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Spin Motion through Helical Dipole Magnets

M. J. Syphers
February 12, 1996

The equation of motion of the spin vector S through a magnetic field is given by

s - =

where ]
=g, 1+ 6B+ (1+6)5)].

While this equation can be integrated numerically through a helical dipole field!, it is
sometimes more convenient for spin tracking and for systems design to model the spin
behavior using 3 x 3 matrices operating on the spin vector S. In the code SPINK?,
a Snake is modeled as a single rotation of 180° about a horizontal axis. To perform
sensitivity analyses on the RHIC Snake and Rotator systems, one would like to model
individually each helical dipole magnet of a Snake or Rotator.

To solve for the spin motion through a helical dipole magnet, it is convenient to
switch to the spinor representation. (I'll follow the formuation used by Courant?.)
Any spin vector S can be represented by

S =tey
where ¢ is made up of the Pauli spin matrices:

o = 0'1'7?14‘0'2.7?24‘0'31?3
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and v is a 2-component vector, or “spinor.” Plugging this definition into the the
equation of motion of the spin vector, we find that

Wi
g = (@Y.
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For the case where () = constant, the solution for 1 is just
W(s) = exp(i/2)(7 - Q)s] x (constant),

or in matrix form: L
w(SQ) — 6%(0'9)(82—81)¢(81)'

Any rotation through an angle 6 about an axis given by the unit vector n can be
represented by

and so the quantity (¢ - Q)(so — s1) above can provide us with the angle and axis of
rotation for a helical dipole.

As a simple example, consider a horizontal dipole field over a length L, producing
a vertical bend in a proton’s trajectory. Then © = (1 + G~)Bo/(Bp)ia, where we
are taking the longitudinal axis as the “1”-direction, the horizontal axis as the “2”-
direction, and the vertical axis as the “3”-direction. Then, & - O = koo, wWhere
k= (14 Gv)By/(Bp). Looking at this in terms of a matrix of the form M, above,
this says that the spin vector is rotated through an angle 6 = (1 + Gv)BoL/(Bp)
about the horizontal (“2”) axis as the particle passes through the dipole field, which
is the intuitive result from Equation 1.

In a similar manner, the spin motion through a helical dipole magnet was described
by Courant® and can be written as:

Mh _ e%(kLG—HfLaz)
r

where the subscript “hr” denotes that this is the matrix for a Rotator-style helical
dipole (beginning and ending with the field horizontal). For this complete helix,
kL = 27 and hence in real space the spin motion through this magnet is equivalent
to a rotation through an angle

about an axis

——
1+ (%)

The unit vector 7 is in the z-z plane, at an angle ¢ = tan"!(x/k) to the z-axis. The

rotation of the spin vector S is indicated in Figure 1. With this figure in mind, it

4c.f., E. Merzbacher, “Quantum Mechanics,” John Wiley & Sons, (1970) p. 266.
SE. Courant, SN/10.
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Figure 1: Rotation of spin vector S through an angle p about an axis n. For a
“Rotator” helical dipole magnet, n is in the horizontal plane at an angle ¢ with the
z-axis.

is easy to produce the spacial transformation of the spin vector through a Rotator
magnet using a series of rotations:

cos¢p 0 sing cosp —sinpg 0 cos¢p 0 —sing

MP = 0 1 0 sing cosp 0 0 1 0
—sing 0 cos¢ 0 0 1 sing 0 cos¢
cos? pcos i +sin® ¢  —cospsinu  cos @sin@(1 — cos )

= cos ¢sin COS [4 —sin¢sin p

cospsing(l —cosp) singsinpg  sin® ¢ cos p + cos? ¢

Where
Sy Sy
Sy = M, }(Li) Sy
SZ out SZ in

through a Rotator helical dipole.

For a Snake-style magnet (beginning and ending with the field vertical), the spinor
matrix would be _
Mhs _ e%(kLcrl—l-nLag)

and thus the rotation would be through an angle

K 2
= -2 1 —
p=—em +<k>
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Figure 2: Rotation of spin vector S for a “Snake” helical dipole magnet for which n
is in the vertical plane at an angle ¢ with the z-axis.

about an axis

2
1+ (%)
In this case, the unit vector 7 is in the y-z plane, at an angle ¢ = tan~'(x/k) to the

z-axis. This case is depicted in Figure 2. The corresponding transformation of the
spin vector in physical space is given by the matrix

1 0 0 cosp —sinpg 0 1 0 0
M,(Li = 0 cos¢ sing sing cosp 0 0 cos¢p —sing
0 —sing cos¢ 0 0 1 0 sing cos¢
CoS [t — Ccos ¢ sin sin ¢ sin p
= cosgsiny  cos?pcosp+sin? ¢ cos@sin (1 — cos p)

—singsinp cos¢sing(l — cosp) sin® ¢ cos i + cos? ¢

It should be pointed out that M,(Li) and M}(Li) were obtained by neglecting the
nonlinear terms and the longitudinal component of the helical dipole field. However,
they should still prove useful for tracking studies through strong spin resonances in
RHIC and for studying operational scenarios.

where, once again,



Snake helical dipoles:

E
E :=24.4GeV e G =1.7928 ] 2 2
v 0.938GeV p .-J E = (0.938GeV)

. = 10 . p .
L:=24m Kk :=2T’T Bp = oy teslam
2
K(B) = (146Gy)-2  pe(B) i=-2m |14 (K(B)) 0o(B) :=atan(_K(B))
Bp k k
cos( W) =cos( @) sir( p) sir( @) sin( p)

Mhe(it, @) :=| cog @)-sin(n)  cos(@)Zcos( ) +sin(@)2  sin(@)-cof @)-( 1= cos(t))

~sin(g) sin( ) sir(¢): cos(9)-( 1= cos(p))  sir( ¢)> cos(n) + cog @)°

Complete Snake:

Ms(B1:B2) =Mns(ko(B D) ©o(B D) Mhs(to€B2) 20 CBA) Mhs(ko(B2) - ®o(B) Mhs(Ho 1) - *o(BD)

Solve for fields: B 1:=-125tesla By :z=4tesla
Given
Ms(B1.B)o=0 Ms(B1.B), ;=0 Ms(B1.B), ~1
(Matrix for ! ! ’
complete M¢(B1.B =0 Mg(B1.B =-1 Mg(B1.B =0
Snake, axis s(B1Bd 0 s(G1:8) 4 s(B18))y 7~
at45 deg) Ms(B1.B), =1 Ms(B1,B), ,=0 Ms(B1.83) , =0
Bb1
(B ) :=Find(B1,B ) Bbl = =1.231'tesla  Bb2 = 3.954 tesla
b2
00 1
M ¢(Bbl,Bb2) =[0 -1 0
100

Figure 3: Mathcad calculation of complete Snake using matrices described in the
text.

A complete RHIC Snake is made up of four right-handed (k > 0) helical dipole
magnets where k4 = —k; and kK3 = —kg, and where k1 and ks are of opposite sign.
One would like the overall spin rotation matrix of the complete Snake to be that of
a 180° rotation about a 45° axis in the horizontal plane. The 3 x 3 matrix for the
rotation of the spin vector would just be

0 0 1
0 -1 0
1 0 0

Figure 3 shows the result of a Mathcad calculation using two independent fields
By, = —B; =123 T, and By = —B3 = 3.95 T, where a negative field means the
field direction is “down” at the entrance/exit of the magnet. Using Luccio’s program



y4Bo N, Bo

— Z,S

Figure 4: Complete (360°) helical dipole with arbitrary entrance and exit angle a.

SNIGS, which includes the full nonlinear helical field of the magnet, as well as modeled
end effects, the required values of B; and B, for a Snake were found to be 1.191 T
and 3.864 T, approximately 2-3% agreement with the above.

To summarize, the spin vector S = (Sz, Sy, S,) transforms through a helical dipole
magnet of length L and central field B, according to the matrix:

cosae sina 0
—sina cosa 0 | x

0 0 1
COS [t — Ccos ¢ sin sin ¢ sin p cosae —sina 0
cospsiny  cos?pcosp+sin?¢  cos@sin (1 — cos p) sina cosa 0
—singsinp cos¢sing(l — cosp) sin® ¢ cos p + cos? ¢ 0 0 1

where « is the angle the field makes from the vertical (y-axis) toward the horizontal
(x-axis) (see Figure 4) at the entrance/exit of the magnet, and

= tan '(k/k)
By
= (14+Gvy)—=
wo= (+G)g)
k = % (right — handed)
2
= —% (left — handed)

For a Snake magnet, & = 0. For a Rotator magnet, « = 7/2. If coded into SPINK,
for example, then rotational misalignment errors can be studied by using different
values of «, while powering errors and operational adjustments can be studied by
varying By for each magnet.

6A. Luccio, SN/8.



