch Ex t rac t ion )  t o  the  "D" l i n e ,  t he  

f r a c t i o n a l  momentum dev ia t ion  f o r  a 99% beam is assumed known (6 = 20.12%). 

From Equation 4 ,  

2 "55 = 6 

Rearranging Equation l la :  

2 p  
+ a55R15 

A s  discussed earlier t h i s  i s  not s u i t a b l e  f o r  so lu t ion  with LSQFIT bu t  it can be 

modified: 

R R  2 
(-I2 - a55R152 = a 11 R 11 + 2a21 11 12 

2 
+ 022R12 

This equat ion is  a l i n e a r  equat ion of type (Al) and LSQFIT may be used t o  so lve  

f o r  the c o e f f i c i e n t s  all,  a21, and a22. 

where al, a2, and a3 are all,  a21, and a22 and the  values  t o  input  t o  LSQFIT 

are : 
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and from Equation 24 

SIGMAY = 2(XMAX measured) (SIGXMAX measured) 

If X is given as a beam line distance, the (R) matrix elements can be 

calculated from a TRANSPORT or QTUNE type program. 
necessary FCTN routine complicated. 
matrices with TRANSPORT or QTUNE and enter them as data into FCTN through a com- 
mon statement. Thus: 

This would make the 
The simpler means is to find the (R) 

Function FCTN(X, I, J, JHV) 

COMMON/MATR/R( 5 , 5 , 30). 
IF(J. EQ. 1) FCT = R(1, 1, 11-2 
IF(J. EQ. 2) FCT = 2*R(1, 1, I)*R(l, 2, 1) 

IF(J. EQ. 3) FCT = R(1, 2, I)*2 

FCTN = FCT 

RETURN 

For this example, X is not used in the FCTN routine. To find the horizontal 
emittance parameters of equation lla only the R11, R12, and R15 elements of the 
transport matrices are needed. The R array must be filled in the same order as 

the Y array - i.e. R(1, 1, 1) must be the R1l component of R for the first data 
point corresponding to (XMAX measured) and R15 for the same data point. 

. 

The matrix elements for the sample program TEST4.F4 were calculated 
with QTUNE for elements in the "D" line from F13 up to AD2 at 24.06 GeV/c for a 

typical running condition. 
present and Equation lla describes the transport system. 

used were calculated assuming a, B ,  E = -0.938, 0.1904 kiloinch and 0.075525 
inch-mrad for a 99% beam. The calculated sizes were rounded to 3 places and the 
standard deviation for all these points was assumed to be 0.0005. 

For this area of the "D" line no skew elements are 
The horizontal sizes 
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From the values  of 1311, 021, a22 re turned by LSQFIT and Equation 5 ,  

@ the  f i t t e d  T w i s s  parameters a, B ,  and E can be found 

a = -a2l/& 

B = al l /& 

(5 )  

It should be pointed out  t h a t  LSQFIT w i l l  f i nd  the  cons tan ts  f o r  the 

modified equat ion A19 and not Equation 5.  

t h a t  

XMAX s i z e s  a r e  on both s ides  of a waist o r  t h a t  s u f f i c i e n t  widely spaced po in t s  

on the X / 0  plane e l l i p s e  are used, t h a t  a rea l  emit tance may be found. 

This  r e s u l t s  i n  sometimes f ind ing  

i s  negat ive o r  E is  not  real .  It has  been found t h a t  i f  the  measured 

LSQFIT w i l l  r e t u r n  the values  of 011, 021, and 022 and t h e i r  s tandard 

devia t ions .  

e t e r s  can be found using the  funct ion STDEV. 

Using Equations 5 and 1 9 ,  the s tandard dev ia t ion  of the T w i s s  param- 

To use the  func t ion  STDEV, the p a r t i a l  d e r i v a t i v e s  are needed. 

For -- the emittance = f(Oll, OZl,  022) 

For alpha = f (o l l ,  U21y 022) 

For be t a  = f(Olly cY21, U22) 
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Of equal concern is  the standard deviat ion of the  f i t t e d  ca lcu la ted  

XMAX points.  Rearranging Equation 11A: 

(R I2l4 XMAXFIT = (a (R 2> + 021(2R 11 R 12 + a22(R12 ) + ass 15 2 
11 11 

or  

This is a l s o  

i n  a beam l i n e  knowing 

XMAXFIT = f (o l l ,  aZl, 022, 055) (A231 

the equation tha t  is used t o  f ind the beam s i z e  anywhere 

the R 

XMAXFIT, the der iva t ives  a re  

DERIV( 1)  

DERIV ( 2) 

DERIV ( 3 ) 
DERIV(4) 

matrix elements. To f ind the standard deviat ion of 

needed f o r  the funct ion STDEV. 

Since the f r a c t i o n a l  momentum deviat ion 6 or  a was assumed constant 

fo r  t h i s  example, the var iances  and covariances fo r  t h i s  term a r e  zero.  

th ree  der iva t ives  a re  needed -- DERIV(1) - DERIV(3). I f  one was t ry ing  t o  f ind 

the value of 6 f o r  the beam from many properly chosen beam width measurements, 

then the standard deviat ion of the calculated beam s i z e  would depend on a l l  four 

der iva t ives .  

on t h i s  fourth der iva t ive .  

55 
Only 

The standard deviat ions of the T w i s s  parameters would not depend 

A s  shown i n  TEST4.F4, these der iva t ives  can be more e a s i l y  expressed 

using the  FCTN function. 

The r e s u l t s  shown i n  Figure 4 show tha t  f o r  t h i s  i d e a l  case,  the T w i s s  

parameters a re  found accurately.  

culated from an equation s imi la r  t o  Equations A15 and A16, is small ( 1  x 

For t h i s  example a l l  beam width points  were assumed known t o  the same accuracy 

and mode +1 was used. The r e s u l t s  are:  

The reduced CHI SQUARE fo r  the f i t t i n g ,  cal-  

I)- 

Alpha = -0.9348 , STD. DEV. = 0.0042 

Beta = 0.1902 , STD. DEV. = 0.00059 k i l o  inch 

Epsilon = 0 .07556 ,  STD. DEV. = 0.00037 in-mrad 
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5. TEST5 

This example is similar to TEST4,except that both the horizontal and 
vertical emittance parameters are found. 

The simplified TRANSPORT equations (lla) and (llb) are used. No skew 
components are allowed in the beam line. The data is from the "D" line from F13 
up to AD2. The fractional momentum deviation for a 99% beam is assumed known 
(6 = 0.12%). 

Rearranging (lla) and (llb), the modified equations for LSQFIT are: 

2 
(XMAXl2 - u55R152 = u 11 R 11 + 2u21RllR12 + u22R11 

- u55R352 = u R 
+ 2u43 R R  33 34 + u R  44 34 

2 
33 33 

(llb) 

Each equation is solved independently with LSQFIT. Using the IHV pa- 
rameter to separate horizontal and vertical planes, only one FCTN routine is 
used. 

Function FCTN (X, I, J, JHV) 
c JHV = 1 for horizontal, JHV = 3 for vertical 

COMMON/MATR/R(5, 5, 30) 
IHV = JHV 
FCT = Q, 
IF(J.EQ.1) FCT = R(IHV, IHV, I)**2 
IF(J.EQ.2) FCT = 2.*R(IHV, IHV, I)*R(IHV, IHVCl, I) 
IF(J.EQ.3) FCT = R(IHV, IHV+1, I)**2 
FCV = FCT 
RETURN 
END 

The assumed values of the Twiss parameters were: 

Horizontal a ,  $, E = -0.9380, 0.1904 KILOINCH, 0.075525 IN-MRAD 
Vertical a ,  $, E = 0.9870, 0.1457, 0.075525 
Momentum - 24.06 GeV/c, 6 = 0.12% 
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The same horizontal data was used in TEST5 as in TEST4 except that the 
assumed standard deviations of the horizontal widths in TEST5 was 20 times 
larger than for TEST4. 
for TEST5 but the unweighted mode +2 standard deviations are the same. 

As a result the mode +l standard deviations are larger 

The results are: 

Mode +1 STD. DEV. Mode +2 STD. DEV. 

Alpha = -0.9348 , 0.0842 -0.9348 , 0.0027 
Beta . = 0.1902 , 0.0119 0.1902 , 0.00038 kilo inch 
Epsilon = 0.07556, 0.0075 0.07556, 0.00024 in-mrad 

The results for the vertical plane are: 

Alpha = 0.9851 , 0.130 0.9851 , 0.0039 
Beta = 0.1455 , 0.008 0.1455 , 0.0003 
Epsilon = 0.07548, 0.0045 0.07548, 0.0001 

One should note that the magnitudes of the Twiss parameters are the 
same for each mode because a l l  weights were assumed equal for Mode 1. If each 
point was weighted differently, the parameters would have different values for 
each mode. 

The CHISQR returned by LSQFIT is modified by the weighting used as 
shown in this example. The important CHISQR is the value obtained with the fit- 
ted parameters. 

TEST5.F4 is the program that can be used to determine horizontal and 
vertical emittances if no skew elements are in the beam line. XMAX and YMAX are 
the measured beam sizes with SIGXMA and SIGYMA their standard deviations. The 

(R) matrix elements RM11 to RM35 are determined with TRANSPORT or QTUNE. 

recommended that the initial values calculated with these programs be inserted 
into XMAX and YMAX. TEST5 can be run and the Twiss parameters obtained can then 
be compared with the assumed values in TRANSPORT or QTUNE. This checks that the 
correct (R) matrices are used. 
their standard deviations can then be inserted. 

It is 

The experimental values of XMAX and YMAX with 

The data for TEST5 was obtained at 12 different points in the beam 
line. If a quad is varied, similar data could be obtained.for each tune and 
inserted into XMAX, YMAX and the (R) elements. 
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6. TEST6 

Another possibility involves solving a beam line with skew components. 
At the AGS the "A" and "D" lines beyond AD2&3 have skew quads. 

and (lob) are the Transport equations with skew elements in the beam line but 
without skew components in the input beam. 
ation for a 99% beam is assumed known. 

Equation (loa) 

The input fractional momentum devi- 

2 - cs55R152 = cs 11 R 11 + 2a21RllR12 + aZ2Rl2 

2 R R  2 
+ a33R13 +2a43 13 14 + "44R14 

2 (YMAX)' - cs55R352 = cf 11 R 31 + 2a21R32R31 + a22R32 

2 
+ a33R33 +2043R34R33 + "44R34 

These equations are linear equations with six constant coefficients. 
It has not been found possible to use LSQFIT to solve for the s i x  coefficients 
using ideal calculated values of XMAX and YMAX. 

for the sixth term indicating that CHISQR increases when a sixth coefficient is 
added. The fault may be that the double precision accuracy is not sufficient on 
this PDPlO computer. 
(lob) or solve the sum of (loa) and (lob) for the coefficients. 

The FVALU term becomes negative a 
Mathematically it should be possible to solve (loa) or 

It is possible to find five constants to satisfy (loa) or (lob) but to 
find the Twiss parameters in each plane requires six parameters. 
a good fit (CHISQ < to (loa) or (lob) if one disregards the term of the 
other plane: i.e 

One can find 

A larger beam that is not tilted will fit the data of the beam line 
with skew components. 

The result is that the horizontal and vertical Twiss parameters of 
the beam cannot be found from horizontal and vertical beam size measurements 
in a line downstream of skew components if the LSQFIT routine is used. 
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t 
c; 

C 
C 

C 

C 
10 
C 

40 
C 

C 

50 
55 

C 

70 
60 

C 
75 a 

Y = 2.0*X + 3.0 * X^2 + 4.03 XA3 

DINENSION X(10),Y(10),SIGMAY(i0),YFIT(i0),A(i0~, 
1 SIGIQ3.A(iB),FVAL?J‘(lB) 

DATA X/0.5,1.0,1.5,2.,2.5,3.,3.5,4.0,4.5,5.0/ 

i 585.0/ 
DATA NPTS,IOUT,MODE,IHV 
1 / 10, 1, 0, 0/ 

m = 3  

DO 40 K=l ,NPTS 
FVALU(K1 = 0. 

CALL LSQFIT(X,Y,SIG~IAY,NPTS~NUMT,IHV,PIODE,YFIT, 
1 A , S IGPJAA , FVALU , CHI SQR) 

, DATA Y/2.25,9.0,23.25,48.0,86.25,141.0,215.25,312.0,434.2~, 

DO 50 J=l,NUPfI‘ 
WRITE(IOUT,55)J,A(J),SIGW(J),FVALU(J),CHISQR 
FOlUWT(3X,’J= ’,I2,2X,’A= ’,F8.4,2X,’SIGMAA= ’,F8.4,’ FVALU= ’, 
1 E12.4,2X,’CHISQR= ’,E15.6) 
WRITE (IOUT,75) 

DO 70 J 1,NPTS 
ERROR = 100. YFITCJ) -Y(J))/Y(J) 
WRITE(IOUT,60)J,X(J),Y(J),SIGMAY(J),YFIT(J),ERROR 
FORMAT(3X,’#= ’,12,1X,’X=’,F8.3,’ Y=’,F8.3,’ SIGMAY=’, 
1 F8.3,’ YFIT=’ ,F8.3,2X,’ ERROR %= ’ ,F8.4) 
FORMAT(IX,/) 
END 

FUNCTION FCTN( X,I,J,JHV) 
DOUBLE PRECISION XX,FP 
x x = x  
F2 X X W J  
FCTN = F2 
RETURN 
END 

J= 1 A= 2.0000 SIGMA&= 0.0010 FVALUZ 0.0000E+00 CHISQZ= 0.1827443-05 
J= 2 A= 3 -0000 SIGHAA.= 0.8006 FVALU= 0.35383+03 CHISfXZ= 0.102744E-05 
J= 3 A= 4.0000 SIGMAA= 0.0001 FVALUZ 0.2046E+10 CHISclll’l= 0.102744.E-05 

0.000 WIT= 2.250 
0.000 YFIT= 9.000 
0.000 YFIT= 23.250 
0.000 YFIT= 48.000 
0.000 YFIT= 86.250 
0.000 YFIT= 141.000 
0.000 YFIT= 215.249 
0.000 YFIT= 311.999 
0.000 YFIT= 434.249 
0.000 YFIT= 584.998 

-0.0001 
-0.0002 
-0.0002 
-0.0003 
-0.0003 
-0.0003 
-0.0003 
-0.0003 
-0.0003 
-0.0003 

Figure A l .  TEST1 

.A- 1.8 



m C W%*-tW***M**X*  TEST2. F4 t * t * * * ~ X t ~ W X b ~ * ~ * ~ * * ~ * * * *  : 
C SAME AS TESTl.F4 BUT TRYS TO FIT DATA TO: 
C Y = Al*X + A28 X"2 + A3* Xn3 + A48 X"4 
C 

DIMENSION X~10),YC10),SIGMAY(10),WIT(l0),A(l0), 
1 SIGMAA(l0),FVALU(10) 

DATA W0.5 ,1 .0 ,1 .5 ,2 . ,2 .5 ,3 . ,3 .5 ,4 .0 ,4 .5 ,5 .0 /  
DATA Y/2.25,9.0,23.25,48.0,86.25,141.0,215.25,312.0,434.2~, 
1 585.0/ 
DATA NPTS,IOUT,MODE,IHV 
1 / 10, 1, 0, 0/ 

C 

C 
10 m = 4  
C 

40 FVALU(K) = 0 .  
C 

DO 40 K=l,NPTS 

CALL LSQF IT (X , Y, SI GMAY, NPTS i NIJW", IEV ,EODE ,YF IT, 
1 A,SIGMAA,FVALU,CHISQ) 

C 

50 
55 

e 

70 
60 

C 

DO 50 J=l,NUMT 
WRITE(IOUT,55)J,A(J),SIGMAA(J),FVALU(J),CHISQ 
FORMAT(3X,'J= ' ,12,2X,'A= ' ,F8.4,2X,'SIGMAA= ',F8.4,' FVALUS ', 
1 E12.4,2X,'CHISQY1= ',E15.6) 
WRITE (IOUT,75) 

DO 70 J = 1,NPTS 
ERROR = 100. *( YFIT(J) -Y(J))/Y(J) 
WRITE(IOUT,60)J,X(J),Y(J),SIGMAY(J),YFIT(J),ERROR 
FORFIAT(3X, ' # =  ' , I2 ,.lX, 'X=' ,F8.3, ' Y=' ,F8.3, ' SIGM&Y=' , 
I F8.3,' YFIT=',F8.3,2X,' ERROR ;5= ',F8.4) 

FORMAT(lX,/) 
END 

FUNCTION FCTN( X,I,J,JHV) 
DOUBLE PRECISION XX,F2 x x = x  
F2 = XX8XJ 
FCTN = F2 
RETURN 
END 

J= 1 A= 2.0000 SIGMA&= 0.0333 FVALU= 0.00003+00 CHIS4f%= 0.25166l.E-03 
J= 2 A= 2.9990 SIGMAA= 0.0349 FVALU= 0.35383+03 CHISdi.= 8.2516613-03 
J= 3 A= 4.0000 SIGMA&= 0.0114 FVALU= 0.2046Et.10 CHISD.= 0,25166aE-03 
J= 4 A= 0.0000 SIGMA&= 0.0012 FVALU= -0.59713+01 CHISGE= 0.2516613-83 

#= 1 X= 0.500 Y= 2.250 SIGMAY= 
#= 2 X= 1.000 Y= 9.000 SIGMAY= 
#= 3 X= 1.500 Y= 23.250 SIGMAY= 
#= 4 X= 2.000 Y= 48.000 SIGMAY= 
#= 5 X= 2.500 Y= 86.250 SIGMAY= 
#= 6 X= 3.000 Y= 141.000 SIGMAY= 
#= 7 X= 3.500 Y= 215.250 SIGMAY= 
#= 8 X= 4.000 Y= 312.000 SIGMAY= 
#= 9 X= 4.500 Y= 434.250 SIGMAY= 
#= 10 x= 5.000 Y= 585.000 SIGMAY= 

0.000 YFIT= 2.250 
0.000 YFIT= 8.999 
0.000 YFIT= 23.248 
0.000 WIT= 47.996 
0.000 YFIT= 86.244 
0.000 YFIT= 14t3.991 
0.000 YFIT= 215.238 
0.000 YFIT= 311.984 
8.000 YFIT= 434.230 
0.000 YFIT= 584.976 

-0.0109 
-0.0109 
-0.0095 

-0.0071 
-0.0062 
-0.0056 
-0.0050 
-0.0046 
-0.0042 

-0.0081, 

: . 

Figure A2.  TEST2 
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6 PITS 
C 
C 

C 

C 
10  
C 

30 
6: 

C 

;: 
0 

DATA TO TEE BEST GAUSSIAN USING: 
Y = A0 + A1WC + A2:;: XA2 

DINENSION X~21~,Y~21),SIGMAY~21~,~IT~21~,A~1O~,SIGTLAA~10~, 
1 F V A L U I 1 0 ~ , ~ ~ S ~ 2 1 ~ , G A S P I T ~ 2 1 ~ , A G A S ~ 3 ~ , S I G A G A ~ 3 ~ , S I G ~ ~ ~ ~ l ~ ,  
2 SIGPIT(21) 
DIi’EN8ION SIGW2(10,10),DEnIV(3) 
CO~~@ION/LSWNT~*IS, 8 1 G W 2  

DATA ~-lO.,-9.,-8,,-7.,-6.,-5.,-4.,-3.,-2.,-1.,~.,1., 
1 2.,3.,4.,5.,6.,7.*8.,9.,lQ./ 

1 98.,92.,84.,73.,61.,49.,38.,28./ 
DATA BLK , NPTS , I OUT * MODE * IHV , SI GNEA 

DATA ~~~S/d,.,9.,1~.,20.,2~.,38.,49.,61.,73.,84.,9~~,98~~10~~~ 

1 / ’ ’ ,  21, 1 ,  1 ,  0 ,  21*0.1/ 

mrr = 3 

DO 30 K=l,NPTS 
SIGFNY(IC) = SIGPIEA(K) 
IF(YIIEAS(K) .NE. 0. )SIGP\IAY(K) = SIGNAY(K)/YMEAS(IC) 
Y(K) = ALQGC YHEAS(IC) 1 

CALL L S ~ F I T ( X , Y j S I G i ’ ~ 4 Y , N P T S , ~ ~ , I H V , M O D E I T ,  
1 A,SIGPfAA,FVALU,CHISaR) 

DO 50 J=l,NUPTI: 
I~ITEIIOUT,Z’@~J,A(J),SIGl’IAA(J),FVALU(J),CHIGQR 
F0RHAT(3Xj’J= ’ ,I2,2X,’A= ’ ,F8.4,2X,’SIGPU= ’ ,F8.4,’ FVALu= ’, 
1 E12.4,2X,’CHIBQR= * ,E15.6) 
WRITE ( I OUT, 75) 
FOFUUT( lOX, ’COVARIANCE PNTRIX’ , / I  
DO 80 I=l,NU’lW 
T~ITE(IOUT,85)~BJX,I,JiSIGUV2~I ,J),J=l,I) 
FORPPAT(2X,9(Al,’SIG(’,Il,’,* ,Il,* )=’,lpE13.G,lX) ) 

GAUSS I AN PAFUPaTERS 
AGAS(3) = SQRT( -0.5/A(3) 1 



DO 17@ J=l,NPTS 

GASFIT(J) = CONBT * EXPIG3XP.l 
DERIV(1) = GASPITCJ) 
DERIV ( 2 1 = X( J ) :kGASF I T  ( J 1 
DEF?lV(3) = GASFIT(J)+( X(J)%H;P) 
BIGPIT(J) = STDEV(DEFl1V) 

NFREE = NPTS - N”T 
GCHISR = GCHISWFLOA’I’(NFREE) 

DO 190 J=1,3 

1 2 X ,  * GAUSSIAN FIT CHIS&R= ’ ,E15.6) 
DO 230 J = 1,NPTS,2 
EFiROR 7 100. 2:( GASFITCJ) -yf.IEAS(J))/YMEAS(J) 

238 ~!RITE(IOUT,250)J,X(J),~~~IJ),GA$FIT(J),SIGFIT(J),ERR~R 
250 FORPUT(3X,’#= * ,12,1X,’X=’ ,F8.3,* YPlEAS=’ ,F8.3,’ GAUSSIAN FIT=’, 

1 F8.3,3X,’STD. DEV. OF FIT=’,F7.4,2X9’ ERROR X =  ’,F8.4) 
C 

GEXP = ( X(J) - AGAS(2) AGAS(31 
GEXP = -0 .  fi;:l:GEILp:2*2 

170 GCHISQ = GCHISQ -k (GASFIT(J1 - YlTEAS(J) )**a 

c 
19@ ~!RITE(IOUT,210)J,AGAB(J),SIGAGA(J),GCHISR 
218 FORHAT(3X,’J= ’ ,12,2X,’GAUSSTAN A = ’  ,F9.3,2X,’STD DEV.= ’ ,F9.6, 
C 

END 

FUNCTION FCTNC X,I,J,JHV) 
D0UEPLE PRECISION XX,F2 
MI = x 
F2 = XXW(J-1) 
FCTN = F2 
RETURN 
END 

J= 1 A= 4.5258 SIGHAA= 8.0004 FVALU= 0.0080E+00 CHISBR= 0.406618E+01 
J= 2 A= 0.0791 SIGPPAA= 0.0001 FVALU= @.2714E+00 CHISQR= 0.4066183+01 
J= 3 A= -0.0198 SIGNAA= 0.01080 FVALUZ 0.2121E-kQ6 CHISQIL= 0.48661433+01 

COVARIANCE PIATRIX 

SIG(1,1)= 1.8479673-07 
SIG(2,1)=-4.342133E-09 SIG(2,2)= 1.4912773-08 
SIGC3,1)=-4.864626E-09 SIG(3,2)=-1.5652413-09 SIG(3,3)= 4.5334133-10 

J= 1 GAUSSIAN A = 1260.041 STD DEV.= 0.556189 GAUSSIAN FIT CHISQ€l= 8.4862523-01 
J= 2 GAUSSIBN A = 2.000 STD DEV.= 0.082483 GAUSSIAN FIT CHISQR= 0.486253E-01 
J= 3 GAUSSIAN A = 5.028 STD DEV.= 0.002707 GAUSSIAN FIT CHISQR= 0.4862523-01 

i+= 1 X= -lQ.00@ YlWAS= 6.000 GAUSSIAN FIT= 5.796 STD. DEV. OF FIT= 0.0170 EFtROR 5T= 
#= 3 X= -8.080 ylrlEAS= 14.000 GAUSSIAN FIT= 13.837 STD. DEV. OF FIT= 0.0282 ERROR %= 
#= 5 X= -6.000 YMEAS= 28.000 GAUSSIAN FIT= 28.198 STD. DEV. OF FIT= 0.0372 ERROR X= *= 7 X= -4.000 Yl’EAS= 49.000 GAUSSIAN FIT= 49.055 STD. DEV. OF FIT= 0.0394 EFtROR %= 
#= 9 X= -2.080 Yl!EAS= 73.000 GAUSSIAN FIT= 72.854 STD. DEV. OF FIT= 0.83T2 ERROR %= 
a= 11 X= 0.008 Yl!lEAG= 92.Q00 GAUSSIAN FIT= 92.367 STD. DEV. OF FIT= €1.0397 ERROR X =  
#= 13 X= 2.000 ypIEAS= 100.000 GAUSSIAN FIT= 99.971 STD. DEV. OF FIT= 0.0421 ERROR X =  
#=  15 X= 4.000 YHEAS= 92.000 GAUSSIAN FIT= 92.368 STD. DEV. OF FIT= 0.0387 ERElOR X =  
#= 17 X= 6.000 YME4S= 73.000 GAUSSIAN FIT= 72.855 STD. DEV. OF FIT= 0.0392 ERROR X =  
#= 19 X= 8.000 YPEAS= 49.000 GAUSSIAN FIT= 49.056 STD. DEV. OF FIT= 0.0440 ERROR X =  *= 21 X= 10.@50 YlEAB= 28.000 GAUSSIAN FIT= 38.198 STD. DEV. OF FIT= 0.0416 ERROR X= 

-3.3978 
-1.1674 
0.7055 
0.1132 
-0.1994 
0.3992 
-0.0292 
0.3999 
-0.1981 
0.1151 
0.7O.31 

, Figure  A3h. TEST3.F4 A Gaussian F i t  
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COTTARIANGE MATRIX 

SIG(1,1)= 1.298575E-08 
BIGC2,1)= 1.6Q3331E-08 SIGC2.,2)= 5.9809033438 
8IG(3,1)=-7.219e0~E-08 B I G ( 3 , 2 ) =  2.1105523-07 SIG(3,3)= 2.7736113-06 

ALPHA= -@.98478 STD. DEVIATION = 0.80421 
BETA= 8.19022 BTD. DEVIATION= 9.88889 
EPSILON= .@7556254 STD. DEVIATION= .00037361 
GHIScm @.1@29GBE-@6 

0.38588 
0.3231 5 
0.31828 
0.21 168 
Q .2923'7 
8.20434 
8.28993 
0.38820 
0.36785 
0.59529 
0.69494 
0.172377 

8TD . 
STD . 
STD . 
STD . 
STD . 
STD . 
STD . 
BTD . 
6TD . 
BTD . 
STD . 
STD . 

DEVIATIQN= 
DEVIATION= 
DEVIATION= 
DEVIATION= 
DEVIATION= 
DEVIATION" 
DEVIATION= 
DEVIATION= 
DEVIATION= 

DEVIATION= 
DEVIATION= 

 DE^ I m I ON= 

0,00028 
0.00029 
0. QOU2T 
0.08017 
0.00028 
0.00022 
0.00022 
Q . 0 0 W C  
0.00022 
8.00024 
0.88830 
0.08032 

Figure A4c.  TEST4.F4 Horizontal Fi t t ing  
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Appendix B -- The Necessary Fortran Source Routines 

The necessary routines are: 

1)  

2) 

3)  

4 )  

LSQFIT -- l e a s t  square f i t  subroutine 

FCT’N -- a function routine 

MATINV -- inver t s  a symmetric two-dimensional matrix 

STDEV -- ca lcu la tes  standard deviations for  modified equations. 

The Fortran Source routines a re  included: 

B-1 



e 
C ***bWxMWkX*X***WWW RECRE.F4 ............................ 
C 1/17/84 - REMOVED REGRE.F4 ROUTINE 8 ADDED Sl'DEX FUNCTION. 
C 
C THIS IS A LIST OF SUBROUTINES TEAT CAN BE USED TO CALCULATE THE 
C EEIITI'ANCE OF A BEAM FROM FLAG SIZES. BESIDES DOING REGRESSION 
C ANALYSIS, IT CALCULATES STD. DEVIATIONS (3 CORRELATIONS. 
C 
C THE ROUTINES ARE FROM: BEVINGTON "DATA REDUCTION 8 WlROR 
C ANALYSIS FOR THE PHYSICAL SCIENCES". . 
C 
C STDEV -- ADDED 
C LSQFIT -- NODIFIED FROM LEGFIT IN BEVINGTON. 
C 
C 
C SUBROUTINE LSQFIT 
C 
C PURPOSE 
C MAKE A LEAST-SQUARES FIT TO DATA WITH A LINEAR EQUATION WITH 
C CONSTANT COEFF . 
C 
C USAGE 
C CALL LSQFIT(X,Y,SIGMAY,NPTS,NUMT,IHV,MODE, 
C YFIT,A,SIGMAA,FVALU,CHISQR) 
C 
C 
C 
C 
C 

N C  
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

4 j C  

DESCRIPTION OF INPUT PARAMETEFW 
X -- ARRAY OF Z LOCATIONS OR QUAD VALUEStINDEP. VARIABLE) 
Y -- ARRAY OF DATA POINTS FOR DEPENDENT VARIABLE. 
SIGMAY -- ARRAY OF STANDARD DEVIATIONS FOR Y DATA POINTS. 
NPTS - MirIBER OF PAIRS OF DATA POINTS. 
Nmrr -- mmm OF TERNS IN THE FUNCTION 

NUPlT=3 TO SOLVE FOR Al,A2,A3 
mlT=4 TO SOLVE FOR Al,A2,A3,AND A4 

+2 (SAME AS INSTRUMENTAL TO CALCULATE COEFF BUT STD. 
DEVIATIONS CALCULATED FROM CHISQR(AS NODE= 0 )  

+1 (INSTRUPIENTAL) WEIGHT(1) 1 ./SIGMAY(I )**2 

-1 (STATISTICAL) WEIGHT(1) = l.N(I) 

IHV -- = 1 FOR HORZ. 8 = 3 FOR VERTICAL. 
NODE -- DETERMINES MODE OF WEIGHTING LEAST-SQUARES FIT. 

0 (NO WEIGHTING) IEIGHT(1) = 1. 

DESCRIPTION OF OUTPUT PARAMETERS 
YFIT -- ARRAY OF CALCULATED VALUES OF Y 
A -- ARRAY OF COEFFICIENTS OF POLYNOMIAL 
SIGMAA -- ARRAY OF STANDARD DEVIATIONS FOR COEFFICIENTS. 
SIGW2 '-- ARRAY OF VARIANCES (3 COVAR1ANCESCU.V) -- AVAILABLE ONLY 
FVALU -- ARRAY OF FVALUES (NORIlALIZED CBANGE OF CHI SQUARE) FOR 
CHISU -- REDUCED CHI SQUARE FOR FIT. 

THRU COIWON/LSQ/ 

EACH COEFFICIENT. 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED. 
HATINV(ARRAY, NTERFlS, DET > 

--INVERTS A SYMIETRIC TWO-DIMENSIONAL MATRIX OF PEG3 .!:E 
NTEFNS AND CALCULATES ITS DETERMINANT. 

Figure B1. The Fortran Source Routines 



c COMMEN? 9 
C 
C 

DIMENSION STATEMENT VALID FOR NPTS UP TO &&'AND NUMT UP TO I @ .  

SUBROUTINE LSQFIT(X,Y,SIGlrZAY,NPTS,NUMT,IHV,MODE, 
1 YFIT,A,SIGMAA,FVALU,CHISQR) 

DOUBLE PRECISION P,BETA,ALPHA,CHISQ 
COPStlON/LSQ/NT~lS, SI G W Z  
DIKENSION X ( l ) , Y ( l ) , S I G M A Y ( l ) , Y F I T [ 1 ) ,  
1 A(l),SIG~~(l),FV~U(l),SIGUV2(10,10) 
DIMENSION WEIGHT lB),BETA(lO),ALPHA(10,10) 

C 

C 
C ACCUIIULATE .WEIGHTS AND COEFFICIENTS 
C 
11 NTERMS = 1 

NCOEFF = 1 
JMAX = NUPlT c --------- 

20 DO 40 I =l,NPTS 
21 IF (NODE) 22.27.29 
22 IF(Y(1) )25,27,23 
23 WEIGHT(1) = 1. / Y(1) 

25 -liEIGHT(I) = I .  /(-Y(I) 1 

27 WEIGET(1) = 1. 

29 WEIGHT(1) = 1. / SIGMAY(I)X*O c --- 
31 DO 36 L=l,NUIpT 

36 P(I,L) = TEPP c --- 
40 CONTINUE c --------- 
C 
C ACCUMULATE MATRICES ALPHA AND BETA 
C c -------- 
51 DO 54 J=l ,NTEElPfS 

BETA(J) = 0. 
DO 54 K=l,NTERMS 

54 ALPHA(J,K) = 0 .  c -------- 
61 DO 66 I=l,NPTS 

GO TO 31 

GO TO 31 

GO TO 31 

w TEMP = FCTN(X(I),I,L,IHV) 

DO 66 J=l,NTERZB 
BETAtJ) = BETA(J) + P(I,J)*Y(I)*WEIGHT<I) 
DO 66 K = J,NTERPfS 
ALPEA(J,K) = ALPHA(J,K) c P(I,J) * P(I,K)WEIGHT(I 

66 ALPHA(K,J) = ALPHA(J,KI c --I------ 
C 
C 
C INVERT CUILVATURE MATRIX ALPHA 
C c --------- 
91 DO 95 J=l,JMAX 

A(J) = 0 .  
SIGMAAtJ) = 0 .  Figure B2. The Fortran Source Routines 

J 



95 CONTINUE c --- 
97 YFIT(1) = 0 .  c --- 
C 
101 CALL MATINV(ALPHA,NTERMg,DET) 
C 

103 CHISQR = 0. 

C 
C CALCULATE COEFFICIENTS,FIT,AND CHI SQUARE 
C c --------- 
111 DO 115 J=l,NTERMS 

DO 113 K=l ,NTEWS 
113 A(J) = A(J) + BETACK) at ALPHA(J,K) c ----- 
115 YFIT(1) = YFIT(1) + A(J) * P(I,J) c ----- --- 
121. CHISQ = 0. 

DO 97 I =l,NPTS 

IF(DET)111,103,111 

GO TO 170 

DO 115 I=l,NPTS 

DO 123 I =l,NPTS 

CHISQR = CHISWFREE 

123 CHISQ CHISQ + ( Y(1) - WIT(1) )**2 X UEIGIIT(1) 
FFlEE = NPTS - NCOEFF 

C 
bJ C TEST FOR END OF FIT 

IF (NCOEFF - 1)137,137,141 .P 132 
137 NTERMS = NTmm + 1 
138 NCOEFF = NCOEFF + 1 

CHISQl = CHISQ 
GO TO 51 

C 
C 
141 FVALUE = I CHIS611 -CHISQ)/CHISQR 

FVALU(NG0EFF) = FVALUE 
IF (NTEWlS -JMAX) 137,151,151 

149 GO TO 51 
C 
C CALCITLATE €WfAIM)ER OF OUTPUT 
C 
151 IF (MODE)152,154,152 
152 VARNCE = 1. 

154 VARNCE = CHISQR 

156 SIGFZPIA(J) = DSQRT( VARNCE*ALPHA(J,J) 1 

300 SIGW2(IU,IV) = VARNCE*ALPHA(IU,IV) 
161 GO TO 170 
170 RETURN 

IF(F1ODE .IN. 2)VARNCE = CHIS&R 
GO TO 155 

155 DO 156 J=l,NTFNYS 

DO 300 IU = 1,NTERMS 
DO 300 IV = 1 ,NTWfS 

END 

1 

Figure B 3 .  The Fortran Source Routines 



C I) 
C FUNCTION FCTN (BEAM TRAITSPORT) 
C 
C PURPOSE-- EVALUATE TERlfS OF BEAM SIZE EQUATIONS FOR HORZ. 8 VER.T. 
C 
C HORZ: 
C (XMAxj"2 -R(1,5)"L%KDl10MA2 = R(1,1)A2 *A(l) + 2R(l,l)Wl(1,2)*A(2)+ 
C f R(1,2)"2 *A(3) 
C WHERE Afl) SIG(1,l): A(2) = SIG(2,l); A(3)= SIG(2,2) 
C 

C WHERE At11 = SIG(3,3); A(2)= SIG(4,3): A(3)= SIG(4,4) 
C 
C USAGE-- RESULT = FCTN(X, I , J ,JHV) 
C 
C DESCRIPTION OF PARAMETERS: 
C X -- ARRAY OF DATA POINTS FOR INDEP. VARIABLE( FLAG "Z"  LOCATION) 
C I -- INDEX OF DATA POINTS (1-30 FOR 30 FLAGS) 
C J -- INDEX OF TERM IN FUNCTION (1-4) 
C JHV -- = 1  FOR HORZ. =3 FOR VERT. 
C R(5,5,30) -- TRANSPORT MATRIX TO EACH OF 30 FLAG LOCATIONS 
C 
C 

FUNCTION FCTN(X,I, J, JHV) 
COPIEION /PlATW R( 5.5.30 1 , DMOPf 
DIMENSION X( 1) 

wc 
I IHV = JHV 

IF( (J.LT.1) .OR. (J.GT. 41 )GO TO 50 

GO'TO (10,15,20,25,50)J 

GO TO 40 

GO TO 40 

GO TO 4@ 

cn 
C 

10 FCT = R(IHV,IHV,I)*x2 

15 FCT = 2.W R(IHV,IHV,I)* R(IHV,IHV+l,I) 

20 FCT = R(IHV,IHV+1,1)**2 

25 FCT = R(IHV,5,1)**2 
C 
40 FCTN = FCT 
50 RETURN 

END 

'1. 

Figure B4. The Fortran Source Sout_ines . .  
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C 
C 
C 
C 
C 
C 
C 
C !  
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

7: 
mC 
C 
C 
C 
C 
C 
C 
C 
C 
e 
C 
C 
C 
C 

FUNCTION STDEV (DERIVATIVES) 

PURPOSE: CALCULATE THE STD. DEV. OR SQRT(VAR1BHCE) FOR MODIFIED 
EQUAT I ONS . 
INPUT PARAMETEXS: 
NTERMS -- NUMBER OF TERMlJ IN THE EQUATION: ITROM LSQFIT) 

Y = AlXl(Z) + AW2(Z) + A3X3(Z) ... 
SIGUV2 -- ARRAY OF VARIANCES 8 COVARIANCES OBTAINED FROM LSQFIT; 

IN THE ORDER OF THE COEFFICIENTS OF THE EQUATION. 

SIGW2(1,1) SIGW2( 1.2) SIGW2(1,3) 
SIGW2 = SIGW2(2,1) SIGW2(2,2) SIGW2(2,3) 

SIGW2(3,1) SIGW2(3.23 SIGW2(3,3) 

HIIERE: 
SIGW2(1,1) = VARIANCE OF A1 OR CSTD. DEVIATION OF A1)**2 

A3 I' 

SIGUV2(2,2) = 
SIGUV2(3,3) = It 

SIGUV2(1,2) = COVARIANCE BETWEEN A1 AND A2 
SIGUV2(1,3) = COVARIANCE BETWEEN A1 AND A3... ETC. 

I 1  A2 It I1 II A2 
I1 n I1 11 A3 I 1  

SIGW2 IS A SYPiEIETRICAL ARRAY -- SIGUV2(1,2) = SIGUV2(2,1) 

DERIV -- VECTOR OF DII'IENSION NTERMS OF THE PARTIAL DERIVATIVES-- 
IF X = F(Al,A2,A3) THEN: 

DERIV(1) = (PARTIAL DERIVATIVE OF X)/(PARTIAL DERIVATIVE OF All 
DERIV(2) = I) 

DERIV(3) = 
I1 11 11 11 I1 I1 I1 

I 1  $1 I1 11 

'I A2 
'I A3 

OUTPUT PARAMETER 
STDEV -- STANDARD DEVIATION OR SQRT(VAR1ANCE) OF X FOR 

X = F(Al,A2,A3...) 

PROCEDURE: 
(STD. DEV)**2 = VARIANCE = ((DER1V))T * ((SIGW2)) * ((DERIV)) 
WHERE ((DERIVIIT IS THE TRANSPOSE OF THE DERIV VECTOR. 

FUNCTION STDEV(DER1V) 

CONMON/LSW NTERMG,SIGW2(10,10) 
DIMENSION DERIV(lB),WORK(l@) 

STDEV = 0. 
VARIAN = 0. 
DO 10 J=l,NTERIMG 

DO 20 J= 1,NTERMs 
DO 20 I = 1 ,NTERPlS 

DO 40 J = 1 ,NTERNS 

C 

C 

10 WORK(J) = 0 .  
C 

20 WORK(J) = WORIC(J) + SIGW2(J,I) * DERIV(1) 
C 

40 VARIAN = VARIAN + DERIVfJ) * WORK(J) 
Figure B5. The Fortran Source Routines 
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C USAGE: 
C CALL MATINV ( ARRAY.NORDER. DET) 
C 
C DESCRIPTION OF PARANETERS 
C ARRAY -- INPUT NARIX WHICH IS REPLACED BY ITS INVERSE 
C NORDER -- DEGREE OF PlATRIX (ORDER OF DETERMINANT) 
C DET -- DETERMINANT OF INPUT MATRIX 
C 
C SUBROUTINES REQUIRED -- NONE 
C 
C COMMENTS: -- DIMENSION STATEMENT VALID FOR NORDER UP TO 10 
C 
C 

SUBROUTINE MATINV (ARRAY, NORDER, DETI 
DOUBLE PRECISION ARRAY,AMAX,SAVE 
DIMENSION ARRAY(10,10), IK(l@),JK(10) 

C 
1 0  DET = 1. 
C 
C ----------------- 
11 DO LOO K= 1 ,WORDER 
C 
C FIND LARGEST ELEMENT ARRAY(1,J) IN REST OF MATRIX 

W C  
-c ------ I AMAX = 0 .  

21 DO 30 I=K, NORDER 
DO 30 J=K, NORDER 

24 MIAX = ARRAY(1,J) 
IK(K) = I 
JKCK) = J 

23 IF( DABS(APIAX) - DABS( ARRAY(1,J) 1 )24,24,30 

30 CONT I W E  c ------ 
C 
C INTERCHANGE ROWS t3 COLUMNS TO PUT AMAX IN ARRAY(K,K) 
C 

IF(MfAX)41, 32,41 
DET = 0 ,  
GO TO 140 
I = IK(K) 
IF(1-IC) 21,51,43 

DO 50 J= 1 ,  NORDER 
SAVE = ARRAY(K,J) 
ARRAY(K,J) = ARRAY(1,J) 
ARRAY(1,J) = -SAVE 

J = JK(K) 
IF(J-K) 21,61,63 

DO 60 I =l,NORDER 
SAVE = ARRAY(1,K) 
ARRAY(1,K) = AFUUY(I,J) 

60 ARRAY(1,J) = -SAVE 
Figure B7., The Fortran Spurce Routines 



C 
C --- ACCUM rl)ri A'E ELEMERT8 OF IRVERSE MATRIX 
C c --- 
61 DO 70 l = l w  HORDER 

63 ARRAY(1,K) = -ARRAY(I,K) / APLAX 
70 CONTINUE c --- 
c -_---- 
71 DO 80 I=l,NORDER 

DO 80 J= 1. NORDER 
IF( I-K) 74.88.74 

IF( I-K) 63.70.63 

74 IF( J-K) 7s. e0.m 
75 ARRAY(1.J) = ARRAY(1,J) + ARRAY(1.K) * ARRAY(K,J) 
a0 CONTINUE c ------ 
c --- 
81 DO 90 J=1. NORDER 

83 ARRAY(K,J) = ARRAy(1c.J) / AMAX 
90 CONTINUE c --- 
100 DET = DET X AHAX c ------------------ 
C 
C RESTORE ORDERING OF MATRIX 
C c ------------ 
101 DO 130 L= 1, NORDER 

K= NORDER -L + 1 
J = IK(K) 
IF(J-K) 111.111.106 

SAVE = ARRAY( I K) 
ARRAY( I .  Kl = -ARRAY( I. J) 

110 ARRAY( 1, J) = SAVE 
C 
1 1 1  I = JKCK) 

IF( I-K) 138,130,113 
113 DO 120 J=1, NORDER 

SAVE = ARRAY(K.JI 

120 ARRAY( 1, J) = SAVE 
130 CONTINUE c ------------ 
140 RETURN 

IF( J-K) 83.90.83 

ARRAY(K,K) = 1.0 / AMAX 

105 DO 110 I =l,NORDER 

ARRAY( K, J) = -ARRAY( I .  J) 

END 

-4 

Figure  BE. The F o r t r a n  Source Routines  


