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ABSTRACT

Analytic method is used to analyze the tracking results for
the AGS-BOOSTER lattice. We found that the effect of the amplitude
dependent tune is very important in understanding characteristic
of the tracking result. With the perturbed tune, the effective
second order perturbation theory works very well. The method can
be used to analyze the optimized operational condition for the
lattice. For the Booster, the analysis suggests that ochrcmaticity
of -2 to -5 and a minimum unperturbed tune split |Av | >0.01. At
the zero chromaticity point, the required unperturbed tune split
is considerably larger in order to obtain a similar performance.



. Imtroduction

The beam size of the particies in the accelerator is very
important to the pertormance of the arccelerators. For instance,
when the beam size 1s increased, the effect of the nonlinearities
increases. The sffect of these nonlinearities gives rise to
nonlinear resonancs to the Hamiltonian. When the particles is
tracked through the accelerators, they experisnce many resonances.
A special kind of resconance 1s the nonlinearcoupling resonance due
to the nonlinesar magnet elements which sxist in the accelerator.
Some of these nonlinear magnetic elements are sextupoles due  to
eddy current, satuwration and the chromatic corrections. Because of
these nonlinear magnet slements, the beam emittance 1s not a
constant of motion. If the important resonance 1s a sum resonance,
the smittance mavy grow without bound. I4 the only important
resonance 1is a difference resonance, the sum of emittances of
horizontal and vertical planes remains constant. The Hami}}gnian
0of the system near o a resonance line can be expressed as,
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where 1 and I are the action variables or the emittances of the
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beam and ¢ ;¢ are the conjugate angle variables. When the
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resonance term of 4.1 is zeroc, the ¢ ,¢ are cyclic variables and
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the actions becomes constant of motion. The esguation of motion of
the particles hecomes
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From egs. 4 and S, one obtains the condition,

nl —-—m @ = constant {5)

x Y

Note here that the invariant of the Hamiltonian becomes the
linear combination of action variables. For a sum resonance, where
m and n are positive, the action wvariables of each plane may
hecame unbounded while eq. (4! remain satisfied. For a different
resonance,; the emittances of » and v plane are bounded while the
magnitudes oscillate around 1its mean valus. We are interested
mainly i1in the difference rescnance. To take into account  the
contribution of tune versus amplitude modulation, eqs.l1 and 2
would include the amplitude dependence. It is interesting to note
that the condition |
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6{m¢x+n¢y9!88 = mvx+nuy >~ constant (72

can be approximately satisfied, » Egs.4 and S can be solved as,
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Note here that the actions or the emittances of the system would
oscillate around the average values. The amplitude of the
oscillation is proportional to bm / {(mv +nv —p) . The smear
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detined by,

{ Ima}{ - Imlﬂ} m b
g = x A = 1 | — s | {10)
SR SN S GG ks vz YR

1is a measure of the amplitude of oscillations. When the smear is
large the particle is strongly influenced by the resonance. It is
noted that the smear can be large when the residue of the

resonance bm A 15 large or when the particle is very near to the
ey

resgnance line, 1.8, my tny —p ~ O. It is important to note that
x Y
the tunes of the machine v and v depend on the emittance of
x Y

machine. A selt—consistant calculationis is needed to svaluate the
important of the resonance.

2. The coupling resonance of the AGS Booster dus to eddy current.

AGS Booster is a rapid cycling machine (10 Hz) +or proton
operation. The Ffast acceleration rate creates also sizable
sextupole contribution to the accelerator.® In this section, we
shall apply the theory 1n section 1 to the coupling resonance in

the booster. The i1mportant coupling resonance 1is Ev*—zvy=0
. . . . 5
systematic resonance. The tracking study of Dell and Farzen shows

that there exist a window in the chromaticity space where the
coupling is fairly =mall. When the machine i1s corrected to a zero
chromaticity, the coupling becomes large. The smear factor has a
peak at the chromaticity of 5. This etfect 1s important in
choosing the operating point of the machine. In this section, we
shall use this analytic theory to study the effect.

Figure 1 shows the sextupole strength needed as a function of
the chromaticity with two families of sextupoles and with ths eddy
current sextupoles present in the dipole. Because of the presence
of sextupoles,; the tune of the machine depends on the amplitude.
The coefficient of the amplitude dependent tune 1s shown in F1g.2.
We note here that the coefficients are rather large at large
positive and negative chromaticities. Since these coefficients are
large; the tune depends sensitively on the amplitude or the
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emittancesof the particles. Figuwre 3 shows an example of the
amplitude dependent part of v —v s Ap
b3 Y NL.
Av = o £+ E O & —d & t1is
NL MR OX XY ¥ YR R Yy VY
as a tunction of the chromaticity at the emittance of 20 n mm—mr-ad

for both planes.let us define the enhancement factor due to the
tune ditference tor the Etux—vy) Fesonance as,
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Note here that the tune vs. amplitude dependence of eqs. T and 3

has been included in eqg.(11). gig.4 shows the enhancement factor

+or the unperturbed tune A®=°-0%= o0.01. We obssrve that the
X

enhancement of the coupling resonance peaks at the chromaticity S
due mainly to cancellation between the unperturbed tune and the
amplitude dependence tune shifts. Indeed the tracking result of
Farzen shows a peak in the smear at the chromaticity 5. Fig.5
shows the similar tracking result by using the TEAFPGOT program. The
peak of the smear at the chromaticity S is clearly seen for the
vertical emittance. Using eq. (10),; we can deduce the effective
coupling resonance strength b _~ trom the tracking result. Fig.é&

compares the results of an  analytic calculation obtained from the

second order perturbation thecory with that obtained +From the
tracking analysis. The agreement is good.

This procedure of 1ntegrating the amplitude dependent tunsa
into the perturbation expansion i=s to some sense similar to the
superconvergent perturbation expansion . At or near a resonance,
the etfective Hamiltonian of eg. (1) can be used to described the
motion of the particles. The effsct of the tunes becomes the
important determine tactor on the effect of the resonance. It 1is
natural that the perturbed tune should be used in the calculation.

We have established that the perturbation expansion of the
nonlinear theory should take the tune vs amplitude modulation into
account in the second order calculation toc account for the strange
behavior of the peak in the smear function at the chromaticity 5
for the initial emittances 50 7 mm—mrad for both planes. There
exists a window 1n the chromaticity degree of +freedom where the
smear 1s relatively small. Since the nonlinear tune is a very
sensitive function of the emittance, we may ask whebher the window
would change from particle to particle in the phase space. The
particles in the bunch may be described by a BGaussian distribution
in the coordinate space. This correspond tao the exponential
distribution in the emittance space. The particles may be assumed
ta £111 wup to the maximum emittance. Fig.7a,7b shows the shows the

nonlinear tune split, ADNL of eg.{il) for 8g+8y= 100 and 8¢

nmm—mt-ad respectively. Note here that the enhancement factor 1is
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Fig.7a shows that when A= 0.01 and chromaticity -1, the
resonance 2vx—2vy=Q would be important for the particles at the
emittance 8x=100 ana ay=ﬂ nmnmr ads respectively., To operate  the
machine at chromaticity O, a minimuam tune split of av® = -0.04 or
+0.03 is nesded to obtain a smear of 1526 or less. Fig.7 show that
the Av- < 0 has slight advantage over Ay > O if we are forced to
operate tha machine at or near to the zero chromaticity region.
The above statement depends on the choice of the sextupole
configuration. The least sensitivity of the amplitude dependent

efgect is located at chromaticity of -4, where the magnitude of
Av- should be larger than 0.01,

3. Coupling resonance due to magnet saturation.

3ince the booster i1s also designed to accelerate the heavy
ions to high energy, the magnet has the effect of iron saturation.
The magnitude of the sextupole chmpunent due to the iron
saturation is given by Danby et.al. . In this section, we shall
evaluate the strength of the coupling resonance, and analyze the
accelerator to obtain the best operation point.

Fig. B shows the sextupcle strength requirement as a function
af the machine chromaticity. The corresponding coefficients for
the tune ampliitude dependence part is shown in Fig. ?. We can use
these coefficients to find the nonlinear tune split AvNL ot eq. i,

Fig 10 shows the nonlinear tune s=split as a +Hunction of the
chromaticity +or £ +£ = 100 nn mm—mrad. VYarious phase space points
H3 Y

in the bunch are shown on Fig.lid. Note here (as in the case with
eddy current sextuponlies) that the best operating peoint is located
at chraomaticity of 5. I+ the chromaticity i1s chosen to be O the
minimum unpertwbed tune split required is Ay 2 0.04 or = —-0.05.
Figure 10 indicates that L;{Vy would work better in this case.

Fig.1l1l shows the tracking result of the smear function for
the magnet satwationsimilar to that of Fig.5. Fig.1l2Z shows the
efftective b . strength obtained from the procedure discussed 1n

previous secgion tsee Fig. & for camparisnn).z The effective
strength is compared with the analytic calculation” on the Fig.lZ2
It is interest to note that the comparison is also good. Therefore
the best gperational chromaticity is also around -2 to -5,

1



4, Conclusion

We have used the analytic theory to understand the tracking
result. The existance of the operational window in the
chtromaticity degree of freedom observed by Dell and Farzen is
useful 1n controling the coupling resonance. Based on the analytaic
study, a minimum unoerturbed tune spread can be derived to obtain
the best performance for the sntire phase space. We have +ound
that the effective se2cond order perturbation method agrees very
well with the tracking calculation. The derived phenomenological
residue from the tracking calculation agress well with the
analytic second order resonance strength.

For the ABS Booster, the best opesrational chromaticity, from
the beam dynamic point of view, is around -2 to -5. The minimum
unperturbed tune split |Au°| needed to minimize the coupling
resonance is about 0.01 for the entire available phase space.
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xtupole strength for the chromaticity correction as  a

Se

function of chromaticity

The coefficients of tune vs. amplitude is
function of chromaticity.

AvNL of eq.11 is shown for £ =g =50 mmmmrad as a function
oy

shown as a

of the chromaticity. MNote here that if Av0=_.01, there
exist two resonances at chromaticities of -10 and +15
respectively. I+ the unperturbed tune is Av°=D.Dl, the
responance will be most important at the chromaticity of 5.

The enhancement Ffactor +F of eg.(1Z) is shown for

o0 o . .
Av =v —wv =0.31.
X ¥

The tracking result of the smear factor defined in eq.10 is
shown as a function of chromaticity. MNote here the apparent
peak at chromaticity of around 5.

The reduced coupling resonance strength b{(2,-32) 1s compared
with the analvytic calculation of ref.’.

The nonlinear tune difference AvNL is ploted +or different

region of the phase space with £ +g = 100 71 mm-mrad. Mote
3 Y

here that when the emittances of the particles oscillate,
the effect of the resonance also vary.
Similar to that ot 7a +for 8;+8y= 80 nn mm—mrad.

The sextupole strength needed +or the chromatic correction
for the magnet with iron saturation at high energy.

The coefficients of tune vs. amplitude 1s shawn as  a
function of chromaticity for the magnet saturation at bhigh
energy.

The nonlinear tune split AvNL for the phase space points of

the bunch.

The smear factor iz ploted as a function of the
chromaticity.
The deduced sffective coupling strength is compared with
the analytic calculation of ref.Z.
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