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Analytic method is used to analyze the tracking results for 
the MZ+BOOSTER lattice. We faund that the effect of the amplitude 
dependent tune is very important in understanding characteristic 
of the tracking result. With the perturbed tune, the effective 
second order perturbation theory works very well. The method can 
be used to analyze the optimized operational condition for the 
lattice. For the Booster, the analysis suggests that chromaticity 
of -2 to -5 and a minimum unperturbed tune split /Au01 >O.Ol. At 
the zero chromaticity point, the required unperturbed tune split 
is considerably larger in order to obtain a similar performance. 
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1. Intruduction 

The beam size of the particles in the accelerator is very 
important to the per+ormance of the accelerators. For instance, 
when the beam size is increased, the effect of the nonlinearities 
i!-!CreaSeE+. The effect of these nanlinearities gives rise to 
nonlinear resonance to the Hamiltonian. When the particles is 
tracked through the accelerators, they experience many resonances, 
I?! special kind of resonance is the nonlinearcoupling resonance due 
to the nonlinear magnet elements which exist in the accelerator. 
Some of these nonlinear magnetic elements are sextupoles due to 
isddy current y +satmration and the chromatic corrections. Because of 
the5e nonlinear magnet elemerrts, the beam emittance is not a 
ccx-istant of motion. If the important resonance is a sum resonance, 
the emittance may grow wxthcrut bound. If the on 1 y impartant 
resmance is a dsf +erence resonance, the sum of emittances of 
horizontal and vertical planes remains cartstan+_. The HamitLx2ian 
of the system near to a reson3Ttce line can be expressed as, 

H = HolI q 1 :i + b (I *I ! cos(m#+n@ 
x Y m,n x Y x y-p4+v) 

!l! 

where 1 and I are the action variables nr- the emittances of the 

beam an> #, $+' are the conjugate angle variables. When the 
Y 

resonance term of e,q.l is zero, the Cp ?q5 are cyclic variables and 
x Y 

the actions becomes constant of motion. The eq_!ation of motion of 
the particles becomes 
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From eqs. 4 and 5, Ione obtains the condltian, 

n I -mI = constant 
x Y 

Nate here that the invariant of the Hamiltonian 

I.51 

becomes the 
linear combination ~of action variables. For a sum resonance, where 
m and n are positive, the action variables of ea9x.h plane may 
become unbounded whx.fe eq= f&1 remain satisfied. For a different 
resonance, the emittances of x and y plane are bounded while the 
magnitudes oscillate arourrd its mean value. We are interested 
mainly in the difference rescnance. To take into account the 
contribution oi tttr?e ve.rsus amp 1 i tu.de modulation, eqs-1 and 2 
would include ?:he amplitude dependence. It is interesting to note 
that the condition $ 



a ( m9x+n+ ;I /&P := mu +nv 2 con5tant (71 
Y x Y 

can be approximately satisfied, V Eqs.4 and 5 ran be solved as, 
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Note here that the actions ur the emittances of the system would 
oscillate around the average values. The amplit~tde of the 
oscillation is proportional to b m,n / Cmvx+nvY-p1 W The smear 

defined by, 

I I 
max min 

-I 1 mb 
S 

x x = 
X fl ,: pa:.: ,_ pin) = fl 

L I :mv +nv - 
X 

X X 

,inp I 

IS a measure of the ampfitu.de of oscillations. When the smear is 
large the partiche is strongly influenced by the resonance. It is 
noted that the smear can be large when the residue of the 
resonance b 

m q 1-k 
1s large or when the particle is very neat- to the 

resonance fine, 1.e. mv +nv - note 
X p * $>- 

that 
Y 

It is important to 

the tunes af the machlne v and v depend on the emittance of 
>: Y 

machine. A self-consistant calculationis is needed to evaluate the 
important of the resonance. 

2. The couplinq resonance of the MS Booster due to eddy current. 

AGE; Booster is a rapid cyclrng machine flu Hz, for proton 
aperation. The fast acceleration rate creates also sizable 
sextupole contributnon to the acceleratar. 4 In this sectian, we 
shall apply the theory In section 1 to the coupling resonance in 
the booster. The amportant co~tpP i ng resonance is 2~ -2~ =i) 

x Y 
systematic res(7nance. The tracking study of Dell and Parzen5 shows 
that there exist a window in the chromaticity space where the 
coupling is fairly small. When the machine is corrected to a zero 
chromaticity, the coupling becomes large. The smear factor has a 
peak at the chromaticity of 5. This effect is important in 
c:hoosing the operatinq point of the machine. In this section, we 
shall I-Ise this analytic theory to study the effect. 

Figure :L !shows the sextupole strength needed as a function of 
the rhromaticity with two families of sextupoles and with the eddy 
ccr.rrent sextupoles present in the dipole. Because of the presence 
t3f sex tupoles, the tune of the machine depends on the amplitude. 
The coefficient of the amplitude dependent tune is shown in Fiq.2. 
We note here that the coefficients are rather large at large 
positive and negatib*e chromaticities. Since these coefficients are 
large, the tune depends sensitively on the ampl I tude ctr the 



emittancesof the pa-titles, Figure 3 shows an example of the 
amplitude dependent part of L-B -v Y Av x Y NL 

AvNL = cx E ++c1. E -ci E -cx E g-11, 
::x x XYY YXX YY Y 

as a function of the chromaticity at the emittance of 50 n mm-mrad 
for both planes.Let us define the enhancement factor due to the 
tune difference for the 2lv -v > resonance as, 

x Y 

f = 
I 1 ilZl 

v -- v 
1 - 1 - 

0 I 
X Y V -v"+kf E +a E -cx &-cc ,“I 

X Y XX x XY Y YX x .YYcjY 

Note here that the tune vs. amplitude dependence of eqf;. 2 and 3 
has been included in Eq. (111. Fig.4 shows the enhancement factor 
for the unperturbed tune AzJ~=L~~-Y~= 0. 01 m Me observe that the 

x Y 
enhancement of the coupling resonance peaks at the chromaticity 5 
due mainly to c:ancellation between the unperturbed tu.ne and the 
amplitude dependence tune shifts. Indeed the tracking result of 
Parzen shows a peak in the smear at the chromaticity 5. Fi3.5 
shows the similar tracking result by usin the TEPIFQT program. The 
peak of the smear a-t the chromaticity 5 is clearly seen fur the 
vertical emittance. Using eq, I.101 f we can deduce the effective 
couplinq resonance strenqth b, _2 from the trackinq result. Fig.6 

compares the results of an anal tic calculation obtained from the 
-k Yth 

second order perturbation thecry that obtained from the 
tracking analysis.. 'The agreement is good. 

This procedure of integrating the amplitude dependent tune 
into the perturbatiixn expansion is to ;ome sense similar to the 
superconvergent perturbation expansion . At or near a resonance, 
the effective Hamiltonian of eq. (ii can be used to described the 
motion of the particles. The effect of the tune becomes the 
important determine factor on the effect of the resonance. It is 
natural that the perturbed tune should be used in the calculation. 

Me have established that the perturbation expansion of the 
nonlinear theory shr_x_tld take the tiune vs amplitude modulation into 
account in the second order calculation to account for the strange 
behavior of the peaii: in the smear function at the chromaticity 5 
for the initial emittances 50 TC mm-mrad far both planes;, There 
exists a window in the chromaticity degree of freedom where the 
smear is relatively small. Since the nonlinear tune is a very 
sensitive function of the emi%tance, we may ask whether the window 
would change from particle to particle in the phase space, The 
particles in the bunch may be described by a Gaussian distribution 
in the cuordinate space. This correspond to the exponential 
distribution in the emittance space. The particles may be assumed 
to f i 11 up to the max i mum emittance= Fig.?a,Tb shows the shows the 
nonlinear tune split, Av #f eq,(ll) fO!- &#+&Y= 1 i:bt:, and EW 

NL 

nmm-mrad respec:tively. Note here that the enhancement factor is 

4 



proportianal t:3 

+I 1 -1 
A2 + Av 

NL 

Fig. 7a shC7w5 that Hhen 
0 

AU = 0 = 01 and chromaticity -1, the 
resonance 2v -32 

X Y 
=O would be impctrtant -far the particles at the 

emittance E; ,&=l!lirlt a-id ~Y=o srmmmrads respectively. To operate the 

machinie at chromaticity 0, d minimum tune split of AU* = -0.04 ctr 
+0.05 is needed to abtain a smear of 157.. 
the Av" m< 

@I less. Fig.? show that 
0 has sliqht advantage over Av 0 ._ ..; 0 if we are forced to 

operate tha machine at or near ta the zero chramaticity region. 
The above statement depends on the chaice of the sexttipole 
c:onfiguratian. The least sensitivity of the amplitude dependent 
efiect is located at chromaticity uf -4, where the magnitude of 
Av shocrld be largeI- than ill,Gl, 

-7 4 I C;oL!pling resctftarxe dL!e to magnet saturation. 

Since the buGsizer is alscr designed ta accelerate the heavy 
ions to high erlergy, the magnet has the effect of iron saturation. 
The magnitcrde of the sextupale component dLLe to the 
saturation is given by Danby ~k.al.~. 

iron 
In this section, WE shall 

e.valLLate the streng~th of the coupi ing resor?ance, and analyze the 
accelerator to obtain the best gperaticrn paint. 

Fig. 8 shows the sextupole strength requirement as a functian 
of the machine chrctmaticity. The cnrrespunding coefficients fat- 
the tL@ne amplitLrde dependence part is shown in Fig. 9. We can Lise 
these coefficients to find the nanlinear tune split huNL of eq.12. 

the nonlinear tune split as a function of the 
for E -tE; = iCN3 rr mm-mrad. x y Sari cltis phase space paints 

are sh!own nn Fig. li3. Note here (as in the case with 
sextupolesj that the best operating paint is located 

Fig 10 shows 
chromaticity 

in the bunch 
eddy current 
at chromaticity of --5. If the chromaticity is*chosen to be 0 the 
minimum unperturbed tune split reqLtired is Av I 0, 04 or 5 -0. us_ 

Figure 10 indicates that vxiu woLild work better in this case. 
Y 

Fig.11 shows the tracking res;u.lt of the smear function for 
the magnet saturation-similar to that of Fig.5. Fig-12 shows the 
effective b, _'~ strength obtained from the prctcedure discussed in 

L 
previoL!s sec;ion <see Fig. b far comparison). effective 

strength is compared with th e analytic calculation 
2 The 

on the Fig.12 
It is interest tc! n.zte that the ccrmparison is also good. Therefore 
the best operational chromaticity is alsa aroLtnd -2 trl -5. 



4 s c.anr_l uE;i on 

We have used the analytic: theory to understand the tracking 
result = The ex % s;tan~ze 0-f the operationai window in the 
chromaticity degree of freedam &served by Del 1 and F'arzen is 
useful ~I-I controling the coupling resonanlre. Based on the analytic 
study, a minimum un:rerturbed tune spread can be derived to trbtain 
the best performance for the Erntire phase space. We have found 
that the effective ,ser:ond order perturbation method agrees very 
well with the tracking calculation. The derived phenomenological 
residue from the tracking calculation agrees well with the 
analytic second order ressonance strength. 

For the At% Ecaxter, the best operational chromaticity, from 
the beam dynamic paint of view, is around -2 to -5. The mini mum 
unperturbed tu.ne split lAv"I needed to minimize the coup1 ing 
resonance is about 0.01 for the entire airallable phase space. 
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Zaptionrs: 

Bextup5.I.e strength for the chromatxcity correction a5 a 
function of chromatrcity 
The coetifici%snts of tune vs. amp1 rtude i5 shown a5 a 
function af rhromatlcity. 
Au function 

NL 
of eq.11 i~j shown for & =E =Xj xmmmrad as a 

x Y 

of the chromaticity. Ncke here that if AvO=-.CIIi there 
exist two re5onante5 at chromatrcities of -10 and +15 
respectively. If the unperturbed tune is Az~~=U.01, the 
resonanrce wi1.1 be most important at the chromaticity of 5. 

The enhancement factor f of eq.ll2) 15 shown for 

x Y 
The tracking result of the smear factor defined in eq.lili is 
shown as a f:.!nction af chromaticity. Note here the apparent 
peak: at chronaticity of around 5. 
The reduced coupling resonance strength btZ,-2r is compared 
with the analytic calculati5n 5f ref.2. 
The nonlinear -tune difference Au 

NL 
is ploted for different 

region of the phase spare with & +& = 100 n mm-mrad. Note 
x 

here that when the emittances of th: particles oscillate, 
the effect uf the resonance also vary. 
Similar to that of ?a for & +& = f38 TI mm-ml-ad. 

x y 

The sextupole strength needed for the chromatxc correction 
for the magnet with iron saturation at high energy. 
The coeffxcients of tune vs. amplitude is shown as a 
function uf chromaticity for the magnet saturation at high 

energy. 
The nonlinear tune split A.vNL for the phase space p5ints of 

the bunch. 
The smear factor i 5 ploted a5 a function of the 

chromaticity. 
The deduced effective caupling strength i5 compared with 
the analytic calculatian of ref.2. 
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