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I. In t roduc t ion  
1 S t o c h a s t i c  cool ing  ope ra t e s  by sens ing  (and subsequent ly  p a r t i a l l y : ,  

c o r r e c t i n g )  a s t a t i s t i c a l  f a u c t u a t i o n  i n  a f i n i t e  sample o f i p a r t i c l e s .  I 

poin t  ou t  i n  t h i s  n o t e  t h a t  t h e  mean l i f e  of  such a s t a t i s t i c a l  f l u c t u a -  

t i o n  i s  s o  s h o r t  as t o  make t h e  phys ica l  r e a l i z a t i o n  of  s t o c h a s t i c  coo l ing  

imprac t i ca l .  

11. Background 

Suppose t h e  beam sample, N, be  d iv ided  i n t o  two p a r t s . w i t h  N1 and N2 
0 

p a r t i c l e s  on t h e  p o s i t i v e  and nega t ive  s i d e ,  r e s p e c t i v e l y ,  of t h e  mean beam 

pos i t i on .  The sensed average p o s i t i o n  i s  

- n s = ' -  N S  
2- N1- N2 N1- N2 

N1+ N2 N 
- Y =  

where s:is a measure o f  t h e . t o t a 1  beam s i z e  and w e  settn<<N so  t h a t  w e  can 

t a k e  t h e  denominator, .N, t o  be  a (quas i )  . cons tan t .  

I f  N and..N a r e  normally d i s t r i b u t e d ,  independent , va r i ab le s  N1-N2 i s  1 2 
a l s o  &normally d i s t r i b u t e d  w i t h  mean ze ro  and .va r i ance  N. 

s i t y  d i s t r i b u t i o n  f u n c t i o n  of  n i s  

The p r o b a b i l i t y , d e n -  

and t ransforming t o  t h e  v a r i a b l e ,  $, 



- _ _ _ _  
Fie. 2 Bias Suoolv in NTM oackaFe 1 



Fig. 3 Bias SuDDlv Circui t  Board 
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0 

i .e. 

N i s  t h e  t o t a l  un ive r se  outpof which N i s  a sample  (N >>N). 
T T 

I n  a r e a l  beam.we do no t .have  a s t a t i c  s i t u a t i o n  such as  drawing b a l l s  

from an urn  and t h e  s t a t i s t i c a l  f l u c t u a t i o n ,  $ N  # ( N ) ,  which produces t h e  de- 

t e c t e d  $ w i l l  p e r s i s t  f o r  o n l y  some pe r iod .o f  t i m e ,  i .e .  t h e r e  are  p r o b a b i l i t y  

a f t e r  e f f e c t s .  The.mean l i f e  of t h e  f l u c t u a t i o n ,  y, i s  t h e  same as  t h e  

mean l i f e  of  t h e  f luc tua t ion , .  N. 

2 - 
3 

III. Ca lcu la t ion  of  Mean L i f e :  

We seek t h e  p r o b a b i l i t y  t h a t  a p a r t i c l e  w i l l ’ e s c a p e  from t h e  sample, N, 
L 
2 which i s  w i t h i n  t h e  az imutha l  l eng th  from - $ t o  + -. 

p a r t i c l e  w i l l  l a g  o r  l ead  a p a r t i c l e  w i t h  c e n t r a l  momentum p by 

I n  one r e v o l u t i o n  a 

-2 -2 
i f  i t s  ,momentum $ i s  d i f f e r e n t  .from, t h e  c e n t r a l  momentum ‘by ~p (1 = yT - y ): 

L t o  + -2  The 2 W e  assume t h e  sample t o . b e  uniformly d i s t r i b u t e d  from - - 
p r o b a b i l i t y  of  loss ( i n  t h e  p o s i t i v e  & d i r e c t i o n )  i s  equal  t o  t h e  p r o b a b i l i t y  

L 
2 o f  being i n  6x t i m e s  t h e  p r o b a b i l i t y , t h a t  & > - - x i n t e g r a t e d  over t h e  range 

of  x which can c o n t r i b u t e .  T h e . p r o b a b i l i t y  t h a t  & > - - x i s  L 
2 

Td2-x 

Where p(&) i s  t h e  p r o b a b i l i t y  d e n s i t y  d i s t r i b u t i o n ’ o f  & and,&/2 i s  t h e  maxi- 
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mums(positive) va lue  of  4. .The p r o b a b i l i t y  of  l o s s  i s  then .  

X L/2-x 
0 

Where x = %(L-&), f o r  t m / L  5 2 ,  i .e. w e  i nc lude  

i n  t h e  i n t e g r a l  on ly  those  p a r t i c l e s  which,= be l o s t . .  I f  t he  d i s t r i b u t i o n  

p(G) = 1/Gm (uniform) Eq. 1 i s  equal  t o  

= - k / 2  f o r  Q/L 2 2 and x 
0 0 

and w e  getG(multip1ying by 2 t o  i nc lude  l o s s  i n  t h e . n e g a t i v e  4 d i r e c t i o n )  

.im p = -  
4 L  

L = I - -  
&e., m 

G 
f o r  'IS 2 

G rm for -- 2 2  . L 

A phys ica l ly  more r e a l i s t i c  p(&).might be a parabolic~wone, i .e. 

and, a s  above, w e  ge t  

4 3 .  ,rm p = - -  
16 'L 

+m f o r  7 4 2 
L 

and w e  see t h a t  P i s  not ve ry  s e n s i t i v e  t o  t h e ' e x a c t  form o f  p(&) ." '  

4 It can be  shown t h a t  t h e  mean. l i f e s o f  a s ta te ,  of f l u c t u a t i o n ,  N, f o r  

cont inuous obse rva t ion  i s  given by 

TN = l/(N+(N))Po 



f , '  
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e 
2 'm where .P(6 t )  = Poet + O ( 6 t  ). 

s a t i s f y  t h i s  so w e  have (N 5 ( N ) )  

We see t h a t  t h e  s o l u t i o n s  o f  P f o r  - I 2 
L 

C w e  g e t  A Pm = 27 - S u b s t i t u t i n g  (E) = N L / c  and 
T P 

AP, -1 
TN ? (NT7 -) r e v o l u t i o n s  . 

P 

10  
For 10 a n t i p r o t o n s  s t o r e d  i n  t h e  ISA a t  30 GeV wi th  a p / p  = f 10%bwe g e t  

-5 - 10 T % 10 r e v o l u t i o n s  e 10 sec 

o r - ?  3 cm o f  azimuth. 

There i s  another  mechanism which c o n t r i b u t e s  t o  t h e  decay o f  t h e  s t a t e  

o f  f l u c t u a t i o n ,  N. A s  above, assume t h e  sampled beam t o  be d iv ided  i n t o  

N and N p a r t i c l e s  on e i t h e r  s i d e  of  t h e  mean pos i t i on .  Th'en, due t o  be t a -  

t r o n  o s c i l l a t i o n ,  i n  one r e v o l u t i o n  any par t ic le  w i l l  c r o s s  from reg ion  1 t o  

r e g i o n  2 (or  v ice-versa)  v t i m e s ,  and- the.,mean l i f e .  of  t!he.ytatea,N . i s  

1 2 

1' 

so t h a t  t h e  mean l i f e  of t h e .  s ta te ,  N; us ing  (Nl) ? (N2) = 1 / 2  N, i s  

-1 TN ? (2uN) r evo lu t ions  . 

5 S u b s t i t u t i n g  N = 10 , v 2 25 w e  ge t  

-5 T e 1/50 x 10 r e v o l u t i o n s .  



- 5 -  AGSfDiv. Tech Note No. 122 

References  

1. L.W. Smith, AGS Tech Note No.  120, and r e f e r e n c e s  t h e r e i n .  

2. S. Chandrasekhar,  S t o c h a s t i c  Problems i n  P h y s i c s  and Astronomy, Rev. 

Mod. Phys. l5, 1 ( 1 9 4 3 ) .  

3 . .  The mean l i f e  T i s  g i v e n  by N 

1 + -  1 1 

TN TN1 

- = -  

o r  w i t h  m > s m a l l e r  slices 

4 .  Reference  2,  p.53. 

LVS/ lsk 

Distr:  Dept. Admin. 
AGS D i v i s i o n  SSCP 
S c i e n t i f i c  S t a f f  i n  EPGES, ISA, and PD 3 


