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Analytical Tools in Accelerator Physics

Vladimir N Litvinenko
Collider Accelerator Department, Brookhaven National Laboratory
September 1, 2010

Introduction.

This paper is a sub-set of my lectures presented in the Accelerator Physics course
(USPAS, Santa Rosa, California, January 14-25, 2008). It is based on my notes | wrote
during period from 1976 to 1979 in Novosibirsk. Only few copies (in Russian) were
distributed to my colleagues in Novosibirsk Institute of Nuclear Physics. The goal of these
notes is a complete description starting from the arbitrary reference orbit, explicit
expressions for 4-potential and accelerator Hamiltonian and finishing with
parameterization with action and angle variables. To a large degree follow logic developed
in Theory of Cyclic Particle Accelerators by A.A.Kolmensky and A.N.Lebedev
[Kolomensky], but going beyond the book in a number of directions. One of unusual
feature is these notes use of matrix function and Sylvester formula for calculating matrices
of arbitrary elements.

Teaching the USPAS course motivated me to translate significant part of my notes into
the English. | also included some introductory materials following Classical Theory of
Fields by L.D. Landau and E.M. Liftsitz [Landau]. A large number of short notes covering
various techniques are placed in the Appendices.

I never found time to turn these notes into a perfect text, but | plan to do it in future by
adding the second part of my notes from my early years in Novosibirsk.
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Lecture 1: Particles In Electromagnetic Fields.
Fundamentals of Hamiltonian Mechanics
http://en.wikipedia.org/wiki/Hamilton principle

1.0. Least-Action Principle and Hamiltonian Mechanics

Let us refresh our knowledge of some aspects of the Least-Action Principle
(humorously termed the coach potato principle) and Hamiltonian Mechanics. The Principle of
Least Action is the most general formulation of laws governing the motion (evolution) of
systems of particles and fields in physics. In mechanics, it is known as the Hamilton's
Principle, and states the following:

1) A mechanical system with n degrees of freedom is fully characterized by a monotonic
generalized coordinate, t, the full set of n coordinates q:{ql,qz,qs...qn} and their

derivatives q={q,q,,0,..9,} that are denoted by dots above a letter. We study the
dynamics of the system with respect to t. All the coordinates, q:{ql,qz,qs...qn};
q={0,9,0,..9,} should be treated as a functions of t that itself should be treated as an
independent variable.

2) Each mechanical system can be fully characterized by the Action Integral:

S(AB)= [Laand (L11)

that is taken between two events A and B described by full set of coordinates” (q,t) . The
function under integral L(q,g,t) is called the system’s Lagrangian function. Any system
is fully described by its action integral.

After that, applying Lagrangian mechanics involves just n second -order ordinary differential

equations: = f(q,q).

We can find these equations, setting variation of 6S,; to zero:

r . % oL aL .. % oL JL
0S; =9 | L(q,q, t)dt) = {—6q + —6q} dt= {— oqdt + —.6dq} =
" ({ / aq / iq i

A &q A

B 8
Loq| + [ -9 dsde=0 BN(EE)
aq |, aldq dtag

and taking into account 6q(A) =dq(B)=0. Thus, we have integral of the function in the
brackets, multiplied by an arbitrary function dq(t) equals zero.

Therefore, we must conclude that the function in the brackets also equals zero and thus obtain
Lagrange's equations:

= _=Z oo (L1.3)

“ For one particle, the full set of event coordinates is the time and location of the particle. Theintegral istaken along a particle’s
world line (its unique path through 4-dimentional space-time) and is afunction of both the end points and the intervening
trajectory.



Explicitly, this represents a set of n second-order equations

diL@at) _dL(aqt) o E g IL@aY) o ILE@4Y ) @y
dt 9, g, “\ 7 049, b0, g,
The partial derivative of the Lagrangian over q is called generalized (canonical) momentum:
Jq,
and the partial derivative of the Lagrangian over q is called the generalized force:
f :%&q’t) : (L1.4) can be rewritten in more familiar form: d; = f'. Then, by a definition,
the energy (Hamiltonian) of the system is:
n - n é’L ) n -
H=)Pg-L=>—¢-LL=)»Pg-H. L15
El 4 Elaq El v (L15)

Even though the Lagrangian approach fully describes a mechanical system it has some
significant limitations. It treats the coordinates and their derivatives differently, and allows only
coordinate transformations q’ = q'(q,t) . There is more powerful method, the Hamiltonian or
Canonical Method. The Hamiltonian is considered as a function of coordinates and momenta,
which are treated equally. Specifically, pairs of coordinates with their conjugate momenta (L1.4)
(0i,Pi) or (g',P;) are called canonical pairs. The Hamiltonian method creates many links between
classical and quantum theory wherein it becomes an operator. Before using the Hamiltonian, let
us prove that it is really function of (g, P,t) : i.e., that the full differential of the Hamiltonian is

& P

Using equation (L1.5) explicitly, we can easily prove it:

dH(q, P,t) = E(Z;' dg, s dPi) +O;|t_|dt. (L1.6)

5oL . Nl . . 9L 4L dL .. oL
dH=d)» —q -dL= {—_dqi+qid—,——dqi——,dqi——dt}:
=1 G El Jq Ja  dq daq;
N, L dL aL N AL aL N oH MH | oH
d—-"=dq-—=dt}=Y{qdP' - —=dg - —dt} = Y| —dq +—dP' |+ —dt.
;{Q. a0 g 4 ot } g{ql Jq g ot } ;(‘?Qi 4 P ) ot

wherein we substitute d(dL/dg,) =dP'with the expression for generalized momentum. In
addition to this proof, we find some ratios between the Hamiltonian and the Lagrangian:
H ol LM i _dg _H

e f— ; - U
aqi P=const (?qi g=const A

q.d=const da P’
wherein we should very carefully and explicitly specify what type of partial derivative we use.
For example, the Hamiltonian is function of (g, P,t) : thus, partial derivative on g must be taken
with constant momentum and time. For the Lagrangian, we should keep g,t =const to partially
differentiate on q.

The last ratio gives us the first Hamilton's equation, while the second one comes from Lagrange's
equation (L1.5-11):

P,q=const



_dg _ JH

q “d P
dP' _ d dL(qqt) _dP' _ 4L _H (L1.7)
dt  dt 4q A gy 9% |pmcons

both of which are given in compact form below in (L1.11).

Now, to state this in a formal way. The Hamiltonian or Canonical Method uses a
Hamiltonian function to describe a mechanical system as a function of coordinates and momenta:

H=H(q,P,t) (L1.8)
Then using eq. (L1.5), we can write the action integral as
B B
S= P — —-H(q,P,t)|dt= Pdg - H(q,P,t)dt| ; L1.9
{ 21 & ~H@Py { 21 g -H(a,P.t) (L1.9)

The total variation of the integral can be separated into the variation of the end points, and the

variation of the integral argument:
B+B B B+6B A B

5fo(x)dt: [TO+)d = [F(dt= [(x+ x)ct+ ff(x+6x)dt+ff(x+6x)dt—}f(x)dt:

= f(B)At, - f(A)AL, +j’(f(x+5x) — f(x))dt; At, =t(C+8C)-t(C); forC =A B

The first term represents the variation caused by a change of integral limits (events),
while the second represents the variation of the integral between the original limits (events). The
total variation of the action integral (L1.9) can separated similarly:

B+B 6§P‘dq —i(méquméP‘dt) =
A f 1 1=1 aql &PI

6S= [E P'Aq, — HAt
1=1

(L1.10)

A
B B
4 - - JH H
+ oP'dg +P'dog - | — Sg dt + — SP'dt| |;
A Ef( + " (&q T e ))

= [El PAq - HAt

This equation encompasses everything: The expressions for the Hamiltonian and the momenta
through the action and Hamiltonian equations of motion. Now we consider variation in both
the coordinates and momenta that are treated equally: 6q; 0P .

To find the equation of motion we set constant events and dq(A) = 6q(B)=0; the first term
disappears, and the minimal-action principle gives us

B
8S= ;{(M(Sqidt + i OP'dt—oP'dg, - P déq) =0,

which, after integration by parts of the last term translates into



—d8a.dt + —
JG; G P!

M, 5qidt+{a—|_|i—ﬂ}6Pidt =0;
gg dt P dt

where the variation of coordinates and momenta are considered to be independent. Therefore,
both expressions in brackets must be zero at a real trajectory. This gives us the Hamilton's
equations of motion:

(‘?H M spiat - 8P'dg, +dPi6qi) =

dog _dH dP __oH
d P’ d g
It is easy to demonstrate that these equations are exactly equivalent to the Lagrange's equation of
motion. This is not surprising because they are obtained from the same principle of least action

and describe the motion of the same system. Let us also look at the full derivative of the
Hamiltonian:

dH oH &
- =+
dt 1(

(L1.11)

oHdP dHdg|_oH < _HH dHH)_H
P dt  og dt) a &4\ og g dq )

This equation means that the Hamiltonian is constant if it does not depend explicitly on t. It is an
independent derivation of energy conservation for closed system. The conservation of
momentum is apparent from equation (L1.11), viz., if the Hamiltonian does not depend explicitly
on the coordinates, then momentum is constant. All these conservation laws result from the
general theorem by Emmy Noether : Any one-parameter group of dimorphisms operating in a
phase space ((g,gt) for Lagrangian ((g,P,t) for Hamiltonian) and preserving the
Lagrangian/Hamiltonian function equivalent to existence of the (first order) integral of motion.
(Informally, it can be stated as, for every differentiable symmetry created by local actions there
is a corresponding conserved current).

Returning to the Eq. (L1.10), we now can consider motion along real trajectories. Here,
the variation of the integral is zero and the connection between the action and the Hamiltonian
variables is obtained by differentiation of the first term:

:_A_S :_a_S; F)i :A_S :O'J_S, S= f(l:)ldqI — Hdt)’
Atlygeo & AG,, —o G
Along real
Trajectrory

(L1.12)

Thus, knowing the action integral we can find the Hamiltonian and canonical (generalized)
momenta from solving (L1.12) without using the Lagrangian. All conservation laws emerge
naturally from (L1.10): if nothing depends on t, then H is conserved (i.e., the energy). If nothing
depends on position, then the momenta are conserved: P (A) =P'(B). Finally, we write the
Hamiltonian equations for one particle using the Cartesian frame:

s= (I5dF ~H(F, ﬁ,t)dt) (L1.13)



H(F Pty = - 2 =95,
ot or
" _oH ~ dP _ oH dH _oH
dt P’ dt  oF  dt gt
Hamiltonian method gives us very important tool — the general change of variables:

{Pi,qi}—>{l5i,qi}, called Canonical transformations. From the least-action principle, two

systems are equivalent if they differ by a full differential: (we assume the summation on
repeating indices i=1,2,3, ab sEa,-b,; a‘b, sEa"‘ba and the use of co- and contra-variant

vector components for the non-unity metrics tensor)
8 [ Pdg, - Hdt =0 o 6 [ Pdg, - Fidt =0 —Pdg;, - Hdt = Pd§, - Hdt + dF
(L1.14)
where F is the so-called generating function of the transformation. Rewriting (L1.14), reveals
that F =F(q,6,t):
dF =Pdqg - Bdg +(H' - H)dt; B =9 p=—P. oy & (L1.15)
aqi (?ql O’?t

In fact, generating functions on any combination of old coordinates or old momenta with new
coordinates of new momenta are possible, totaling 4= 2 x 2 combinations:

Fadb) > dF =Pdg - Bdg + (H'-H)dt R =2"; B=- H=H+ T
o, ! ot
®(qP,t)=F +{P = dd=Pdqg +§dP +(H'- H)dt; R:@; § = 9P oy 4 0P
Jq, 07P ot
QPG =F-Pg = d@=-qdP - Bdg +(H'-H)dt g =-"o; B=-22 H=H+ %,
IR ! ot
= 5 dP Z N\ N
A(P,P,t) =@ -FRq dA =qdPR -qdP, + H'-H)dt, = 4 == H=H+—;
(P.P.Y) g = dA=qdR -qdP +( )dt; q p 0 7 p
(L1.15%)
The most trivial canonical transformation is & = P; P, = -q, with trivial generation function of
5\ = & dF oF _ <.
F(ad =96 P=-——=0; -——T:—qi; H'=H
aq| (9q|

Hence, this is direct proof that in the Hamiltonian method the coordinates and momenta are
treated equally, and that the meaning of canonical pair (and its connection to Poisson brackets)
has fundamental nature.

The most non-trivial finding from the Hamiltonian method is that the motion of a system,
i.e., the evolution of coordinates and momenta also entails a Canonical transformation:
g(t+7)=4q(q(t),P()t);P(t+7)= I5i(qi (t),P(t),t); with generation function being the action
integral along a real trajectory (L1.12):



t+r t

S= S= f(Piin - Hdt)— f(Pidqi - Hdt);

dS=R(t+7)dg - R(t)dg +(H,., - H )at

1.1 Relativistic Mechanics
From here further: i=0,1,2,3 in Minkowki space with (1,-1,-1,-1) metric.
see Appendix A for 4-D metric, vectors and tensors

Let’s use Principle of Least Action for a relativistic particle. To determine the action
integral for a free particle (which does not interact with the rest of the world), we must ensure
that the action integral does not depend on our choice of the inertial system. Otherwise, the laws
of the particle motion also will depend on the choice of the reference system, which contradicts
the first principle of relativity. Therefore, the action must be invariant of Lorentz transformations
and rotation in 3D space; i.e., it must depend on a 4D scalar. So far, from Appendix A, we know
of one 4D scalar for a free particle: the interval. We can employ it as trial function for the action
integral, and, by comparing the result with classical mechanics find a constant a connecting the

4
action with the integral of the interval: ds’ = dx'dx; =, dx'dx, = (cdt)’ - (o)’

i=1
S:—a}ds:—ajw/(cdt)z—dfz. (L1.16)
A A

The minus sign before the integral reflects a natural phenomenon: the law of inertia requires a
resting free particle to stay at rest in inertial system. The interval ds=cdt has a maximum

possible value (cdt = \/(cdt)2 — dr? ) and requires for the action to be minimal, that the sign is set
to be "-".

The integral (L1.16) is taken along the world line of the particle. The initial point A
(event) determines the particle’s start time and position, while the final point B (event)
determines its final time and position. The action integral (L1.16) can be represented as integral
with respect to the time:

B B B — =
:—af\/W:—acfdtW:det; L:—OCC‘ 1—\(;2,\7:dr’
A A A

where L signifies the Lagrangian function of the mechanical system. It is important to note that
while the action is an invariant of the Lorentz transformation, the Lagrangian is not. It must
depend on the reference system because time depends on it. To find coefficient o, we compare
the relativistic form with the known classical form by expanding L by v*/ ¢*:

72 2 G2

v Y v
L=-0ac,/l- 5 =-ac+a_—; L gasscas =M ;

c 2c 2

which confirms that a is positive and o = mc, where m is the mass of the particle. Thus, we
found the action and the Lagrangian for a relativistic particle:
B

S:—mcfds; (L1.17)
A



2

V
— 1- 5 (L1.18)

The energy and momentum of the particles are defined by the standard relations egs. (L1.4) and
(L1.5):

. db mv _
= = = yNnV: .
P="5 gz /s (L1.19)
R
E=pv-L=ymc?* y=1/+41-v?/c? (L1.20)

with ratio between them of
E’ = p°c +(mc?)” (L1.21)

The energy of the resting particle does not go to zero as in classical mechanics but is equal to the

famous Einstein value, E=mc* with the standard classical additions at low velocities (
o2 R_R2

ve<gp<<mc) E=mc®+mY =mc’+ 1.
2 2m

Four-momentum, conservation laws. The least-action principle gives us the equations of

motion and an expression for the momentum of a system. Let us consider the total variation of an
action for a single particle:

B B B
8S=-med [ds= -med[y/dx'dx, = ma{f/doxdx, +y/dx'dox} =
A A A

B

~ dox'dx  dx'dsx
~£ 2,Jdx'dx, 2, dx'dx,

where u' = dx'/ds is 4-velocity. Integrating by parts,

".dx'dd P
}:—mcf—XL :—mcfu'déx.;
A ds A |

du
ds

we obtain the expression that can be used for all purposes. First, using the least-action principle
with fixed A and B 6x(A) =6x(B) =0, to derive the conservation of 4-velocity for a free

B
8S=-mecu'ox|; + meéx ~_—ds, (L1.22)
A

particle:

u i . .
s =0, u =const or the inertia law.
B i
Along a real trajectory mcf OX;
A

ds ds =0 the action is a function of the limits A and B (see eq.

(L1.12): 6Sqy 4y = (-Eot+ F‘éF)\,'i , 1., S,y = —Edt + Pdr is the full differential of t and

with energy and momentum as the parameters. We note that this form of the action already is a
Lorentz invariant:

S g = (—ESt+ PoD) ;s = (-Pox))

i.e. classical Hamiltonian mechanics always encompassed a relativistic form and a metric: a
9

B.
A’




scalar 6S_is a 4-product of P _and &x _with the metric (1.-1.-1.-1). Probably one of most

remarkable things in physics is that its classic approach detected the metric of 4-D space
and time at least a century before Einstein and Poincaré.
B i

. . u
To get 4-momentum, we consider a real trajectory mcféxi ds ds =0 and set 6x(B)= ox;:
A

p = o -9'S=meu’ = (yme,yw) = (E/c,p) (L1.23)

with an obvious scalar product (u'y =1, see Appendix A. eq. (A.42))
p'p =E*/c® - p° =m’c’uy =m’*c’, (L1.24)

Equivalent forms of presentation are

(mc, mv)

V1-v2 [ c?
and, Lorentz transformation (P is a 4-vector, K' moves with V =&V ):

E=yy(E' +cBp)ip, = ry(P +BE /C)ip,, = B).ivy =1/ J1- BB, =V /c;
(L1.26)

p' =(E/cp)=my,(cV)= (L1.25)

where subscripts are used for y,p to define the velocity to which they are related. .

Equation (L1.24) expresses energy, velocity, and the like in terms of momenta and
allows us to calculate all differentials:

; 5 dp-cp  c*p-dp . .
E=cyp’ +m’c’,dE=cdy P’ +m°c = = =V -dp;
o/’ +mic? cdy P C 7 i V- dp

¢  _c(dp(p® + nic?) - p(pdp))

(L1.27)

t=dv=d =c

_ cp ~
V=7;ad =
VP2 +mi? \Jp%+mic? (/ﬁz + mzcz)3 (/{32 + mzczj

(L1.28)
Coefficients y = E/mc?; B:V/c differ from the above by constants, and satisfy similar

relations.

The conservation laws reflect the homogeneity of space and time (see Mechanics): these
natural laws do not change even if the origin of the coordinate system is shifted by 6x. Then,
0% (A) =0x(B) = 6x;. We can consider a closed system of particles (without continuous

interaction, i.e., for most of the time they are free). Their action is sum of the individual actions,
and

D08 == moua)ox|X = ~( ma=)ax 3= Y, pa(A) - Y, pa(B}ox =0
(L1.29)

PEEGED pia(B)=(2 Ea/c,Ef)) = const . (L1.30)

10

dp- m’c® +[px [dpx pJ|



1.2 Particles in the 4-potential of the EM field.

The EM field propagates with the speed of light, i.e., it is a natural product of relativistic 4-D
space-time; hence, the 4-potential is not an odd notion!

In contrast with the natural use of the interval for deriving the motion of the free relativistic
particle, there is no clear guideline on what type of term should be added into action integral to

describe a field. It is possible to consider some type of scalar function fA(x‘)ds2 to describe
electromagnetic fields, but this would result in wrong equations of motion. Nevertheless, the next
guess is to use a product of 4-vectors A'dx., and surprisingly it does work, even though we do
not know why? Hence, the fact that electromagnetic fields are fully described by the 4-

vector of potential |Ai = (AO,A) must be considered as an experimental fact!

Nevertheless, it looks natural that the interaction of a charge with electromagnetic field is
represented by the scalar product of two 4-vectors with the —-e/c coefficient chosen by
convention:

B
e

Su = { Adx ; A= (A% A)= (9, A) (L1.31)

where the integral is taken along the particle’s world line. A charge e and speed of the light ¢ are
moved outside the integral because they are constant; hence, we use the conservation of the
charge e_and constancy of the speed of the light !

It isessential that field is GIVEN, SINCE we are CONSIDERING a particle interacting with a
given field.
Turning our attention back to the Least-Action Principle and Hamiltonian Mechanics
The standard presentation of 4-potential is

A=A’ A= (pA); (L1.32)
where ¢ is called the scalar potential and A is termed the vector potential of electromagnetic
field.

Gauge Invariance. As we discussed earlier the action integral is not uniquely defined; we can
add to it an arbitrary function of coordinates and time without changing the motion:
S =S+ f(x,). This corresponds to adding the full differential of f in the integral (L1.31)

B
S= f(—mcds—EA‘dxi +dx,d'f |.
A c
This signifies that the 4-potential is defined with sufficient flexibility to allow the addition of any
e
4-gradient to it (let us choose f(x;) = Eg(xi))
. S o
A'=A-dg(x)=A —&g; (L1.33)

u .
2Y ou can check that this function will give the equations of motion (Mc — A) ds +9'A=0.

11



without affecting the motion of the charge, a fact called THE GAUGE INVARIANCE .

WE SHOULD BE AWARE THAT THE EVOLUTION OF THE SYSTEM DOES NOT CHANGE BUT
APPEARANCE OF THE EQUATION OF THE MOTION FOR THE SYSTEM COULD CHANGE. FOR EXAMPLE,
ASFOLLOWSFROM (L1.33), THE CANONICAL MOMENTA WILL CHANGE:

P'=P-d'f.
NEVERTHELESS, ONLY THE APPEARANCE OF THE SYSTEM ISALTERED, NOT ITSEVOLUTION. OFTEN
THE RIGHT CHOICE OF THE GAUGE INVARIANCE ALLOWS THE EQUATION OF MOTION TO BE
INTEGRATED EASILY. MEASURABLE VALUES (SUCH ASFIELDS, MECHANICAL MOM ENTUM) DO NOT
DEPEND UPON IT. ONE MIGHT CONSIDER GAUGE INVARIANCE AS AN INCONVENIENCE, BUT, IN

PRACTICE, IT PROVIDES A GREAT OPPORTUNITY TO FIND A GAUGE IN WHICH THE PROBLEM BECOMES
MORE COMPREHENSIBLE AND SOLVABLE.

The action is an additive function: therefore, the action of a charge in electromagnetic field is
simply the direct sum of a free particle’s action and action of interaction: (remember
ds=ds’ /ds=dx'dx, /ds=u'dx,)

B ) B ) )

S= [{-meds- £ Adx = [{ -meu' - A e (L1.34)
A C A C

Then the total variation of the action is

B B i
5S:<Sf(—mcds—EA‘dxi) :f(—mc axdox, ~ S Aidox —EéA‘dxi) =
A c \ ds c c

B B : (L1.35)
—[(mcui +EAi)5xil +f(mcd—u(Sxids+9c$xidAi —E(SAidxi) =0.
c A A ds C C
That gives us a 4-momentum
i_ OS _ [ i, €.\ _ = YIS
P = e T +CA)_(H/c,P)_p+CA, (L1.36)
with
e
H=E=c¢(mcu® += A% =ymc? + ep = cy/m?c® + P + ep;
Cc
= . e . e~ . = e
P=ymw+-A=p+-A=p=P--A (L1.37)
C C C
_ e.
The Hamiltonian must be expressed in terms of generalized 3-D momentum, P = p+EA and it
is
2
7 B 22 . (B _ €3
H(r,P,t)=c\/mc +(P_E ) +eq; (L1.38)

with Hamiltonian equation following from it:
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V:E:E ; e_’Z
mzcz+(P—)

Cc
_ _ B_SA). WA
P _dp edA  H . {(P-_AV}

=—+—=-——=-€eVp-e
dt dt cdt ar ¢ \/

~ e . -
=-eVp- E(V' V)A

From this equation we can derive (without any elegance!) the equation for mechanical
momentum p =ymv. We will not do it here, but rather we will use easier way to obtain the 4D

equation of motion via the least-action principle. We fix A and B to get from equation (L1.35)

o € i v ) B du e oA e JA
58—{(mcu6>qu+cc$xidA—C(SAdxk)—f( ds Xké)gd E?éx'dxk

A
B dpi IA  gA
—_ oxds=0.
{( ds {ﬂx X } ) X08=
(L1.39)

As usual, the expression inside the round brackets must be set at zero to satisfy (L1.39); i.e., we
have the equations of charge motion in an electromagnetic field:

du dp

s aill ~ F Iku :
wherein we introduce an anti-symmetric electromagnetic field tensor
w« _ OAC oA
F Ik hA A .
x o (L1.41)

Electromagnetic field tensor: The Gauge Invariance can be verified very easily:
7K 1 2 2
F,ikzﬂ_ﬂzlzik_ &g + 09 :Fik;
X X, XX, XX,
which means that the equation of motion (L1.40) is not affected by the choice of the gauge, and

the electromagnetic field tensor is defined uniquely! Using the Landau convention, we can
represent the asymmetric tensor by two 3-vectors (see Appendix A):

F :(_E’é);Fik :(E’B);
0 -E, -E, -E
E 0 -B B

z

|E, B, 0 -Bf (L1.42)
E, -B, B, 0

E is the so-called vector of the electric field and B is the vector of the magnetic field. Note the
occurrence of the Lorentz group generator (see Appendix B) in (L1.42). The 3D expressions of
the field vectors can be obtained readily:

13



AO A 1 0A” - 1 A
Ea:F‘XO:L _é) _:_—é)(p _707 ;a:12,3;E:——a——grad(p; (43)
ax, 9% or, c ot c at
A K
Ba :_EeaK}\,FK)\,:eaK)\, ﬂ_aA : B:CUFIA; FKA:eAKaHa. (L144)
2 X X,

A 3D asymmetric tensor e** and the curl definition are used to derive last equation and use
Greek symbols for the spatial 3D components. The electric and magnetic fields are also Gauge
invariant being components of Gauge invariant tensor.

(We have the first pair of Maxwell's equations without further calculation using the fact that
differentiation is symmetric operator (9'9" = 3“3 ):

Co :endm&k(al A" - &mAI) = 26y, (9" ) A" =0; (L1.45)
or explicitly:
Or,kFlm +&|ka +0,)ka| :0. (L1.46)

A simple exercise gives the 3D form of the first pair of Maxwell equations. They also can be
attained using (L1.43) and (L1.44) and known 3D equivalencies: div(curlA) = 0 ;curl (gradg) = 0
= :—gradqo—E%; curlE =—cur|(grad<p)—lcurlai‘:—Eﬁ;
C ot o 71 C ot (L1.47)
B=curlA; divB = div(curlA) = 0;
I note that (L1.47) is the exact 3D equivalent of invariant 4D Maxwell equations (L1.45) that you
may wish to verify yourself. There are 4 equations in (L1.45): i=0,1,2,3. The div is one equation
and curl gives three (vector components) equations. Even the 3D form looks very familiar; the
beauty and relativistic invariance of the 4D form makes it easy to remember and to use.
EM Fields transformation, Invariants of the EM field. The 4-potential was defined as 4-
vector and it transforms as 4-vector. The electric and magnetic fields, as components of the
asymmetric tensor, follow its transformation rules (See Appendix A).

@ =y(@" + BA)A =Y (A + Be);
E, =y(E, +B,);E, =y(E, - BB)); (L1.48)
B, = (B, - BE,);B, = y(B; + BE,).
and the rest is unchanged. An important repercussion from these transformations is that the
separation of the electromagnetic field in two components is an artificial one. They translate into
each other when the system of observation changes and MUST be measured in the same units
(Gaussian). The rationalized international system of units (SI) system measures them in VV/m, Oe,
A/m and T. Why not use also a horse power per square mile an hour, the old British thermal
units as well? This makes about the same sense as using Tesla or A/m.
While the values and directions of 3D field components are frame-dependent, two 4-scalars can
be build from the EM 4-tensor F* = (-E,B)
F*F, =inv; €“"F,F  =inv
(L1.49)
which in the 3D-form appear as
B2 - E?=inv; (E- B) =inv. (L1.50)
14



This conveys a good sense what can and cannot be done with the 3D components of
electromagnetic fields. Any reference frame can be chosen and both fields transferred in a

minimal number of components limited by (L1.50). For example; 1) if ‘E‘ >‘I§‘ in one system it

is true in all systems and vice versa; and (L}.Z) if fields are perpendicular in one frame,
(E- B) =0, this is true in all frames. When (E- B) =0 a frame can always be found where E or
B are equal to zero (locally?).

Lorentz form of equation of a charged particle’s motion.
The equations of motion (L1.40) can rewritten in the form:

d—E—ch-eFo‘(vk =eE- Vv, = L =(c,-V)

dt dt dt (L1.51)
dp — A A £ok Vk e a0 _ A aK — AF 4L A QKA Vk — aF er B

dt_e(e“F c) (e cF* -¢e,-F vk)—eE+eae BA?—eE+E[v>< B].

So, we have expressions for the generalized momentum and energy of the particle in an
electromagnetic field. Generalized momentum is equal to the particle’s mechanical momentum
plus the vector potential scaled by e/c. The total energy of the charged particle is its mechanical
energy, ymc?, plus its potential energy, eg , in an electromagnetic field. The Standard Lorentz
(not Hamiltonian!) equations of motion for p =ymv are

dp_ - er. =

d—f:eE+E[v>< BJ. (L1.52)
with the force caused by the electromagnetic field (Lorentz force) comprised of two terms: the
electric force, which does not depend on particle’s motion, and, the magnetic force that is
proportional to the vector product of particle velocity and the magnetic field, i.e., it is
perpendicular to the velocity. Accordingly, the magnetic field does not change the particle’s
energy. We derived it in Eq. (L1.51):

mcz% =eE- v (L1.53)
Egs. (L1.52) and (L1.53) are generalized equations. Using directly standard Lorentz equations of
motion in a 3D form is a poor option. The 4D form is much better (see below) and, from all
points of view, the Hamiltonian method is much more powerful!

It is worth noting that the 4D form of the charge motion (L1.40) and its matrix form is the most
compact one,

i =0 mo = Ces S =[] [ L[ =SR] [d (L154

and, in many cases, it is very useful. We treat the x, u as a vectors, and [F] as the 4x4 matrix. [1]
is just the unit 4x4 matrix It has interesting formal solution in the matrix form:

[u] = efémds[uo]; [x]= [xo] + fd%rmiz[ﬂds

Its resolution is well defined when applied to the motion of a charged particle in uniform,
constant EM field:

[w] (L1.55)
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[=em" V] (=[x ]+ fer T Vae

[uo] (L1.56)

THE LORENTZ GROUP OF THEORETICAL PHYSICS (SEE APPENDIX B) ISFASCINATING, AND THE FACT
THAT EM FIELD TENSOR HAS THE SAME STRUCTURE AS THE GENERATOR OF LORENTZ GROUP ISNO
COINCIDENCE —RATHER, IT ISINDICATION THAT PHYSICISTSHAVE PROBABLY COME VERY CLOSE TO
THE ROOTS OF NATURE IN THIS SPECIFIC DIRECTION. THIS STATEMENT ISFAR FROM TRUTH FOR
OTHER FUNDAMENTAL FORCES AND INTERACTIONS.

To conclude this subsection, we will take one step further from (L1.54) and write a totally linear
evolution equation for a combination of 4D vectors

0 I
d[x X|. 1=
ol =
mc (L1.57)
where [A] is an 8x8 degenerated matrix. Similarly to (L1.55) and (L1.56)

X s [ X X X
[ j|=ef|:A]d . , =e[/\](5—5b| [ ] for [A]zcong’
u Ul Y Ul (L1.58)

Power of Hamiltonian method: Phase space and invariants

As discussed, when the Hamiltonian of the system does not depend on either the coordinates or
momenta, we automatically gain “for-free” an integral of motion of the invariant. There are more
general invariants of motion that exist for all Hamiltonian systems — the Poincaré invariants. Let’
us consider a Hamiltonian system that is described by the set of coordinates, Canonical
momenta, and the independent variable s. In matrix form, the Hamiltonian equations are written
as

Q] (0 1 .. 0 O]

P dx H -1 0 .. 0O
H=H(QP,9;X=|..[—=5—:S=|... ... .. .. .. L1.93
QP9 ds oX ( )

Q, O 0 .. 0 1

P, |0 0 .. -1 0

where S is a generator (norm) of a symplectic group of matrixes (two different but closely related
types of mathematical groups). The space of coordinates and momenta is called phase space of
the system with dimension 2n. Here, consider an ensemble of particles in this phase space whose
motions satisfy the Hamiltonian equations; then, their motion is completely determined by their
initial position in the phase space. This means that in the Hamiltonian system the phase-space
trajectories of particles, which initially were separated, will never cross! Consider one trajectory
in the phase space X,(s), which satisfies the Hamiltonian equation (L1.93) and another trajectory
with an infinitesimally small deviation from X,
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X, =X, (9) +X;

dX, _ H(X)| H(X)

2
°=S ; H(X+AX)=H(X)+ AX+£L(2X)AX2+O(AX3);
dz IX |y X 2
d(Xy(9+0X) _ GH(X) M) gigox+ oex?) (L1.94)
ds 28 ‘X=X0(s)+6x 28 X=X,
2
He =219
2 x|
9°H
HEL =|=o| = HEl, =[HO], = H (9 =HE
T lx=xy(9

with a symmetric 2n x 2n matrix H(s). Thus, the equation of motion for a small deviations about
the known trajectory are linear but s-dependent, and can be expressed via the linear transform

matrix M(s):
X _ 5 H()- ox
dz
5X(9) = M(9) - 8X(0); (95)
M_shgm = IX_ MO 0= S H(S)- M -8X(0) = S H(s)- X #
ds ds ds

The matrix M(s) is symplectic, which is proven as follows:
M'(2)-S-M(2)=S - symplecticcondition; M(0) =1 = MT™(0)-S-M(0)=S;
d(M'sM) _dm" dM

M+M'S—
ds ds ds

dm’
ds

=(S'H-M) =M"H'S' =-M"HS

because H" =H; S' =-§ S*=-1
d(MTsm)
ds
= MT(9:'S M(s) =conts=M"(0)- S M(0)=S #
The symplectic condition has two asymmetric 2n x 2n matrixes on both sides
MT'(9)-S- M(9=S (L1.96)

and imposes n(2n-1) conditions on the matrix M. These conditions result in invariants of motion
for the ensembles of particles, called Poincaré invariants. Accordingly, for 3-D motion, there are
15 Poincaré invariants! The most well-known one, the conservation of the phase space volume
(Liouville’s theorem), is a consequence of the unit determinant of the matrix M:

=-M"HSSM + M"SSHM = M"HM - M"HM =0

17



det[M'(9)- S M(9] =dets —

(detM(9))’ =1—>det M =21, (L1.97)
butdet M(0)=1—detM =1#
Next, we consider an infinitesimally small phase-space volume AV, around a known trajectory
and its transformation:
IAX(9)
dAX(0)
AV, (9) =AV,,(0) = const
This is the core for the so-called Vlasov equations describing collective effects in accelerators
(see Appendix 3).

The 3-dimensional volume occupied by the particles often is termed 3-D beam emittance. The
rest of the Poincaré invariants represent similar conservation laws for the sum of projections on
hyper-surfaces in 2n-phase space. In the general case, interpreting coupled motion invariant is
too involved for this introductory lecture.

But there is one nice instance wherein the Hamiltonian is decoupled, i.e., it is the direct sum of
individual Hamiltonians for each canonical pair.

H=H(QP,9= > H(Q.P.9

AV, (9 = det‘

AV, (0) = det M(8)- AV,,(0) = (L1.98)

(L1.99)

Then, the phase space is two-dimensional and the area of the space phase occupied by the beam
is called beam emittance for a specific dimension — horizontal (x, Px), vertical (y, Py) or
longitudinal (-t,E). All three emittances are constants (integrals) of motion.

18



Lecture 2. Accelerator Hamiltonian

2.1 Accelerator coordinate system.

In accelerator physics we usually study beams of particles, i.e. particles moving in
approximately the same direction (a huge difference from detectors) with approximately the
same momenta. It is traditional, and very useful to choose one particle in the beam as the
reference particle and study its trajectory Fo(t) as natural reference. Furthermore, most

accelerator equipment is bolted to the floor and, hence, can be better described by its position in
space that its existence in time. This is the reason why accelerator physicists decided to use
length along the reference trajectory, s, as independent coordinate instead of time:

t

(t) = [dr, ()] = [V, (tt;
) b § (L2.1)
Vo(t)=%; y(t) =141-V 2 (1) /% Po(t) = y(t)mW,(t); Eo(t) =y(t)mc?

It is important for independent variable to be a monotonous function (as is time), which requires

that the reference particle never stops moving (except possibly at the beginning and the end of
the reference trajectory).

Reference trgjectories

N\

Fig. 1. Various possible reference trgjectories, from a simple straight passto a circular one,
though all other possibilities.

The reference trajectory is determined by initial 4-momentum of the reference particle and
the EM field along its trajectory. We should consider that trajectory is given (and from Fo(t) we

also know the particle’s 4-momentum in each point of trajectory) and so satisfy the equation of
motion (for example egs. (L1.52) and (L1.53)).

Usually EM fields are designed for the existence of such a trajectory (within constrains of
Maxwell equation). Herein, the words reference trajectory and orbit are used interchangeably.

Inverting (L2.1) we can write the 4D trajectory at the function of s:
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r=71,(9; t=t,(9; P=p.(9,E=E,9. (L2.2)
with the charge to the designer of accelerator to make it real trajectory:

dp,(9) _dt (9 =, er- =
A9 - L9 1, 9.109) + [0 9 % B 9.1, 0)] L23)
Starting from this point, we use following conventions: Derivatives of any function with respect
to the time will be shown by appropriate number of dots, while appropriate number of symbol '
will be used to indicate derivatives with respect to s:
2 2
= dt pedgodl
ds ds’ dt dt?

There is infinite variety of possible reference trajectories. The most popular ones are flat, i.e.
they lie in a plane. A typical example is the circular orbit of a storage ring with a horizontal
trajectory. Many of reference orbits are piece-wise combinations of trajectories lying in various
planes. Still, there are 3D reference orbits by design. As the matter of fact, all real reference
orbits are 3D because of the field errors in magnets, and errors in aligning these magnets.

(L2.4)

Fig. 2. lllustration of Frenet-Serret formulas and system from
http://en.wikipedia.org/wiki/Frenet-Serret

Hence, there is no good reason not to start this discussion from general 3D reference
trajectory. Fortunately two French mathematicians, Jean Frédéric Frenet and Joseph Alfred
Serret, in the mid-nineteenth century developed such a coordinate system, which is described by
the Frenet-Serret formulas in classical differential geometry (O.Struik, Dirk J., Lectures on
Classical Differential Geometry, Addison-Wesley, Reading, Mass, 1961). The Frenet-Serret
coordinate system often is called the natural coordinate system. One important feature is that it
has non-diagonal metrics. Hence, we have a bit of differential geometry to spice the mix.

Figures 2 and 3 illustrate the Frenet-Serret coordinate system and define 3 orthogonal unit
vectors: Normal € =rfi(s), tangent & = 7(s), and normal and bi-normal & =b(s) =[x 7]:

(f-7)=(b-1)=(b-7)=0.
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A
e=n
Fig. 3. Unit vectors in the Frenet-Serret coordinate system and their definitions

i%%

Fig. 4. Expansion of particle’s position in Frenet-Serret frame.

The reference trajectory must be smooth, with finite second derivatives, etc....etc... The
position of any particle located in close proximity® to the reference trajectory can uniquely
expressed as

F=F,(9+x-A(s)+y-b(s). (L2.5)
i.e., it is fully described by 3 contra-variant coordinates:
q=x o’=s ¢’=y. (L2.5-1)
The vectors {*,%,5} satisfy Frenet-Serret formulae:
dz dn - db
—-K(9'n;, —=K(9)T-k(S)-b; — =«(s)" n;. L2.6
i~ KO - =K(9-T-k(s)- b= x(9) (L2.6)
where
K(s) =1/p(9) (L2.6-1)

is the curvature of the trajectory, and K(S) is its torsion. If the torsion is equal to zero, the
trajectory remains in one plane, as designed for majority of accelerators. Curvature of trajectory

3 Proximity to the reference orbit is important for the uniqueness of the extension (L2.5): As shown on the figure above, equation
(L2.6-2) may have multiple solutions if the requirement of proximity is not applied, i.e, the expansion (L2.5) may have multiple
branches and mathematically become too involved.
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is more common — each dipole magnet makes trajectory to curve.

As shown in Fig.4, the transverse part of the position vector ¥, =Xx-n(s)+y- B(s) lies in the

plane defined by the normal and by-normal unit vectors(fi(s), b(s)), while s is defined from
equation:

(F-7,(9) 7(9) =0. (L2.6-2)
Now we expand the differential geometry:
3
dr = Yadg = ﬁdx+bdy+{(1+ Kx)%+1<(ﬁy—bx)} ds (L2.7)
i=1
with the co-variant basis of
3 = j—(;; 8= 8 =(L+ K7 +x(fiy-bx); & =b; (L2.8)
A co-variant basis vector is readily derived from the orthogonal conditions:
aal=o); a=n-—J 7 a=_" +i(fy-bx); & =b+ X 3. (L2.9)
1+ KX 1+ KX 1+ KX
The components of the co- and contra-variant metric tensors are defined as follows:
1 Ky 0
O =8 8 = Ky (1+ KX)2+K2(X2+y2) —KkX
0 —-KX 1
1+ Kx)2 +K%y? Ky —K°Xy
gk=4a-a“= 1 5 —KY 1 KX (L2.10)
(1+ KX) 2 2 2.2
—K°Xy KX (1+Kx)"+K°X

g, = det[g,] = (1+Kx)’

Any vector can be expanded about both co- and contra-variant bases, as well can {ﬁ,%,ﬁ} ;

I-:{ERXﬁ+RS%+F{/BEER"ékEERkék

R=R3a;R=R;R,= (1+Kx)&+x(ay RX); Ry=R; (L2.11)
k=R- 3k . R 3 _ KX .
R'=R R = RX_1+KxRS R= 1+KX+K(R‘y Ryx) R_Rer1+Kst’

All this is trivial, and finally differential operators will look like:

Vp=ait: divA:(e.A):%diqk(Jg—oAk);

ikd : (L2.12)
curIA:[ﬁxA]: € ﬂa; Ap=V (p___(\/g—oglk 0"‘;0)
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As discussed before, the Hamiltonian of a charged particle in EM field in Cartesian coordinate
system is

2
L5 5 e
H(r.P,t)=c\/mzcz+(P—EA) +ep, (L1.38, Lecture 1)

. . -~ e
where the canonical momentum is P=p+-A Let us explore how we can make the

transformation to our “curved and twisted” coordinate system. The easiest way is to apply
canonical transformation with generation function

F(P.g)=-P-(7,(9+x-7i(s) +y-b(9). (L2.13)

to our new coordinates (L2.6):

qd=x g =s q’=y. (L2.14-1)
with new momenta obtained by simple differentiation
P, =P;P,=(1+KX)P,+k(Ry-Px); P,=P; (L2.14-2)

that alter the appearance of the Hamiltonian (L1.38)

el S

+ ep

H=c

2 2
(R-2a] +[p-Sa) +mic
¢ ¢ (L2.15)
This is still the Hamiltonian with t as independent variable and three sets of canonical pairs
{d".P}{d? P} {a’.P;} . Now, we change the independent variable to s by the easiest method,

that, as always, is using the least-action principle: we consider the conjugate momentum to s, Py,
as a function of the remaining canonical variables: {d',P}, {¢®,P;}, {-t.H}

B
S= [Rdq' + P,(...)ds+ P,dg’ - Hdt; 6S=0; (L2.16)
A

Notably, the coordinates and time, the canonical momenta and the Hamiltonian appear in the 4-D
scalar product form in the action integral.

Pdx’; x' ={ct,x,sy};P, ={H/c,-P,-P,,—-P,},i=012,3.

This equivalency of the time and space is fundamental to the relativistic theory. Next is the
following

solve

H= H(Xi1P1,P21P3): P,=P,(X',R,P,H) rename P, =-H;h" =-P,(x',R,P,H) (L2.17)
S= [Pdx + P,dy + P,dz- Halt = [ Pdx - P,dy - h'dz+ P,dt
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These two forms are identical, so the immediate conclusion (we did explicitly in our class)” is
that

=K . dh b Gy _dh o dR b
ds P’ ds  ox’ Y " s P, ds oy
. . ) (L2.18)
po o dhodR_ dh dH_dn
ds P H' ds dt ds ot
2 2 2
e CEONE Ly
(L2.19)

e e e
EIC LRPTA B LEIN
Thus, by choosing one of coordinates as independent variable, the new Hamiltonian is nothing
but its conjugate canonical momentum with a minus sign. Applying a canonical transformation
that exchanges the coordinate with momentum and then employs a new coordinate (old
momentum) as the independent variable it would turn the old coordinate into the new
Hamiltonian. In all cases, the Hamiltonian is the function of the remaining canonical variables.
This capability of the Hamiltonian systems is unique and one we can take advantage of. An
important restriction is the monotonous behavior of independent variable. Otherwise, some or all

of the derivatives can be infinite in the point where the independent variable stumbles (i.e.,
where the new time stops).

The equations (L2.18) and (L2.19) are the general form of the single-particle Hamiltonian
equation in an accelerator. It undoubtedly is nonlinear (the square root signifies relativistic
mechanics), and cannot be solved analytically in general. Only few specific cases allow such
solutions.

The only additional option we have is to choose a gauge for the 4-potential. One good choice
(my preference) is to make the vector potential equal to zero at the reference trajectory. Two
other auxiliary conditions will allow us to express the components of the 4-vector potential in a

* As always,

E(équ +Pdoq + 5 T2 sq'ds+ =2 i 6Pids) +
i=1,3 q é)P - O

B
=5(f Pdq' - Hdt) =
A

>%w

(—6Hdt _ Hdst + P2 stds+ 07—PZ6Hds)
ot oH
B

and integrating by parts 2 Pi(Sqi — Hoét| =0, we obtain the direct equivalent of eqgs. (L2.18,19):

i=13

A

0S, = Z(gg(ap(aplz ds+ dqf )+6q( q2 ds- dP)) +(6t(dH +I2ds) +5H(a 2 ds dt)))

dg _ P, dt _ 4P, P, 4 dp,_, P, dH _ P,

ds dP 'ds oH ds &q| ds a
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form of the Taylor series:

R ) ] d
a) A(s0,01t)=0; b) aXAlLom :ayA3LO’O’t =0; ¢) 94

oX

+

ooy =0 (L2.20)

s0,0,t

that can be achieved by gauge transformation

n i
A=A-Vf,p=p+——; f=f =f +f

=@ c ot a b [
A,(s,0,0,t)ds + A(s,0,0,t) x+ A(s,0,0,t)- y

A i A i ) (L2.21)

som n+1) som n+1)

||
o&—un

>
II

k+1

2«? AR e

Conditions (L2.20) have following important consequences:

||
I\)IH

a) 93, A(s0,0,t)=0; b)A(sx0t) =0A,(sOyt) =0; c)dkaay y( Ai+%)zo

(L2.20+)

After a one-page-long exercise, using the first pair of Maxwell equations (egs. (L1.47), Lect. 1)
and conditions (L2.20), one can express the 4-potential in this gauge though the components of
the magnetic- and electric- fields, in other words, make an unique vector potential:

NS SR T | S

i{ (1+Kx)B, +10B,) X—:-a;-l((1+ KX)BX—KyBS)myF:}+

%i {an 7¥((1+ Kx)B, +1xB,) ’%%-a 3 ((1+ Kx)B, - xyB,) X—Iy?} (L2.22)
r=0ds)- 3 0E) - D06, -3 S(ae ) v e )R

where f|m; (f)mdenotes that the value of the function f is taken at the reference orbit r (9): i.e.,

at x=0; y=0, but in an arbitrary moment of time t. We reserve the notions f| _; (f) , for

values taken at the reference trajectoryr =1 (s) at the reference time t =t (s). It is noteworthy
that the value of our new Hamiltonian for the reference particle is the full particle’s momentum
with the minus sign:

h  =-p,(9 (L2.23)

We should note that ¢ (st) is determined with the accuracy of an arbitrary constant, which

can be eliminated by requesting qoo(so,to(so)) =0 at some point along the reference trajectory.
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The coefficients in (L2.22) can be expanded further using a trivial time series

(= @+ D5 Rk

t=to(9)

One important feature of this expansion that no conditions in the EM field are assumed,; thus, it
can be in free-space field (typical for single-particle dynamics) or a field with sources (for
example, charges and currents of beam are examples). Hence, the expansion is applicable to any
arbitrary accelerator problem.

2.2 An equilibrium particle and a reference trajectory.

A particle that follows the reference trajectory is called an equilibrium (or reference) one:
F=1,(9; t=1,(9; H=H(9=E,(9+@,(s1,(9)), (L2.23)

with x=0; y=0; p, =0;p, =0. This is where condition (L2.20a) 5«‘ P 0 is useful, i.e., for

e e
X|ref :O) y|ref ! o = pX|ref +EA1|ref EO) P3|ref = py‘ref +EA3|ref EO- (L224)
The differential form of (L2.24)
dx| b -0, dy| _dh : AR _ dnp o, dRy o =0 (L2.25)
ds|, « dP ds|,« dP ds|,« dx | ds |« dy| .

should be combmed with the expression for the Hamiltonian (L2.19). The two first equations in
(L2.25) give us the already known conditions, viz., that of the zero transverse component of
momentum. The following two equations are not as trivial; they set the two conditions at the
reference orbit. Completing a trivial differentiation on x (where most of the terms are turned into
zero at the reference orbit, except d ¢ and d,A,) we have

[eEﬂfp} L psﬂ
c? ox “cax  Vcoax),
_K@ - (1+Kx),, [

ref \r‘rd

a
oX

edh, €A edh, ) _
——2| + +xl——Ly-——">32 =0
c X Lf K(py)”* K(c X y c X X o

E2 2.2 2 2. -
E=(H-ep); G=?—mc -p;- py,x@rd =
Note: The term(s) that do not vanish at the limit are identified by the square brackets [...]

and using the above expansions, we derive the well-know equation for the curvature of the
trajectory:

+ Eo ) (L2.26)

Differentiation on y is similar

([eEﬂ+ NI eﬂAe)

* 2 X y

o - 1k ¢yl Mcay ey, +[ec9A2] ~(p), +x (eaA1 eaAgx) o
Wrd el '\/Eref Cﬂyref *Jret C(yy Cay ref

and yields
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EO
poc Ylref
That represents only the absence of “vertical curvature”. The difference between (L2.26) and

(L2.27) arises from the choice of coordinates in Frenet-Serret system: x (i.e., gy corresponds to
the plane where trajectory bends.

The conditions in (L2.23) for the arrival time of the reference particle and values of its
Hamiltonian are also informative, but not surprising. First, the condition on the arrival time

dt,(9 _ oh'| :Hz—ecpl _Ho-ep, (B _ 1 (L2.28)
ds  dH|, c*Gls P PC V(9

gives an understandable definition of velocity along trajectory: v=ds/dt, and the velocity of the
reference particlev, = p,c*/E,.
The condition on energy (3D Hamiltonian) gives

BX|ref = , (L2.27)

([eEﬁfp]+ 0 8L eﬂAs)
o’ ¢t at] Tca Tcdt), (e ed ed eE, dg
M=), o B e B o P (X"
ref ’\G‘ref c ot ref C oX C oX ref poc at ref
dHy(9 _dh'| _ e, dp
ds dt| ,  pc® dtl’

which can be transferred using H = E +egp and dg_ (st (9)) = 9%, ds+ 9, _ds into the energy
ds a v,(9
gain of the reference particle along is trajectory:
dEo(S) — d(Ho(S) - (po(sto(s)) — _eﬁ_(P
ds ds

As discussed before, accelerator designers face the problem of ensuring that the reference
particle faithfully follows the reference trajectory. Our goal is to use the above conditions to the
maximum, and, as we see below, to eliminate zero- order terms from the equations of motion. By
selecting the reference trajectory as basis for our coordinate system, we set the transverse
coordinates and momenta at zero at the reference orbit. Hence, two canonical pairs have a good
and solid origin.

The third pair (-t,H) is odd; it is not zero for the reference particle. Furthermore, it has
different units. Hence, we can move step forward with a more natural Canonical pair
{g, =-ct,p, =H/c} - whose generating function is obvious: CD(q =_tP= pr) =—ct- p,. In this
case, the analogy is complete: g, =—ct has the dimension of distance and is just —x, in 4D space,
while p, =H/c has the dimension of momentum and is just P, in 4D space.

= 6E,(s1,(9). (L2.30)

ref

We also should select variables that are zero at the reference orbit. The following pair is one of
better choices:

{r=-c(t-1,(9), 6=(H-E(9) -ep,(st))/c}, (L2.31)
which are zero for the reference particle. Generation function is easily to come with:
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®(g,P,9 = Px + F”zy—(Eo(s)+ca)(t—to(s))—efcpo(stl)dtl, (L2.32)

and it produces what is desired:

o oD

o~ -
PR=—"=R; P,=—=P;H= =E,+co+ep,(st);
17 v e oy 3 J(=t) ep,(st)
~ 0D ~ _ 0D ~ _ 0D
=—==X =—= =V, =——=—(t-t (9) = (L233)
=575 G5 =Y 6= (t-t,(9) =7
~ t
h=h+(§z=h+W+E;(s)r/c—efcp;(stl)dt1

o

The change to the Hamiltonian comprises meaningful terms as well as just a trivial function of
s, 9(s):

aq) c to(s) /
s v (90 PSDTU UI=E(I/vi(9-e [ (st
° (L2.34)
J -t/C -t/c
(p//(S,T) :def O'TS f((po(sto(s) + C) - (po(sfto(s)))dg =- f(EZ(Sto(S) + C) - EZ‘ref)dC
0 0
where we used eq. (L2.30) asE/(9) :—e(j;—(p . Additive g(s) simply can be dropped from the
ref

Hamiltonian - it does not change equations of motion. Now the only remaining task is to express
the new Hamiltonian function with an updated canonical pair (L2.33) and (L2.19):

h=—(1+ K P+ 250 (5"§%)+(5_§%)2 ) (P“EA*)Z _(Pa _iAg)z " (L23)
+§A2 +KX(P3—§A3)—Ky(Pl—SA1)+\za—ifpu(sﬁ)

where we used following trivial expansion and definition:

E +co+ t) - eq)’ 2
e o] g5 o2

c C " (L2.36)

?. i =P(SXY:t) - @o(st) = (S X, Y,t) - (S 0,0,1)
2.3 Scaling variables.

Frequently, it is useful to scale one of canonical variables. Typical scaling in accelerator
physics involves dividing the canonical momenta P,P;,d by the momentum of the reference
particle:

m = JTSZ&; J'Eo:i. (L2.37)
po po pO
These variables are dimensionless and also are close to x,y, oE/p,c for small deviations.

Such scaling only is allowed in Hamiltonian mechanics when the scaling parameter is constant,
i.e., is not function of s. Thus, scaling by the particle’s momentum remains within the framework

28



of Hamiltonian mechanics only if the reference particle’s momentum is constant, that is, when
the longitudinal electric field is zero along the reference particle’s trajectory (i.e. at moment

t=t,(s)). One similarly can scale the coordinates by a constant.
X Y. s _T
ST ST ST

Scaling by a constant is easy; divide the Hamiltonian by the constant and rename the variables.
Hence, transforming (L2.37) with constant, called p,, will make Hamiltonian (L2.35) into

2 2 2
2Eo(5_e%)+(5_e%) ) (nl_e,ﬂ) _(ﬂs_eAg) .
17 pel pe PC Xe PoC (L2.35 @

e e e c e
+§A2 +KX(”3 —pOCAs)—Ky(”l—CAi)Jf(S—C%(ST)

h=-(1+KXx)

constant enerqy)

Usage of this Hamiltonian is very popular for storage rings or transport channels, wherein the
energy of the particles remains constant in time. It should not be employed for particles
undergoing an acceleration.

2.4 Expanding the Hamiltonian.

Expanding the Hamiltonian (L2.35) is a nominal tool in accelerator physics that allows the
separation of the effects of various orders and sometimes the use of perturbation-theory
approaches. Having completed the process of creating canonical variables, which are zero for the
reference particle, the next step is to assume (which is true for operational accelerators) that the
relative deviations of momenta are small

R P

el 8 <<l | <<1;
pO pO [0}
and that the EM fields are sufficiently smooth around the reference trajectory to allow expansion
in terms of x; y; 7. We will consider’ all six variables to be of the same order (of
infinitesimality, o). We call the order of expansion to be the maximum total power in a product
that is any combination of x,y,t,P,P,,6. Unless there is a good reason not to do so, we truncate
the series using this rule.

The general expansion of Hamiltonian (L2.35) can be accomplished via the already derived
expansion for 4-potential and the well-known expansion of the square root:
h=-(1+Kx)p

2
2E_( 6 e 0 e R,
\ pOC(po P.C ) (po PC P, P po PoC A3 (L2.38)
e e e C e
+CA2+KX(P3—CA3)—KY(F’1—CA1)+VO5—%(ST)

1 2n—3)!! _ )
J1+g= 1+2( 1) g oo )_1+32/+O(y).

5 Sometimes, one can keep explicit the time dependence of fields and expand only the rest of the variables. One such case is an
approximate, and useful, description of synchrotron oscillation.
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Let us discuss a few general issues first. If we expand (L2.37) into an finite series

N N 6
h=-p,(s)+ E EcijklnmxiijkPlI Po" +O(@™™) = -p, + E ECV{ pi}l_[Xipi +O(a"*); (L2.39)
v=l i+ j+k+ v=1 Ep;v i=1
I+m+n=v

where we introduce our phase-space vector

x| [x]
)(2 F1
x=|%l=]Y : (L2.40)
X | |P
) & T
[Xs] |0 ]
which we will use in its 2n-dimensional phase-space appetence
X"=[q" P .. e g0 R]EDG X e Xona Xon]s (L2.41)
where T stands for “transposed”. Using this notion, Hamiltonian equations can be written as one
dx oH
E:S'(TX 7_3] 7_23] (L2.42)

wherein we introduce matrix S — a generator of the symplectic group (see further). The matrix, S,
is asymmetric, with s, ,, =1=-S, , .. m=1..,n, and other elements are zero.
In matrix form S has n diagonal blocks with a 2x2 matrix o, and the rest is the field of zeros:

o 0 .. O

0 o .. 0
S= o=

0 1} (L2.43)
210

2nx2n

This is one of the very important objects in Hamiltonian mechanics.

Using expansion (L2.39), we would dispose of p, (s) as valueless, and look initially at the first-
order terms in the expansion:

h= Y Cyx +0(c?); (L2.39-0)

i=1.6
That should give us the zero- order terms in the equation of motion:

dx, <
k_§:S C 'e)
dS_]':]_ A lj+ ()

By design of our variables (section 2.2) Oz(k =0, i.e. all zero order terms are equal to zero.
S ref
Hence, the expansion of our Hamiltonian does not have first-order terms:
N 6
=2 2Cam[[x o™ (L2.44)
v=2 Np=v i=1

Next, we look at the second-order term that is of foremost importance in accelerator physics. We
can write it as a quadratic form in matrix notations:
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;EEh xx, +0a) = LT H X+ 0@, (L2.45)

Matrix H can be chosen to be symmetric by a S|mple H=(H" +H)/2 and noting the obvious
Z'(H'-H)Z=0, VZ -equivalence of the asymmetric matrix. Applying (L2.42) with
d, (O hyx; %) = (hj +hy)x = 2h,,x, the linear part of the equations of motion is obtained:

‘gézo- X +0(c?): D=S H (L2.45)

We finish this section with the explicit form of the first non-trivial term in the expansion of
(L2.38):

=P P e X Ny e Y LRy - yR) +

2P, 2 2 : (L2.46)

8 m*? 7°

Z—po- 0 +UE+gxx(S+gyy5+FXXT+ Fyt

with
2
B

E: _K.iBy_iO" y+( eBS) _ e &EX—ZK eEx +(rneEx) :
P PC ’ PC X \2pc) | PV, X PVo | Py
G__e<9Bx+(eBs) e ﬁEy+(meEz)2. . (L2.47)
P [Py \2pC)| PVo Yy \ B )

ZN:[ e B, e &Byl_K_ ep_ e (aE+o7!Ey)_ eE, +(meEz)(meEx)

Ne A ne N x - 2K 2 2

po poc X poc ay poc povo dy povo po po
2 2

L:K+LBS; g:iz@, gxz(m)3eEx—K£;gy:(m)3 y;
2p,c P, pct ot Po Vo P,

“cact vyt coact v, dot

If momentum p, is constant, we can use (L2.37) and rewrite Hamiltonian of the linearized
motion (L2.46) as

_edB  edE  _ edB  edE

2

h="s AR +f 5 +n xy+gy L(xm, - ym,) +
22 - 2 2 ; (L2.46-n)
T, .M 2 + ur—+ g, X, +g,ym, + f Xt + fyyr
2 p, 2
with
F
f:i; n:ﬁ; g:g; U:E; fxzi; fy:J; (L247-n)
Py Py Po P, Po P,
Note that
X/ — (9hn — J'[l _ Ly, yr — ahn - -77:3 + LX, , (L2.48)
a7, o7,
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i.e. as soon as L=0, we can use traditional x” and y’ as reduced momenta.

For flat reference orbit - k =0, in the absence of transverse coupling (L=0, N=0) and transverse
electric fields, DC magnetic fields it becomes a much simpler and much more familiar form:

. 2 2
h= u+F +Gy & et +Ul + + 0, X0
2p, 2 2 2p, p; 2
or )
N 2 r2 2 2 2 2.2 2
hn=X Ty +fX7+gy7+‘n—70.mc2: +UL+gXX6
2p, 2 2 2 p
with
oB
f_ _K 78 _ii g:iLBxi u:%&ES gX:_K£
P.C P.C X P.C Y pct ot Vo

(L2.49)

(L2.50)

Finally, see an Appendix where Mathematica tool allowing expansion of the accelerator to an

arbitrary order is presented.
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Lecture 3. Equations of motion, matrix functions & transport matrices
First, we review what we already discussed: Accelerator Hamiltonian (see Appendix D).
Important (self-evident?) features are

S'T=-S S$=-]; S'S=|; S'=-S (L3-0)

3.1 Linear equations of motion

Thus, we finished by concluding that the first not-trivial term in the accelerator Hamiltonian
expansion is a quadratic term of canonical momenta and coordinates. This Hamiltonian can be
written in the matrix form (letting n be a dimension of the Hamiltonian system with n canonical
pairs{q;, Pi})

2n 2n

1 1 - _
H—Eggh”(s)xixj:éx H(9) X; (L3-1)
X"=[q" P .. e g R]EDG X e Xona Xon]s
with the self-evident feature that a symmetric matrix can be chosen
H"=H (L3-2)

(to be exact, a quadratic form with any asymmetric matrix has zero value). The equations of
motion are just a set of 2n linear ordinary differential equations with s-dependent coefficients:

X b9 x; D=5 H(9. (L3-3)
ds

One important feature of this system is that
Trace D] =0, (L3-4)
(the trivial proof is based on TracgAB] =TracegBA]; TracgA"]=TracegfA] and(SH)" =-(HS)).
i.e., the Wronskian determinant of the system (http://en.wikipedia.org/wiki/Wronskian ) is equal
to one. The famous Liouville theorem comes from well-known operator formula
ddet[W (9)]
ds

The solution of any system of first-order linear differential equations can be expressed through
its 2n initial conditions X, at azimuth s,

=Trace[D]; we do not need it here because we will have an easier method of proof.

X(8) = X5 (L3-5)
through the transport matrix M(s./S) :
X(9) =M(s)ls)" X, (L3-6)

There are two simple proofs of this theorem. The first is an elegant one: Let us consider the
matrix differential equation

M=M _pg-m: (L3-7)
ds

with a unit matrix as its initial condition at azimuth s,
M (50) =1. (L3-8)
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Such solution exists® and then we readily see that
X(9 =M(s)* X, (L3-7-1)
satisfies eq.(L3-3):
dx _dM(9
ds ds

A more traditional approach to the same solution is to use the facts that a) there exists a
solution of equation (L3-3) with arbitrary initial conditions (less-trivial statement); and, b) any
linear combination of the solutions also is a solution of eq. (L3-3) (very trivial one). Considering
a set of solutions of eq.(L3-3) Mk(s), k=1,...2n, with initial conditions at azimuth s, ,then

X, =D(3)"M(9): X, =D(9) X#.

1 0 0
0 1 0
dM,(s) _ :
My(S) = |- M,(S) = eefpoeereenne Mo, (S,) = || d—';—D(S)' M, (3); (L3-9)
0 0 0
0] 10 11
and their linear combination
2n
X(9= ¥ X My(9), (L3-10)
k=1
which satisfies the initial condition (L3-5)
]
2n XZO
X(8)= D %o M(8)=| - |=X, (L3-1D)
=t X2n—1,0
L X2n,0 ]

Now, we recognize that our solution (L3-10) is nothing other than the transport matrix eq. (L3-7-
1) with matrix M(s) being a simple combination of 2n columns M(s):

M(9) =[M(8),M,(9),.... M, (9)] -
Eq. (L3-9) then makes it equivalent to egs. (L3-7) and (L3-8). Finally, we use notion M(so\s) to
clearly demonstrate that M(s,) =1 at azimuth s,
In differential calculus, the solution is defined as

{D(s)ds = Lim]kl(l +D(s))As (L3-12)

As=(s-s)/N;s €{s,+(k-1)-Ass +k-Ag

The fact that the transport matrix for a linear Hamiltonian system has unit determinant (i.e., the
absence of dissipation!)

M(s)s) = exp

N
® Mathematically, it is nothing else but M (S) = ,Liml_[(l +D(s))As As=(s-s)/N;s5 =5, +k-As



detM =exp

jTrace(D(s))ds] =1 (L3-13)
S

is the first indicator of the advantages that follow. Let us consider the invariants of motion
characteristic of linear Hamiltonian systems, i.e., invariants of the symplectic phase space’.
Starting from the bilinear form of two independent solutions of eq. (L3-3), X1(S) and X»(s), (it is
obvious that X"SX=0) we show that

X7(9):S X,(9) =X} (s,): S X (s,) =inv. (L3-14)
The proof is straightforward

(;js(x; .S xl) = X;,-S- X, + XIS Xl' =X]- ((SD)T S+ SSD) Xl’ =0.
Proving that transport matrices for Hamiltonian system are symplectic is very similar:
MT-S-M=S. (L3-15)

Beginning from the simple fact that the unit matrix is symplectic: 17-S-1=S, i.e. M(So\so) is
symplectic, and following with the proof that M (s,|s) S-M(s,|s) =M (s)s,)- S-M(s/s,) =S:

jS(MT -S-M):MT'-S-M +MT-S:M'=M"-((SD)" S+SSD)-M =0 #

Symplectic square matrices of dimensions 2n x 2n, which include unit matrix I, create a
symplectic group, where the product of symplectic matrices also is a symplectic matrix.®. The
symplectic condition (L3-15) is very powerful and should not be underappreciated. Before going
further, we should ask ourselves several questions: How can the inverse matrix of M be found?
Are there invariants of motion to hold-on to? Can something specific be said about a real
accelerator wherein there are small but all-important perturbations beyond the linear equation of
motions?

As you probably surmised, the Hamiltonian method yield many answers, and is why it is so
vital to research.

We can count them: The general transport matrix M (solution of M’'=D(s)-M with arbitrary
D) has (2n)? independent elements. Because the symplectic condition M™ - S-M - S=0 represents
an asymmetric matrix with n-diagonal elements equivalently being zeros, and the conditions
above and below the diagonal are identical — then only the n(2n-1) condition remains and only
the n(2n+1) elements are independent. For n=1 (1D) there is only one condition, for n=2 there
are 6 conditions, and n=3 (3D) there are 15 conditions. Are these facts of any use in furthering
this exploration?

First, symplecticity makes the matrix determinant to be unit®:

" Phase space is defined as the 2n-dimentional space of canonical variable {q;,P'}, that is, the space where this Hamiltonian
system evolves.

8 Group G is defined as a set of elements, with a definition of a product of any two elements of the group; P = A+ B eG;

A BEG. The product must satisfy the associative law : A® (B * C)= (Ae B)e C; there is an unit element in the group

|EG:le A=Ae| = A:VAE G; and inverse elements: YAE G;AB(calledA™) € G: A A= AA" =],

% Look at a simple n=1 case with 2x2 matrices to verify that the symplectic product is reduced to determine

ab
M2 =] d§52x2=0§3MT~0-M=detM'a (Note-4)

35



det[MT(9)-S-M(9)] =detS —(detM(9))’ =1—>detM =+1 detM(0) =1— detM =1#

i.e., it preserves the 2n-D phase space volume occupied by the ensemble of particles (system):
J1]dadP’ =inv (L3-16)
i=1

The other invariants preserved by symplectic transformations are called Poincaré invariants and
are the sum of projections onto the appropriate over- manifold in two, four.... (2n-2) dimensions:

Y [[ dadP' =inv; ¥ [[ [[ dgdP'dg;dP’ =inv...... (L3-17)
i=1 i j
For example, matrix M can be represented as n* combinations of 2x2 matrices Mi:
My, ... M,
M= ... .. .. (L3-18)
M, .. M

Using equation (Note-4), we easily demonstrate the requirement for the symplectic condition
(L3-15) is that the sum of determinants in each row of these 2x2 matrices is equal to one; the
same is true for the columns:

nn

Y det[M,] =) det[M;] =1 (L3-19)
i=1 i=1
with a specific prediction for decoupled matrices, which are block diagonal:
M, O. O
M=|0 .. 0| det[M;]=1 (L3-20)
0 0. M,
Other trivial and useful features:
M=[C, C, .. Chy Cu] =Cuu SCux =-Cy Ly =1 others are 0 (L3-18-1)
L]
LZ
M=| ..| =-Ly, S, =L, S, =1 others are 0 (L3-18-2)
L2n—l
[ Lan |

We could go further, but we will stop here by showing the most incredible feature of symplectic
matrices, viz., that it is easy to find their inverse (recall there is no general rule for inverting a 2n
X 2n matrix!) Thus, multiplying eg. (L3-15) from left by —S we get

-SMT:SM=| = M'=-S-M"-S. (L3-21)
As an easy exercise for 2x2 symplectic (i.e. with unit determinant — see note below) matrices,

you can show that M = a 2 (L3-21) gives m :[d -b . It is a much less trivial task to invert
C -C a
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6x6 matrix; hence, the power of symplecticity allows us enact many theoretical manipulations
that otherwise would be impossible. Obviously, and easy to prove, transposed symplectic and
inverse symplectic matrices also are also symplectic:

MTT.SM1=g M-SMT=S (L3-21-1)
3.2 Calculating matrices

Next, we focus on the question of how matrices are calculated. Equation (L3-12) imparts the
general idea than they can be integrates piece-wise wherein the coefficients in the Hamiltonian
expansion do not change significantly. In practice, accelerators are build from elements, which,
to a certain extent, offers such conditions. The typical elements in high-energy accelerators
contributing to the linear part of the equations are the drift (free space, vacuum), the dipoles with
and without transverse gradient, the quadrupoles (both normal and SQ), and the RF cavities for
acceleration and bunching. Except for the last, the typical elements are magnetic and DC (or
varying very slowly compared with the passing or turn-around time for particles). Electric
elements are rare, so simplifying the Hamiltonian to some degree:

- 2
ReP R X +ny+c;y +L(XP, - yP) + o met y T +g,x5;  (L2-46)
2p, 2 2 2po P, 2
2 2
F_ Kz_e08y+1(e85) G_|e 1(e85) . 2N=[ea8x_eﬁ8y}; (L2-47)
P, P.C X 2\pcC) | P, [PLC Iy 2\pC Po LPLC X PLC dy
po 2p0c p, pc- ot v,

In general, many elements of accelerators are designed to keep constant the coefficients of
Hamiltonian expansion, with exception of edges. Here we will consider simple rigid-edge
elements, where the magnetic field ends abruptly (compared with the wavelength of betatron
oscillations).

Hence, initially we will explore a general way of calculating matrices, and then consider few
examples. When the matrices D are piece-wise constant and the D from different elements do not
commute, we can write

M(s)s) = [M(sis)M(s.l9= Jexn[Di(s-5.) (L3-22)

i elements

The definition of the matrix exponent is very simple

exp[A] =1 + i’?dk; exp[D- = (L3-23)

According to the general theorem of Hamilton-Kelly, the matrix is a root of its characteristic
equation:

d(A) =det{D- Al]; d(,)=0 (L3-24)

d(D)=0 (L3-25)

i.e., a root of a polynomial of order < 2n. There is a theorem in theory of polynomials (rather
easy to prove) that any polynomial pi(x) of power n can be expressed via any polynomial p,(x)
37



of power m<n as
P(X) = Po(x) - d(x) + ()
where r(x) is a polynomial of power less than m. Accordingly, series (L3-23) can be always
truncated to
2n-1
exp[D] =1 + ¥ ¢, D", (L3-26)
k=1
with the remaining daunting task of finding coefficients cx! There are two ways of doing this;
one is a general, and the other is case specific, but an easy one. Starting from a specific case
when the matrix D is nilpotent (m<2n+1), i.e.,
D" =0.
In this case, D™/ =0 the truncation is trivial:

m—l[)k
exp[D] =1 + EF (L3-27)
k=1

We lucky to have such a beautiful case in hand — a drift, where all fields are zero and K=0 and
k=0:

Db 0 O 2c2
~ 2 2 2 2.2 1 0 1 mc
f= 7 +&.mi; D=|0 D, 0[D= ;D2:O 2 | (L3-28)
2 2 p, 00 o
0 0 D, 0 0
where it is easy to check: D? =0. Hence, the 6x6 matrix of drift with length | will be
= DX M 000 11 1 U(By.)
Mdrift:exp[D'I]:|+E =1+D-1=|0 M, O[|M,= M= oo - (L3-29)
< o o0 M 01 0 1

The general evaluation of the matrix exponent in (L3-22) is straightforward using the eigen
values of the D-matrix:

det[D-A- 1] =det[SH - A- 1] =0 (L3-30)
When the eigen values are all different (2n numerically different eigen values, A =4 =i=j, no
degeneration, i.e., D can be diagonalized),

A 0 0
D=UAU% A= 0 4 0 ;
. 0

0 0 0 4,

we can use Sylvester’s formula that is correct for any analytical f(D),
http://en.wikipedia.org/wiki/Sylvester’s_formula for evaluating (L3-22):

o D-Al
exp[Ds] :kzleﬂk | kl )»k—)ij (L3-31)
= ]g

Another easy case is when D can be diagonalized, even though the number of different eigen
values is m < 2n (there is degeneration, i.e. some eigen values have multiplicity >1). We can use
again simple Sylvester’s formula (L3-31) again, which just has fewer elements (m instead of 2n):
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u D-Al
exp[Dg = Y e* | | — (L3-32)
gl Agk )"k - }‘i
Furthermore, in most general case when matrix D cannot be diagonalized (i.e. there is
degeneracy, some of eigen values have multiplicity, and D can be only reduced to a Jordan form)
we can still write a specific from (generalization of Sylvester’s formula):

ol o) Do Al Do) | e )
exp[DS]:kzl ekn{xk—/x E(Ai—xk) } ES|o!(D_AkI)

ik i j=0 p=0

(L3-33)

where ng < 2n is so called height of the eigen value Ax. Details of the definitions and as well the
proof of Sevester’s formulae are given in Appendix E. It is also shown there that ng can be
replaced in (L3-33) by any number nn > ny — it will add only term, which are zeros, but can make
(L3-33) look more uniform. One of the logical choices will be nn =max{n}. The other natural
choice will be nn =2n+1-m, especially if computer does it for you. Eq. (L3-33) is a bit uglier
than (L3-31), but still can be used with some elegance.
Eigen values split into pairs with the opposite sign because it is a Hamiltonian system:
det[SH - A-1] =det[SH - A-1]" =det[-HS-A-1] =

. (L3-35)
(-)*" det[HS+ A-1] = det(S*[HS+ A-1]S) = det[SH + A- 1]#

First, it makes finding eigen values a easier problem, because characteristic equation is bi-
quadratic:

detfD- M) = [ (& - 4)(-%-2) =] [(#*-~7)=0. (L3-35-1)

For accelerator elements it is of paramount importance, 1D case is reduces to trivial (L3-37), 2D
case is reduced to solution of quadratic equation and 3D case (6D phase space) required to solve
cubic equation. For analytical work it gives analytical expressions — compare it with attempt to
write analytical formula for roots of a generic polynomial of 6-order? It simply does not exist!
Thus, we have an extra gift for accelerator physics — the roots can be written and studied!

It is also allow us to simplify (L3-31) into
N LsD+A) [ DF- A% D- Al 1q(D?- 2/
exp[Ds] =1 ) e*® k Lo |-ehe k )
p[Ds] {E 2, 11 Akz—sz) 24, Q(Ag_w
DZ—MJ

(L3-36)

k=1 j=k
j

n elks + e—/lks eAks _ e—Aks
exp|[Ds| = ( | + D)
[s) kzl 2 20, [l R

j=k i

where index k goes only through n pairs of{ 4,,—A,} . While (L3-36) does not look simpler, it
really makes it easier (4 times less calculations) when we do it by hands... For example we can
look at 1D case. First, we can easily see that

A=-A,=A N =-de[D] (L3-37)
Thus, it is non-degenerated case only when det[D]=0. (L3-31) give us a simple two-piece
expression :

D= _ D+l (L3-38)

Ds| =
exp[ S] 2A 2A

while (L3-36) bring it home right away:
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AS —-As AS —-AS
exp[pg =1- & 4+ p&=° .
2 22
exp[Dg =1- cosAls+ DS'T“; det[D] <0; |A =-/~det[D] (L3-39)
exp[Dg] =1- cogals+ Dg;”‘s; det[D] >0; | =-/det[D]
The case det[D] =0 means in this case that D is nilpotent: eqs (L3-24-25) look like follows
detD=0=> A, =-1,=0; d(A) =det{D- Ml]=(A4, - A)(-A4,-A) =X =D*=0 (L3-40)
hence
exp[Ds] =1 +Ds  det[D] =0; (L3-41)

Naturally, (L3-41) is result of full-blown degenerated case — eq. (L3-33), but it also can be
obtained as a limit case of (L3-39) when |A| —0.

The value of this approach to matrix calculation is that we do not need to memorize all the
different ways of deriving the matrices of various elements in accelerators, and ways of solving a
myriad of systems of 2, 4, 6... linear differential equations. Just a smart “coach potato principle”
allover again....

The elements of 6x6, 4x4, or 2x2 accelerator matrixes (often called R or T) are numerated as Rj;,
where i is the line number and j is the column number. For example, Rss will signify an
increment in t (-arrival time by c¢) caused by the particle’s energy change, 6. Let’s look at most
trivial case of decoupled transverse motion.

Most accelerators have a flat orbit (x=0), avoid longitudinal fields (Bs=0), and do not have the

SQ-quadrupole (N=0). Let us examine a magnetic element (no RF field) and a field in vacuum,
where

dB, _ 4B,
Xy

This renders the one-liner Hamiltonian: (the momenta are normalized)

- 2 2 2 2 2 2.2
=T, Y| T ke 4 T MOy C i, =8 B (13-42)
2 2p, 2 Ix

VxB=0=

2 51 1N
2

2 p Vo PoC
with a clearly separated vertical (y) part of motion. In the presence of the curvature K, i.e., a non-
zero dipole field in the reference orbit, both the longitudinal and horizontal (x) degrees of

freedom remain coupled. In a quadrupole K=0, the Hamiltonian is completely decoupled into
three degrees of freedom:

- 2 2 2 2 ‘2 2.2 88
h:(ng +K1y2)+(”21_+<1>‘2)+”§-”“§;r<1=ey; (L3-43)
P pC X

The matrix in the longitudinal direction is the same as that for a drift (L3-29), while the x and y
matrices are given by (L3-39). Depending on the sign of the gradient B, /dx, the quadrupole

focuses in x and defocuses in'y, or vice versa:
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0 1 0 1
ofp o3 § o

cosp  sngl[K| .. _| coshg sinhgl /K,
—./K,sing  cosp | JK;sinhg  coshe
It is worth noting that there is no difference if we use momentum and coordinates, not x, X’.

2 2 2 2.2
+(Pl_ pOle)J,‘S.mC- kK=2%:. (L3-45)

(L3-44)

2p, P pL x|

0 1/p, 0 1/p,
D, = ; D, = ; 9=s/K
' [pK 0]’ ’ [— K, 0}’(]) =K.

cos¢ sing/ Py /K, |, coshg  sinhg/p,- /K,
POJ— sing cos¢ p,+/K, sinh¢ cosh¢

As we can see, this is not a more complicated that using x,x’, but definitely correct for any
accelerator.

Matrix of general DC accelerator element (including twisted quads or helical wiggler) can be
found using our recipe. With all diversity of possible elements on accelerators, DC (or almost
DC) magnets play the most prominent role. In this case energy of the particle stays constant and
we can use reduced variables. Furthermore, large number of terms is the Hamiltonian simply

disappear and from the previous lecture we have:
- 2 2 2 2 2 2.2
ho=Tat g X?+ n-xy + gy?+ L(x7y - ym,) + ﬂ; .m >~ +toxr,+qyr,;  (L2-46-n)
Y

(o]

(L3-46)
M,

D~

" 2
Even though it is tempting to remove electric field, it does not either helps or hurts in general
case of an element. Hence, we will keep DC transverse electric fields. We also assume that these

. ) JB B, o’?E
fields are in vacuum and — = J aE +KE, +—=0:
4%
f K2 e é) Yy _ e &E S ’
P.C X PV, ay p.C P,
gziLBy,, e JE, © (L3- 47)
P.C IX PV, oY 2I00
&B &E eE
_| e B, e db K in— e aEX _ok v, melfZ melfX
p.C x P,C oy p.C %Y X PV, P, P,
2
L= :<+—BS gxzi(mc) 3eEX—K£;gy=7(mc) 3e ol
2p0 pO VO pO

In the absence of longitudinal electric field, the momentum P, is constant as well = =congt,
d=const. The fact that particle’s energy does not changes in such element is rather obvious'®:

191t is completely correct for magnetic elements. Presence of electric field makes it less obvious, but it comes from
the fact that Hamiltonian does not depend on time!
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' oh

T, = “or =0.
Equations of motion become specific:
X' =[x, y,705,7,7,) = [XT,r,nO]; X" =[%m,y,7], (L3-48)
[0 1 -L 0 O 0 |
-f 0 -n -L O g,
Kopg-x;p=sHe=- > 2 1% 0 (L3-49)
ds -n L -g 0 O g,
g 0 g 0 0 mc’/p,’
0O 0 0 0 O 0

and can be rewritten in a slightly different (just deceivingly looking better) way:
dXx

—=D-X+nx,-C,
ds
-f 0 -n -L g
T 2272 M
= + +x_ -mc/pD= 1 C= .
ds gX+gy+m, Ps L o o0 1 0
-n L -g O g,

Hence, solution for transverse motion (4-vector) in such an element can be written as
combination general solution of homogeneous equation plus specific solution of inhomogeneous
one:

X =M(9)- X, +7,-R(S); M=e’*%); R=D-R+C; R(s,)=0. (L3-51)
It worth noting that C=0 as soon as there is no field on the orbit — E=0, B=0. In this case R=0.

Before finding 4x4 matrixes M and vector R, let’s see what we will know about the 6x6 matrix
after that. First, the obvious:

A 0 R

Mes=|Ra R Rg Ry 1 Ry (L3-52)
O 0 O 0 o0 1

with a natural question of what are non-trivial Rsk elements? Usually these elements, with
exception of Rsg are not even mentioned in most of textbooks. Fortunately for us, Mr.
Hamiltonian gives us a hand in the form of symplecticity of transport matrixes. Using (L3-18)
and (L3-18-1) we can find that:

M'aa L' OfS,, O O/[M,, O R] [S,, O O

Moo SMee==| O 1 0f0 0 1{| L 1 Rg=|0 0 1

RR R, 1/ 0 -10/| 0 0 1 0 -10
M'4aS,, 0 L'|[M,, 0 R MT4a4S,, ,M,, O 0 S,, 0 O
0 0 1|| L 1 Ryl= 0 0 1 (=0 0 1
RS,., -1Ri(| 0 0 1| |RSM,.,-L -1 RS,,Rl [0 -10
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where we used L =[Ry;, Ry, R, R, ] We should note what XTSX=0 for any vector,
M "4x4S,,,M ., =S, and only non-trivial condition from the equation above is:
RTS4><4M ax4 L=0
which gives us very valuable dependence of the arrival time on the transverse motions:
L=R'S,,M,,; or L' =-MT"4uS, ,R. (L3-53)

Element Rsg is decoupled form the symplectic condition in this case and should be determined by
direct integration - no magic here:

T(S) = T(So) + ]to ) {mZCZ/pO(S_ So) +2 f(ng(S)lﬁ + gyRSG(S))dS}
® (L3-54)

Ry =17C2) py(s- )+ [ (0.R(95 *+ G Ry (9)s
%

Let’s find the solutions for 4x4 matrixes of arbitrary element. First, let solve characteristic
equation for D:

det{D - Al]= A + 2°(f +g+2L%) + fg+ L* - L*(f +g)-n*=0 (L3-55)
with easy roots:
2 2
2=zath a=_f+92+2L ; bZ:(f;g) +202(f +g)+n? (L3-56)

Before starting classification of the cases, let’s note that
2 2 2
f+g=K*+2 ., melfx + meEZ =0
2p,c P Po
i.e. a<0; b®=0; Im(b)=0.The solutions can be classified as following: remember that the full set
of eigen values is A,-A,A,,-A,:

. A=4,=0 a=0, b=0;
. A =4, =iw; a=-0% b=0;
. 4,=0; A, =iw; a+b=0, 2b=0’

IV. A =iw; A =iw, o’ =-a-b o, =-a+b;

a>b
V. A =io,;, A =0, o’=-a-b, o,”=b-a b>|d

Before going to case-by-case calculations, lets use Sylvester’s formulae and try to find solution
of inhomogeneous equation:

?E =D-R+C; R(0) =0. (L3-57)
When matrix detD=0, (L3-57) can be inversed using a R = A+e" B as a guess and the boundary
condition R(0) =0:

R=(M (9 -1)D™C (L3-58)
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is the easiest solution. Prove is just straight forward:
R=D-M,, " C
D-(M-1-D*C+C=D-M,, ' C #
In all cases we can use method of variable constants to find it:

R _R=D-R+C; M'=DM;
ds

R=M(9A() = MA+MA =DMA+C; R(0)=0=A =0 (L-53)
A'=M(9C= A= [M7(2)Cdz= ( ) e‘DZdz) -C; R= eDS( ) e‘DZdz) C
0 0 0

It is important to remember that M™(s) is just the M(-s) = e™*. Hence in all our formulae for
matrixes from previous lectures we need to replace s by —s to get M*(s). Other vice, we have to
use general formula (L3-33) for the homogeneous solution and use method of variable constants
(see Appendix F) to find it:

o (D= A TS D= ) | RS o |8 o e
R(s) = '} ( ") D-A0) = Y (-)"*(D-Al)"-C: i
kzl{l.:k[ M= 2, J-Zo A=Ay nzo( k) n! 23 ( k) ;(p—q)!)ukql Akpl
(L3-60)
In all specific cases I, Il, I, IV and V, integrating (L-53) directly is usually easier that using

general form of (L3-60).

f +92+2L2 =0; (f ;9)2 +2L%(f +g)+n*=0,
Case . f+g=pos?=0=(f-g)°=0 L*(f +g)=0, n*=0
f+g+2°=pos’+2°=0=L=0, f+g=0=
f-g=0= f=g=L=n=00I
means that there is nothing in the Hamiltonian but p>= is this the drift section matrix of which we
already know. Hence, there is not curvature as well and R=0.

1 s00 0
0100 0

M, = R=| | (L3-1-1)
001 s 0

0 00O 0
The only not trivial (ha-ha — it is also as trivial as it can be) is Rsg:
m°c?
R =——-S (L3-1-2)
Po

we already had seen it when studied nilpotent case...




_ (-9, .2 2
Case II: b= T+2L(f+g)+n =0

f=g n=0and L*(f +¢)=L*(K*+Q’ + EI’)=0,Q=eB,/pCE, =0.
i.e. there are two cases: L=0 or f +g=0.
If both are equal zero, i.e. f+g=0; L =0, this is equivalent to the case | above.

Case Il a: f +g=0, K£0, Bs=0 -> L=k. Thus, this is just a drift (straight section) with rotation,
whose matrix is trivial: Drift + rotation. There is not transverse force — hence R=0.

0
M = M, - cosks —Md-simcs; _ 1 s; R-O. (L3-11a-1)
** M, -sinks M,-cosks| ¢ |0 1 0
0
Rsgis as for a drift:
2.2
m-c
R =—>S5S (L3-11a-2)
Po
Case Il b: L=0; f =g :(K2+Qz)/2;:< =—; i.e. the motion is uncoupled:
0O 1 0 O 0
-f 0 0 O g,
D= . C= .
0O 0 0 1 0
0 0 -f O g,
M, = M O M = cos.ws sinws/m (L3-11b-1)
0O M -0 SNwWS  COSwS
Here we may have non-zero R: yes, it may be! It is simple integrals to be taken care of:
c = 0| M(2) = coswz -Sinwz/w _|snwz/w|
vy = G “losnoz  cosoz | 99| _cosws

. f sin(wz)dz/w
M7 @)C, dz=g,,|° . -
0 - f cos(wz)dz

0

gx,y
w

"]

0| 7 0
Cx,y = _gxy|:1:|1fM _1(Z)dZ' Cx,y = _gx,y|:l
0

O,y cosws-1

w

(1- cosws)/w _ Oy
~sin(wz)

o cosws  Sinws/w
M(s) [M™(z)C,dz = :
0

-wSNwWS  COSwS w? |-wsinws
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Ro =5 mc/p, + [ (0.R(@)s + 6 Ru@)iz=

o&—u

_9x2+9y2 [ _ zgxz"‘gyz sinws
(0.R@)16 + 9,Rss(2))0z= S { (coswz-1)dz . ( s)

w w
with the result:

Sinws
w

R=| @ ; I:x’s:mCs+gx+gy
g 6 2 CU2
> (cosws-1) Po

w

- 9nws 2 2 2 2
( —s) (L3-11b-2)

Case lll: a+b=0; detD=0; w?=2b; A,=*iw;A,=0; m=3.

We have to use degenerated case formula, but the maximum height of the eigen vector is 2 and
only for 3-rd eigen value. Since it is not scary at all: ny=1;n,=1;n3=2

Because of the Hamilton-Kelly theorem, D*(D* + w?l) = 0. Let’s do it

i=k i j=0 p=0

exp[Ds]:kieﬂ«sH{g );L|”k21([))b__);i)} kE (D- AI
A, =0 (o

k=3 (|+D—z) (I+sD) (I+D—z) = (I+D—i)+D—z(I+D_z)¢O:(|+D_z)
W W W W W W

2 2
k=1+2 ¢ '“’SMD c.c.:—D—Z(I cosws+ E)
2o ? 0] )

2 2
M = (I +D—)(I +sD) DZ(I cosws+ Esinws)
w (1)) (1))

2 2
M 4 (I +D—2)(I +5D) —D—Z(I cosws+ Esinws) (L3-111-1)
w w w

Similarly
R= {(| + D_Z)(| s+D 52) + 2 (D(cosws-1)- a)sinws)}C (L3-111-2)
) 2] w
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Next is just

ZC {(I +D—2)(|Z+D 22)+z—j(D(coswz—1)—Ia)sina)z)}Cdz:

(0]

ol {(I + D_z)(l i +D 53) Dj (D(sinws_ s)l (coswz—l))}c
w 2 6/ w w

with result of:

R, =M’/ ps+ CT{(I + D_z)(l s +D 53) Dj (D(sinws_ s)l (coswz—l))}c (L3-111-3)
w 2 6 w

w

Case IV: all roots are different, no degeneration. Use formula (L3-36)
A A«s S _ i D2- 1.7
exp|Ds] = E(e e+ D) ( &l )

2A, I
with only one term in the product:

]
M, = f{(l cosw,s+ D Snw,s )(D2 +w, I) (I CoSw,S+ Ds'n“’zs)([)2 + wﬂ)} (L3-1V-1)
W, — W, W, w,

For R we invoke a simplest formula:
R=(M.(9-1)D*"-C (L-3-1V-2)
For R56 it is tedious but easy:
R, =m*c*/p,s+C"MD'C;

Ssinw,S 1-cosw,s
| =—24+D=—|(D?+ 0,7 -
0, @,

W, —w, Sinw,S 1-cosw.S
| =24+ D=2 D?+0,1) -1+ 5
w, w,

(L3-1V-3)

Case V: all roots are different, no degeneration. Use formula (L3-36) again

M4X4=w2iw{(lcoswls+D o, )(Dz—wzzl)—(lcoshwzs+ Ds‘m“’zs)(oszl)} (L3-V-1)
1 2

W, W,
R=(M.(9-1)D*"-C (L3-V-2)
R, =m*?*/p,s+C"MD™'C;

Sinw,S 1-cosw,s
| =—24+D=—2|(D? - w,1) -
@, @,

inh -1
(I SNo,S, 1, Coshw,s )(DZ +o)-1's
W, W, )

(L3-V-3)
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Before going into the discussion of the parameterization of the motion, we need to finish
discussion of few remaining topics for 6x6 matrix of an accelerator. First is multiplication of the
6x6 matrixes for purely magnetic elements:

M, ax4) 0 R
M (6x6) = L, 1 Rssk ;
0 0 1
(L3-61)
Maxay 0 R MM, O R,+M,R
M ,xe)M (6x6)= | L 1 R4|=|L,+LM, 1 R561 + Rsez +L,R
0 0 1 0 0 1

i.e. having transformation rules for mixed size objects: a 4x4 matrix M, 4-elemetn column R, 4
element line L, and a number Rsg. As you remember, L is dependent (L4-7) and expressed as L=
RTSM. Thus:

Maxa=M M; R=M,R+R,; L=LM,+L;; R¢= Rsel + Rse2 +L,R (L3-62)

One thing is left without discussion so far — the energy change. Thus, we should look into a
particle passing through an RF cavity, which has alternating longitudinal field. Again, for
simplicity we will assume that equilibrium particle does not gain energy, i.e. p, stays constant
and we can continue using reduced variables. We will also assume that the is no transverse field,
neither AC or DC. In this case the Hamiltonian reduces to a simple, fully decoupled:

- 2 2 2 2.2 2
R= s Mo MC T (L2-46)
2 2 p 2
0 O 2.2
—=D-X; b=|0 D, O} D,=D, = D, = p.> |
ds y X y 00 ()
0 0 D -u O
M, 0O O 1S
—_ . —_ —_ . —_ —_ rrn -
M={0 M, O ,MX—My—[O 1], w =+|det D _?o\/ﬂ (L3-63)
0O 0 M,
2.2 2.2
| cosws m(; sinws/w|. ! _| coshws m‘; sinhws/w |, ]
M|— P, cu>0; M|— P, T u<o;
—usinws/w COSwS —usinhws/w coshws

In majority of the cases ws<<1 (mc/p, ~ 1/y) and RF cavity can be represented as a thin lens
located in its center:

1 0 e v,
[—q 11; G=u Iy =2 O (L3-64

|
M=1|0 -
0 P

o — O

0
0O M =
M

48



Lecture 5. Parameterization of motion
5.1 Parameterization of motion

A periodic system can be a circular pass, or the cells of an accelerator (FODO is an example)

repeating themselves again and again with period C, i.e.,
2n 2n

H =;Elzlhj (9%, E;xT "H(9)- X, H(s+C)=H(9); (L5-1)
In this case, a one-turn (or one period) transport matrix
T(9=M(3s+C) (L5-2)
plays a very important role. Its eigen values, A,
det[T-2,-1]=0 (L5-3)

determine its motion is stable , that all |4|<1 or are unstable, some |1|>1. Before making
specific statements about the stability, we look at the properties of the eigen vectors.

First, eigen values are a function of periodic system and do not depend on the azimuth, s. It is
easy to show that a one-turn matrix is transformed by the transport matrix as

T(s) =M(ss)T(9IM *(ss) (L5-4)
T(s) =M(s|s +C) =M(s+Cis + C)M(s|s+ C) =M(s+ Cs + C)M(gs+ C)M(s]s)
M(s+Cls +C)=M(ss); M(ss+C). M(ss) =M~(ss) = T(s) =M (s5)T(IM"(ss)#

It means that T(s) has the same eigen values (L5-3); thus, the eigen values of T(s) do not depend
upon s because

det[MTM ™= A, 1] =det[M(T - 4 - )M ] = det[T - 4 - 1]
= [T(s)- 4 1] =[T(9)-%-1] =0
The matrix T is a real, complex conjugate of eigen value A" which is also eigen value of T
[T--1] =[T-%1-1]=0

(L5-5)

Furthermore, the symplecticity of T requires that A" also is eigen value of T. Proving that the
inverse matrix T~ has A~ as a eigen value is easy. At the same time

0=def|T*-27] = olet(s[TT - A;ll]sl) =det[T" - 2,74] = det T~ 2,71] (L5-5)

and here, symplectic conditions help us again. Thus, the real symplectic matrix has n pairs of
eigen values as follows: a) inverse {A,A "}, and b) complex conjugate { 4,4, }. We assume that
matrix T can be diagonalized (see note on the following page for the general case of Jordan
normal form).

Therefore, repeating the matrix T again and again undoubtedly will cause an exponentially
growing solution if |4|>1. This statement is readily verified, but in so, we introduce some useful
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term and matrices. The set of eigen vectors Y; of matrix T **
T-Y, =AY, i=12..2n (L5-6)
is complete and an arbitrary vector X can be expanded about this basis:

2n
X=YaY=U-A U=[Y...Y,], A =[a...a,]. (L5-7)
i=1
where we introduces matrix U built from eigen vector of the matrix T:
A oo O
T-U=U-A A=|.. o ... (L5-8)
0 .. Ay,
The later equation is equivalent to diagonalization of the matrix T:
UL T-U=A,or T=U-A-U? (L5-9)
Multiple application of matrix T (i.e., passes around the ring)
2n
T X = E)Li”aiYi (L5-10)
i=1

exhibit exponentially growing terms if the module of even one eigen value is larger than 1
A =|2e", |2/ >1; we easily observe that a solution with the initial condition X, =Rea.Y, grows

exponentially:

T"X, =|A"Rea,Y,e™.
Immediately this suggests that the only possible stable system is when all eigen values are uni-
modular
Al=1. (L5-11)
otherwise assuming |4|<1 means that there is eigen value 2, =47 |4 |=1/A|>1. We also

consider only cases when all eigen vectors differ. Then, there are n pairs of eigen vectors, which
we term modes of oscillations:

A=Ur,, =Xen=€e"; u =2mv,, {k=1..n}. (L5-12)

where the complex conjugate pairs are identical to the inverse pairs. Eqg. (L5-9) can be rewritten
as

A0 0
T(9 =U(9AU(s); A= 0 4 8 L T(9)-UE =U(9- A (L5-13)
0 0 0 &,

and matrix U built from complex conjugate eigen vectors of T:

Mn general case of multiplicity of eigen vectors, the matrix cannot be diagonalized but can be brought to Jordan normal form
http://en.wikipedia.org/wiki/Jordan_normal form#Generalized eigenvectors , Glenn James and Robert C. James, Mathematics.

In this case, there is a subset of generalized eigen vectors {Yk;L,...,Yk h} that belong to a eigen value )\,k with multiplicity h:
T-Yen =AY T Yiem = AYem tYe

Theresult is even stronger than in the diagonal case; motion is unstable even when )»k =1:
T Yena = AYinatYin = T" “Yina = Yina t N0V,

m+p M=1.h-1.
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U = [Yl,vl* ....Yn,Yn*]; TOY (=AY, (9 < TOY., (9=1Y, (9 (L5-14)

Thus, eigen vectors can be transported from one azimuth to another by the transport matrix:

Y (8) =M(g5)V(9) = (;js\?k =D(9)-Y, (L5-15)
It is eigen vector of T(s). - just add (L5-4) to (L5-14):

T(8)Y,(8) =M (s)T(IM *(53)M($5)¥(9) =M (S8)T(SV(9) = 1M (s8)Y(9) = Y, (8)#

Similarly,

Us) =M(ss)0(9 < js 0=D(g)-U (L5-16)
with the obvious follow-up by

U(s+C)=0(9)" A, Y (s+C) = 1Y, (3 = €Y, (s (L5-17)

The k™ eigen vectors are multiplied by e* after each pass through the period. Hence, we can
write

V(9 =Y (98" Y (s+O) =Y wi(s+C) =y (9 + K (L5-18)
ei‘h(s) O 0
U9 =U(9- (9, W(s = 0 et 8 (L5-19)

0 0 0 e—iwn(s)

It is remarkable that the symplectic products (L5-12) of the eigen vectors are non-zero-only
complex conjugate pairs: in other words, the structure of the Hamiltonian metrics is preserved
here. Y, -S-Y, =0 is obvious. Using only the symplecticity of T gives us desirable yields

YOS Y=Y TISTY =44, (WS Y] ) = (- A)(Y S Y) =0

for A4, =1
Y, -SY,. =0 Y-S, =0; . (L5-20)
and only the nonzero products for A, =1/4, = &'; are clearly pure imaginary 12.
Y, -SY, =2, (L5-21)

where we chose the calibration of purely imaginary values as 2i for the following expansion to
be symplectic. Egs. (L5-20-21) in compact matrix form is

U'-S-u=U"-s-0=-2i§ u-lzgs- u'-s (L5-22)
|
The expressions for the transport matrices through p, a-functions, and phase advances often

derived as a “miraculous” result, and hence called matrix gymnastics, is just a trivial
consequence of equations (L5-16), (L5-19), and (L5-22):

M(3s)=0()0X( =21iO(sl)-s- 0" (s)-s=;U(a)-W(q)-s-w-l<s)- U'(s) (L5-16")

(AT (A Az A =5 4]

51



with a specific case of a one-turn matrix:
T=UAU"= ;UASUTS (L5-13")
|
S-orthogonality (L5-20) provides an excellent tool of finding complex coefficients in the
expansion eq. (L5-7) of an arbitrary solution X(s)
2n l n . o~y n ) 1 . 1 1 .
X, = Y =X(9) == Y +a Y |=Re Ye¥ =~"U A=-U-W-A=-U-A (L5-23
o;a.ﬁ() zz(akkakk) glakk ) ) 5 (L5-23)
where 2n complex coefficients, which are constants of motion®? ! for linear Hamiltonian system,
can be found by a simple multiplications (instead of solving a system of 2n linear equations (L5-
7)
a =iY*TSX' a=ae" = lY*TSX'
2 T 2 T (L5-24)
A=20" X=-ig?-SU"-S X; A=WA=-i-S-U" - S X.
Equation (L5-23) is nothing else but a general parameterization of motion in the linear
Hamiltonian system. It is very powerful tool and we will use this many times in this course.

We consider next a specific case of a 1D system with a linear periodical Hamiltonian:

~ p? 2 K, O 0 1
h=P 4k(9Y:H=|"" TtD=sH= . (L5-25)
2 2 0 1 K, 0
The equations of motion are simple
0 1
dix| g 1=l Pl ex=p). (L5-26)
ds|p| [-K, O] |p|] |-KX
A one-turn matrix within its determinant (ad-bc=1)
ab A0 e’ 0
T(s) = = AU A = = | L5-27
oy Jruevensy LG of e
N N 2 I TV I VEITH LA (L5-28)
u+i/w u+il/w u+i/w u-i/w 0o e
where w(s)* and u(s) are real functions and calibration was used for (L5-21). T has a trace
Trace(T) = Trace(A) = 2cosu (L5-29)
(because Trace(ABA™) =Trace(B)). Thus, the stability of motion (when W is real!) is easy to check:
-2<Trace(T) <2 (L5-30)

where some well-know resonances are excluded: The integer p=2am, and the half-integer
u=2(m+1)m as being unstable (troublesome!).

Combining (L5-28) into the equations of motion (L5-25)

13 in matrix form using (L5-16) we have X :;fjA, X'= ;(0'A+ OA’),: DX = ;DLNJ A= ;LNJ’ A= A'=0

14 We are free to multiply the eigen vector Y by e'¢ to make a real number. In other words we define the choice of our phase as

(9= (z((z))) () =[7,(9; (9 = arg(§(9).
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A ~ , "+iwy = u+i
Al W ol [ O LGl W WHWEEuTW . (L5-31)
ds|u+i/w -K, 0 u+ilw u'—iw'/w® +iy'(u+i/w)=-Kw
Then, separating the real and imaginary parts, we have from the first equation:

u=w’; ' =1/w? (L5-32)

Plugging these into the second equation yields one nontrivial equation on the envelope function,
w(s):

w"+ K (s)w = % (L5-33)
Thus, the final form of the eigen vector can be rewritten as
1 -~ .

= = Y=Ye L5-34

w'+ilw v w? © ( )

The parameterization of the linear 1D motion is

X . w .
[ , :Re(ae”"[ o e'w);
X w'+i/w

X =a-w(s)- cos(y(s) + ¢) (L5-35)
X' =a- (W’(s) -cog(y(9) + @) - sin(y(9) + p) /W(s))
where a and @ are the constants of motion.

avw'? +1/w?

alw —7]

( / | f
aw X

Tradition in accelerator physics calls for using the so-called -function, which simply a square of
the envelope function:

B=w? = y' =1/B. (L5-36)
and a wavelength of oscillations divided by 2w. Subservient functions are defined as
1+ o?

B

Manipulations with them is much less transparent, and oscillation (L5-35) looks like

a=-f'=-ww', y= (L5-37)
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X=a-+/p(s)- COS(W(S) + (;D)

X' = _\b’ais) . (Ot(S) : COS(l,U(S) + (P) + SIﬂ(l,U(S) + (p))

Finally, (L5-13’) gives us a well-known feature in AP parameterization of a one-turn matrix:

(L5-35%)

T=UAU™ =lcosu+Jsing, Jz[a /3] (L5-13"")

Another important parameter in accelerator physics is the transformation to action-angle
2

variables {q)k,lk = %} Usually this requires two steps: The first is

{6.=ae™ N2,p, =iae™ W2}
The second was given as a homework. Let us demonstrate that symplectic transformation
X(9) = X(9).
X(9=V(9X, V'(9=SH(9V(9)- (L5-38)
is canonical. Beginning from a Hamiltonian composed of two parts, a linear part and an arbitrary
one

Q—[:;XTH(S)XHF(I(X,S). (L5-39)
The equation of motion
dl:s.ﬁ =SH(s)- X +S: ‘”{1. (L5-40)
ds dX X
becomes with substitution (L5-38)
(VX) =SHV - X +VX'=SH(g)- VX +S: M vg=s (L5-41)
X X
equivalent to the equations of motion with the new Hamiltonian: H  (VX,s)
X' =Vs. &{}[1 ;i =y i = X'= (V‘ls\/‘lT) . LQ{I — X'=S- (99{1 . (L5-42)
X X oX oX oX

This result (even though expected) has long-lasting consequences — the trivial (linear) part in the
Hamiltonian can be removed from equations of motion, so allowing one to use this in
perturbation theory or at least to focus only on non-trivial part of the motion.

\% =i[\(l,i\(1 ...... ] =>Visv=s# (L5-43)
"2

One should note for completeness that there is another way of parameterization of coupled
motion proposed by Edward and Teng parameterization (D.A.Edwards, L.C.Teng, IEEE Trans.
Nucl. Sci. NS-20 (1973) 885), which differs we do not discuss here.

Because parameterization is very useful for solving many standard accelerator problems,
bellow I summarize our main funding with emphasis on most useful cases. | will not repat the
argument but write all appropriate equations:



General parameterization of motion of an arbitrary linear Hamiltonian system:

_lZn 2n l . _ ) ~
H—Egghij(s)xixjséx H9- X, XT=[d" B e T Rl=l %
dx

E=D(s)- X; D=S-H(9), X(9=M(s]s) X,-

M’EongD(S)'M; M(s)=l, MT-SM =S, M*=-S-M""S.
S

Parameterization of motion: a periodic system with period C H(s+C) =H(s)
T(9=M(34s+C), det[T-41]=0
Stable system |A|=1.4, =1/A,,, = X« =€¥; p =27v,, {k=1..n}.

(1
(V)

1D - ACCELERATOR
~ p? 2 K, 0 0 1 X 0 1| |x
h=P skl H=? I D=sH= - 91X= Xl P
2 2 0 1 -K, 0] ds|p| [-K, O] |p|] |-KX
ab A0 e’ 0
T(9) = =U(9AU(9): A= = L
o=fp Jrusmeass nH7 )
T=Ilcosu+Jsing,
—WW' w?
J= _le_i ww' =|:a [)) ; J2=—|
w? roma
HENCE:
T=Ilcosu+Jsing,
—Www' w?
J=| , 1 1= ﬁ; P=-l; y=(1+a’)Ip
Wi W |y —a
w
cosu=Trace(T)/2= %
Sability if :-1<Trace(T)/2<1
wapeteo Wl [ W
Snu \/1—(Trace(T)/2) \\/1—(Trace(T)/2)
W/E_a:Tzz_Tn:_Tn_Tzz
2cos Tut+Ty

] (iex'=p).
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A O 0

0 A 0
T(9=U()AU(9); A = & ol T-U=U-A;A=UT-U....
0 0 0 A

U =[%NY XY | TOYNE =AY < TOY (9=4Y (9

UM = %=D9%  Ue)=M(ss)0 = S0=D(9-0
U(s+C)=U(9) A, Y (s+C) = AY (9 =Y, (9
Y (9 =Y, (9" Y (s+C)=Y(9):  wy(s+C) =y, (9 + 14,

eiwl(S) 0 0
~ —i ()
(9 =Ue-w(s, we=| ° ° g

0 0 0 e™0
Y S Y, =0 Y-S, =0 Y -SY, =2

U'-s-Uu=U0"-S-U=-2iS u-lzgs-uT-s
|

X(s) =;E(ak\?k +a Y, )=ReY av,e" E;U A:;U-IP- A=;U- A
k=1 k=1

(R i 1.+
==Y SX;a=ae¥i==Y SX
& o Vi a=a o

A=20"1- X=-iwt.S-U"-S- X; A=WA=-i-S-U"-S- X.

V)

(V1)
VI

(VI
(1X)

X)

(X1)

(X1

(X1

(XIV)

1D - ACCELERATOR

. w w ~ Vo0
ev;u=| . .. [u=u- © .
w+ilw w —ilw 0o e

)

W ~
Y= . VY = .
[W’+|/W] [W'+I/W

w' + Kl(S)W :is, 7./1’ :1/W2 : |:Xj| = Re(aei‘?’
w x'

w'+i/w
X =a-w(s)- cos(y(s) + @)
X' =a- (W’(s) -cog(y(9) + @) - sin(y(9) + p) /W(s))

+a2

[J’EW2 = 1/1’:1//3’;055—/3’5—WW’, )/El

- definitions

X=a-+/p(s)- COS(W(S) + (,‘0)

X' = _\ﬁais) . (Ot(S) : COS(I,U(S) + (P) + Sln(l,/)(S) + (P))

Complex amplitude and real amplitude and phase are easy to calculate. Expression for a” Is

called Currant-Snyder invariant.
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X =ReaY;

o w | [x _
ae’ =-jY SX:W, awl = X/w +i(wx - wx')

2
(wx-wx)” = X"+ (ax +px)
B
ww /X - W2’
AT R — tan
X X
ax + X’
A 7xE + 20xX + X2

2
X
="+ = yx% + 20X + BX'?
w

LoxX+pX

@ =arg(x/w +i(wx - wx')) = tan

1 WX - wx'

@=sin =—sin™

\/x2 +W2(W’x-wx’)2

Inverse ratios — matrices through parameterization: reverse of eq (VI1), where U is propagated by
M.

M(sls,)=0(s)07(s) = i20(sz) -S-07(s)-S= iZU(sz) “Y(s,) S W(g)-U'(s) S
_ (XV
W(s) S WHS) = W(s,-9) S M(5/s)=U(S) W(s-5) S'UT(S)'S

T=UAU?= IEUASUTS Specific case of 5;=s+C

i
r=tuasurs= 2| Vi Y [ei“ OHO 1} YT [0 1}_
A ~ A S S ] : : Pl -
2i 2i |W W W W 0 e*||-10 W w’—l— -1 0
w
" i [ el +e el-e™ ,et —e
1], we we wowow , Ty W Wi
2 (w’+|)e"‘ (w’- ! )e““ i ( , . 1 )e‘” —e™  @l+e™ el e
w w —+W  -W w2+ oW
LW w 2 2 2
1 [ cosp—ww'- sinyt wW2-siny
T=—-UASU'S= s 1Y) . , . |=lcosu+Jdsing
2i AW o] sinu cospwwsing

—-ww' w?

I 1]

_’y _a-

-’ w? |

_(W'Z +—1 ) ww'
2
w
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1D - ACCELERATOR

w, w, |(e 0)(0 1)fw, wi+i/w] (0 1
wh+ilw, wy-i/w,| | 0 e™) -1 0/ |w, w;-ilw,|{-1 0
Ay =y(s,) -w(s);

Migs)= L[ W o we | [wiiw)e e )
A% T2 Wy+ilw, wWy—ilw,| |(w;+ilw,)e™ -we™” =

1

M(sls,) =5

W, /W, COSAY — W, W;SINAY w,W,SinAy

(Wh/w, —wi/w,)cosAy  w, /w,cosAy +w,w),SinAy

—(wiw}, +1/(w,w,))sinAy
use W = Xﬁ; w'= 'O‘/\E to get a standard
COSAY + o, SINAY \//5_1/32$inA1/}
M( ‘ ) - 7[B! B,
A% _(a,-a;)cosAy + (1+ a,a,)SiNAy - COSAY - a, SINAY
BB, B2 1B,

with obvious simplification for one-turn matrix:
cosu+asnu psinu
t11 tl12 .
T=M(gs+C)= =| (@+a®)sinu
t21 t22 —T

from where one can get easily all functions and constants:

: a p
Icosu+Jsm/J;J=[ }

cospU—asinu V—

U= cos‘l(tllztzz) with sign(siny) = sign(t12); g =t12/siny; a = tlzlsi_r;[zz

A little bit more complex is fully coupled 2D case.

T(9= [sz Ej det[T- ] =A* - A'Tr[T] + A" (2+a) - ATr[T] +1=0

a=Tr[N,] Tr[N,] - Tr[N,N,] - 2det N,
(note detN, =detN, =1-detN, =1-detN,)
Finding roots:

2
2= bt 27 7= Tr[Nl; N i{Tr [’\zlf_ M) + 20 Nz}

X
P, . . ~ o~
X= y =ReaY, + ReaY, =ReaY, + Reay,

P

<

58




w, e
_ ~ (g vy )e™
Y =R +IQ; Y = w. g D U(STC) =y, (9 + Ly UJky(S"' C):UJky(S)"'/Jk;
ky
(uky + ivky)e

WiV + Wy vy =1,

iy

Conditions: there are
Yk*TSYk =2 Yl*TSY2 =0 YlTSY2 =0 6, =Y~y

1-¢q 1-q
a) Wi, Vyy = WZyVZy =1- q =V, = ’ V2y =
Ix W2y
- - - 9. -9
b) levly =Wy Vo = q = Vo = ' le - W

2x

C) C=wW,W, sinf, =-w,w, sino,
d) d=w,(u,sin6, - v, cos6;) = -w,,(u,,sing, - v,, coss,)

e) e=w,(u,sing, +v, cosh,) =-w, (U, sinb, +Vv,, cosb,)

Conditions are result of symplecticity. Conditions a) and b) are equivalent to Poincaré’s
invariants conserving sum of projections on (x-px) and (y-py) planes.

i1y ) [ 2
Wlxe P1. sze P2
(ulx + | q)ei%x (UZX + | 1_7q ei‘PzX
1x 2x
Y = ip , Y2 = i
! w, e W, e
u]_ + | 1_ q ei¢1y u. + | q ei‘T’zy
y 2y
| le I W2y ]
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Lecture 6. Action-phase variables, applications of the parameterization.

6.1 Action-phase variables and “slow” equation of motion

In many practical situations the perturbation is weak
H :%XTH(S)X +H (X,9). (6-1)
and use of the action and angle variables provide the tool needed to solve the equations either

2
exactly or using various perturbation or averaging methods. The transformation to {q)k,lk = %}

is canonical, and it reduces equation of motion to:

dg, — &Hl(x(lki(pkis). % :_&Hl(x(lk’(pk’s)

ds al, ds oQ,
where fast regular oscillatory terms are taken care of by our parameterization.

(6-2)

6.2 Applications of parameterization to standard problems

Complete parameterization developed in previous lecture can be used to solve most (if not
all) of standard problems in accelerator. Incomplete list is given below:

1. Dispersion

Orbit distortions

AC dipole (periodic excitation)

Tune change with quadrupole (magnets) changes
Chromaticity

Beta-beat

Weak coupling

Synchro-betatron coupling

9. ...

We do not plan to go through all these examples while focusing on general methodology and use
selected examples to demonstrate power of the symplectic linear parameterization.

© N DN
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Sample 1. Let’s start from simplest problems such as dispersion and closed orbit. We found a
general form of parameterization of linear motion in Hamiltonian system, which is solution of
homogeneous linear equations, where B is constant vector:

((jj);zD(s)- X; X =U(9)B (6-1-1)
A standards problems is a solution of inhomogeneous equations:
‘:'jx =D(9- X +F(9) (6-1-2)
It can be done analytically by varying the constant B:
X =0(9)B(g)= U- B =F(g)= B =U"(9F(9) = B(9 =B, + fo-l(g)F(g)dg
S

A general solution is a specific solution of inhomogeneous equation plus arbitrary solution of the
homogeneous — result you expect in linear ordinary differential equations (in this case with s-
depended coefficients):

X(s)=0(9)A, +U(s) f (£)dg; U= fs 0-s (6-1-3)
S

For a periodic force (orbit distortions, dispersion function) F(s+C) = F(s)one can fine periodic
solution X(s+C)=X(s):
stC

U™(9) x { A, +U(s { (€)de = U(s+C)A, +U(s+C) fu (g)d;:}

stC

A(1-A)=A [UHE)F(E)dE = f 0 (e)F ()ds = A, =(1 - A)* fu-l (6-1-4)

X(9=0(g(1 - A)"* f OHe)F ()

It is easy to see that X(s+C) = X(s) exists if none of the eigen values is not equal 1 — otherwise
matrix (I - A) would have zero determinant and can not be inverted!
Specific examples: Orbit distortions caused by the field errors, transverse dispersion.

When the conditions for the equilibrium particle and the reference trajectory are slightly
violated:

X" ={x,P,y,P,7,0}F" :{O,E((my + Eo 6Ex),0,§(6BX _E 5Ey),o,o}
c P,C c p,C

+ B0 ) foof, _—(55 + o 6EX); . (6-15)

CAY: P.C P.C
E e
- E| |=-f,=—|0B,- °6E

Plugging (6-1-5) into (6-1-4) will give one the periodic closed orbit for such a case. For finding
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reduces to

~ |:> _|.|33 2 2 52 2.2
h= 2po+FX2 +ny+Gy?+L(xP3-yP1)+ Zpo.m:; + QX0 +g,yd
with
F=sM_lo g 0-g.0-mC T
X | TSR
1D ACCELERATOR
X9= [| g 9 (e e -] e - Tiey,
SW9+ilw(s) wiS)-T/WES)] |(-w'(g) +i/w(g))e"E O (1- e'“) w(g)e"o(1-e )

6B,{01} - orbit; FT =K(s{ 0,1} for dispersion, i.e. F' = f(s{0,1}

XT={xxV:F" = €
(xx)iFT =2

(0]

Re{w(s)w(S)e“w(S)-w(&)—u/2>(‘:"_W2 - )1]
s i
o=l e

L. (9= oo F(Ew(E)oostu(s - p(E) - w2y
First example: orbit distortion

__edBy(s). _edB(s)
fx (S) - p.C ’ fy(s) - P.C
0B
ox(9) =~ 25\?:1(3/2€ﬁ € py (€) W (&) cos(s) ~ (E) - u/2)dE

_ w(e edB(
mwzgﬁ i E) cos(y(s) - (§) - u/2)dg

but this is not the end of the story for horizontal motion! (what about change of the orbiting
time?)
Second example: Dispersion

O

f,(8) =Ko (97, =K (97, /B,

X(s)=D(s) 7, =D(9)" 7, /B,
w(s)

)=~ zsnu/zgﬁ &) cos((s) - (&) - p/2)dg
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Sample I1: Beta-beat — 1D case

It is simple fact that any solution can be expanded upon the eigen vectors of periodic system
(FOD cell repeated again and again is an example). Let ‘s consider that at azimuth s=s, initial
value of “injected” eigen vector V being different from the periodic solution Y. We expand it as

VO WO
V(S) =A%)+ D% (8) =]y o 1 =]y, §
o WO
a=_ Y, (8)SV(8) : b= = ¥ (S)SV(s) (6-11-1)
2 -2

1 [V, W 1 (v, W
a= 1V W, WV, +il o+ =0 bb=—"dv.w —wy, +il —° -0 |1
2i W0 V0 2i Wo Vo

js\?(s) =D(9:Y(9; Y(9=Y(9€";Y(s+C)=Y(9

It is self-evident that

~ ~ ~ ~ ~ % V . : W . : W . .
V'=DV; V(s)=aY,(9+bY, (9=|, , ' |e" =Y, =a, , 1 |e"+b 1"
v W W (6-11-2)
=l e < (o -2
4 4
i.e. beta-function will beat with double of the betatron phase.
Sample I11: Perturbation theory (ala quantum mechanics)
Small variation of the linear Hamiltonian terms (including coupling)
‘j';; = (D(9)+£D,(9) - X; (6-111-1)

Assuming that changes are very small we can express the changes in the eigen vectors using
basis of (VII):

V=G ¥ T = (0(9+eD,(3) ¥, +ole):

%, =Yg e ¥y S = (D9 +eD,(9) Vo 0le):
dy, - de; - - s .. . m
=D Y =D = e = e+ [V T OSDEON )L (6-111-2)

dé

i dﬁk Y, =eDy(9Y, = 0¢, = % Ao
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£,(s+C)=¢;(9

e = [0 NEN T(H)SD, (O, (Q)dE (6-111-2)

One should be aware of the resonant case &% #!) =1, when one should solve self-consistently
the set of (6-11-2). It is well known case well described in weak coupling resonance case or in the
case of parametric resonance.

Sample IV: small variation of the gradient. It can come from errors in quadrupoles or from a
deviation of the energy from the reference value. In 1D case (reduced) it is simple addition to the
Hamiltonian: (including sextupole term!)

2

leéKle; z={X,V};
m =plp,-1 (6-1V-1)

[ e dB (e .dB | e J°B )
e = e 2 T ko = 2 TR0 ol

Plugging our parameterization into the residual Hamiltonian we get:
z=w(9V2I cos(y(s) + )
H, = 8K,(S)- w*(9)- 1 - cos’(y(3) + @)
The easiest way is to average the Hamiltonian (on the phase of fast betatron oscillation — our
change is small! And does not effect them strongly) to have a well-know fact that the beta-

function is also a Green function (modulo 4r) of the tune response on the variation of the
focusing strength.

(6-1V-2)

)= <5Kl(s)2' w(9) | <6K1(s)2 BO)

(@)= d(Hy) _ (9Ky(9)-A(9). (6-1V-3)

dl 2
Ap =29 B9ds AQ=5L = L foK,(9-p9ds

Direct way will be to put it into the equations (43) and to find just the same, that <I’>=0 and the
above result.

Finally, putting a weak thin lens as a perturbation gives a classical relation:



K, (9) = %6(5— S)

2r 4mx f

In order to find variation of the eigen vector (i.e. bet-function) one will need to use the
Perturbation theory (ala quantum mechanics) — see above.

(6-1V-1)
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Lecture 7. Synchrotron oscillations and effects of synchrotron radiation

First, let’s try to finish our 3D oscillator picture, before jumping into a simplified picture usually
used in accelerator literature. Passing through a magnetic system will result in as 6x6 matrix

Taxa 0 R
T6x6 = RTS4x4T4x4 1 Rse (L3-61)
0O 0 0O O 0 1
In the absence of RF cavity, the solutions are already known:

X =ReaY,(9€"® +Rea,Y,(9e":® +D(9)x, +O - s- 7,
Yi(s+C) =Y,(9); Y,(s+C)=Y,(9);
Pi(s+C) =yn(9) + iy Y,(s+C) =,(9) + Ly}
D(s+C) =D(s);

which has one growing term — the arrival time continuously grows if energy of particle deviates
from the reference value. We already discussed the x and y components of the eigen vectors Y.
Let’s define what is the form is:

(7-1)

D(9
D(9 =|dg(9} D(9=(T-1)"R !
1
0, c
O=|-n|: n=Ru(C)IC= 75 -ac; @ =-[(BID9+5(OD)os (7
1 o/o 0

C
In normal uncoupled case the orbit compaction factor o = fK(s)Dx(s)ds/[a’0 is determined by
0
the product horizontal dispersion and the orbit curvature. It is usually positive number, because
particles in typical accelerator go to outside of the ring (Dx>0). For such ring, there is an energy
when time of flight around the ring does not depend (in the first order!) on the particle’s energy:

n= 0 = ﬁt)/t = % (7'3)

This energy is called transition energy and it can be very important for many hadron rings. An
electron storage ring with very low energy electron rings (which is next to impossible to find)
would have similar problem, which is called transition.

One can design (and a number of people did build them) a storage ring with negative and zero
compaction factor. Zero value of compaction value usually spell trouble... But negative one will
work for any ring and will not have transition energy (so called lattice with imaginary transition
energy — see (7-3)).

Symplectic condition implies that the term in the 5-th position is defined:
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Yi(9)
D'SY, =0= Y,(9 =|D'SY,| (7-4)
0

Thus, all terms in equation (7-1) are defined. Now we will include a short RF cavity, where we
linearized the voltage

I 0 O
1 O e dV,
M,=|0 I O[M, = Coq=u-ly, =- r L3-64
RF [ [_q 1] q RF pocz 7 ( )
0 0 M,
l,, O O Tova 0 R Taxa 0 R
Ttotal =10 1 0 I:\)Tsz1x11-|-4x4 1 Rse = RTS4x4T4x4 1 Rse (7-5)

0 -q1 0 0 0 0O 0 1 —qRTS4x4T4x4 -q 1-0dRs

It may be surprising but there is no easy way of solving this system and finding detailed solution.
We can use use our perturbation method to find change in the betatron frequencies caused by the
RF cavity using:

09 = 5 [N, EAHET©)E;

— . -9 2 _Q 2 7-6
AH55_q5(S_S'f)’ 6QK_E‘Y1<5‘ _E‘DTSYJ (7-6)
- i e avrf T 2
Q=4 pc? ot S,

This is probably one of the results you will have hard time finding in the accelerator literature.
The term \DTSYK\Z is actually well know — it is responsible for quantum excitation of the betatron

oscillation during the process of synchrotron radiation (see next sections). For uncoupled
transverse motion, vertical dispersion is equal zero and only Qx is affected by an RF placed in
the straight section with non-zero dispersion:

sz — }/xsz + 2axDxD),( + /J,XD;(Z (7_7)
w, By

Fortunately, this tune shifts are extremely small. In contrast with transverse motion, longitudinal
motion without RF is degenerated (zero tune!). We have two root eigen vectors D, ©. Knowing
that synchrotron oscillation are slow, we may try to construct a vector, which can serve as a first

order approximation:

D'SY,|" =(w,D, -w,D})" +

iD/w,

Y= W, (7-8)
i/w,

which is symplecticly orthogonal to the transverse vectors. Trying it with the matrix (7-5)
Taxa 0 R iD/w, iD/w,
RTS4x4T4x4 1 Re || W |= w, + i(RTS4><4T4><4D +R) /W,
“OR'S; Ts -0 1-0Rs| [ /W | |-aw, - i(1- 0GR - GRS, T,,,D) /W,
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does not deliver a lot of promise. One case, which is easy to handle is when the cavity is installed
in so-called dispersion free section, i.e. D=0, R=0. In this case, longitudinal matrix is co,pleterly
separated from the transverse and

T, 0 1

Ttotal :[ e ]; TI :[ Rse ] (7'9)
o T -q 1-09Rg

The motions is stable only when 0<gR,, <4 and it will give us (using standard Courant-Snyder

parameterization)

cospi, =1- QR /2 WP = B, = R /L- (1- QR 12) 04 = —— 5 (7.9)
2\1- (1-qR, 12)
What is typical for the majority of the accelerators, that qR,;<<1. In this case we can expand the
equations in (7-9) to find:

=/0Rs; Qs= qRSG! W =p = q ~ W12 (7-9°)

The synchrotron tune is usually very low with typical values of Qs ~ 0.0001 to 0.01. It means
also that «a, ~7Q.,<<1 and the form (7-8) for the eigen vector is actually rather good
approximation. We also can conclude that betatron tunes in (7-6) are proportional to square of

Qs:
8Q, \DTSY\

sv\ (7-10)
In order to estimate it, we scale it as

2
O'sY/*~DIB; Ry~2mD,; 8, ~Q;['}, (7-11)
i.e. typical change of the betatron tune is bellow 10, i.e. is very-very small. Only when
synchrotron tune are approaching values ~ 1, the synchrotron oscillations become heavily cross-
talking with betatron oscillations. In other cases, the synchrotron oscillations can be considered
as adiabatically slow as the background for fast betatron oscillations. Hence, the standard
treatment from the book.
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Lecture 8. Effects of synchrotron radiation

I. Oscillator

Before we embark on detail studies of radiation effects on the beams in accelerators, let’s look
on a very simple model of harmonic oscillator:

2 2 2 2
Het sk or =P e 0= K (8-1)
2m 2 2 2 'm
described by differential equations
X' :Zh =p;, p=x" =—ZQ =—w’X; X = A- cos(wt + @); p=-Aw- sin(wt + ¢)
P (8-2)
' 0 1 . 2
x' = |=sM=| ¥ M x: x =Reave™"); y = 1_/@; 1=2 o
P X |-w® 0 iJo 2

Let’s add a weak friction e<<w:

! ! ! O l .
p=x; p:—wZX—Zap;X:D-X:[ , ]~X,

-0° -2a
det[); . =AA+20)+0?* =0 A=—aztio; o =0’-d?; -
w® A+20 ©-3)
= Ave oo p=-A-e” (o cos{ug) +sin(e0);
X =ReaYe""” =a-e“ReYe™"; Y = 1./\51;
i/

which make a very small change to the frequency of the oscillations, but make free oscillations
slowly decaying. NOTE that damping decrement « is only a half of that of simple decay:

p'=-2ap— p=pg*".
This is the result of oscillations, where, time-averaged, only half energy is in the kinetic energy
p?/2, which decays. The potential energy decays only through its coupling to the kinetic energy

via oscillations. The action of the oscillator, I, which represent the area of the phase space,
decays with the simple decay rate towards zero:

!

2
|'=(‘;) =-2al;1 =162, (8-4)

while the oscillator phase does not stationary point or any decay.
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Fig. 1 Poincaré plot of trajectories of normal and damped oscillator in dimensionless coordinates
x/a; X’lwa.

0

2

gives the damping rate of the
-0° 20

NOTE the second fact, that trace of matrix D:[

oscillator phase space volume. Let’s add a random noise to the equations:

0 1

-0®> -2a

'+ (89)

X'=p+0X(t); p'=-w’X-2ap+X(t); X'=

ox(t)
6x’(t)}

(8x(t))=0; (dx(t))=0.
where x(t),ox'(t) are “sudden” and randomly distributed in time and amplitude jumps.

One can easily calculate change in the amplitude an phase of the oscillator caused by a random
kick:

5(ae“”) =—ig"Y'T .S [5)(, ;
OX
sa+iadp = —ig @Iy T . S, (5x’/\5 - iax%) (8-6)
2 5 12 / + 6 2
(6a) =0;(86¢) =0; Ol =ada+da’/2; <6I>=<5;‘>:< X > w2 a)< X >

Thus, the only one thing is well determined — the average change of the action, I. Adding
damping term (8-4) to (8-6) we have:
(1) ==2a(1)+D/2; D =(6x?)lo+w(x*); (8-7)

with stationary solution for average action (emittance) and RMS amplitude of the ensemble of
oscillators:

n=Lie o= (o) = D o ()l ofd) (8-8)

o 20 20
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where ¢ is called emittance — phase space area occupied divided by t - of the ensemble of
oscillators (£* = (x?)(x?) - (xx)*).

Fig. 2 Poincaré plot of trajectories of normal and damped oscillator with random kicks (in
dimensionless coordinates x/a; X’/wa).

Figure 2 shows Poincaré plot of few hundreds of such an oscillators starting from the same initial
conditions (1,0) and going around for few damping times. Overall, a large ensemble of
oscillators (or equivalently distribution of (x,p) for one oscillator in very long time — via Ergodic
theorem, see http://en.wikipedia.org/wiki/Ergodic_theory) is described by distribution function.
Because (l,¢) is Canonical pair, it is natural to use them as independent variables for the
distribution function, f(l,¢,t). Few facts are apparent: the phases of oscillators walk randomly and
because phase is cyclic function it is distributed evenly in the interval {-r, «t}. Thus, there is no

dependence on (p:jf:o. Finding distribution function of the action, f(l,t), requires solution of
P
Fokker-Plank equation (read your favorite stat-mech book or see Appendix H)):
07f+'9(f0")_1'9(<5|2>ﬁf):0, (8-9)
gt a\ dt) 24 al

We are interested in stationary solution, * =0, d(f ﬂ_1<5| 2>df) =0
A d\ dt 2 di

(1%)=21(01) :(Zaf +<5|>f’)| =congt = 0

2 (8-10)
Inf' =22 > f=ae'";1,=(8l)/2a
)
i X,2w+w5X2 i i 1 H H - - - -
Remembering that | === "% it gives us just a trivial Gaussian distribution for the
oscillators
f(x x’)—ie'%2 _iex Xo+x?*lo)_ 1 e_Z):TS 1 e'g%g
e % [2m0, " A2ra, (8-11)

o, =elw,o, =g
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where we normalize itas [ f (x,x)dxdx' =1.

Conclusions are easy to remember: Position independent diffusion in the presence of linear
damping results in stationary Gaussian distribution of the oscillator’s amplitudes, positions and
velocities. Phases of individual oscillators become random. Naturally, this process takes few
damping times Tq=1/a,, if initial distribution deviates from the stationary.

I1. Synchrotron radiation

Uy

|

Fig. 3. Synchrotron radiation is a fan of well-directed radiation with vertical opening ~ 1/y.
Radiation at a certain point of curved trajectory directed along momentum of the particle and is
confined within ~1/y opening angle in both horizontal and vertical directions.

Detailed description of synchrotron radiation can be found in your favorite E&M book
(Jackson?). Some additional material about the synchrotron radiation is in the handout. Here we
will need only few specific features of synchrotron radiation, which we will use without
derivations. We will also assume that a) our particles are ultra-relativistic, y >> 1; b) losses for
synchrotron radiation per turn are a small potion of the particle’ energy, i.e. we can treat it as a
perturbation which introduces some damping, while not affecting tunes of the particle (remember
for the oscillator it is ~ (a/w)?®). For ultra-relativistic particles E and pc become essentially
indistinguishable:

E = pc/+/1-y? = pc(L-1/2y%) = pc +o(y?),
hence we will use them this way.

One of the most critical feature for the damping of the transverse of the synchrotron
radiation that it is local and is confined within a solid angle ~1/y* around the direction of the
particle MECHANICAL momentum. In other words, the loss of the particle momentum is
proportional to the total energy loss of the particle with recoil directed against the direction of the
momentum:

_p,— 1dpad r) 1dE d 4+ 'L ' 12 g2 -2
= Ty — —rad, A-x +b-y|+0(x?y? 8-12
o de pE (7+7-x+b-y)+0(x?y?r?) (8-12)
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Synchrotron radiation has a white spectrum, which growth as o at low frequencies as w < w¢

and falls exponentially at high frequencies w > w, The critical frequency, w. =2rc/A ¢ divides
radiated energy by halves: the half w > w. and the other half at w > w. . Critical wavelength of A
¢is ~ R/ly® and
_2 3C
c 3}/ p'
where p is the radius of curvature. Hence, the most of the radiation happens in the bending
magnets. Total radiated power of synchrotron radiation is (Z is the number of unit charges in the
particle — Z=1 for all elementary particles, but ions):
E 2€°Z% (= 5 =02 (3 =\2).3_-

o e (BB - &A= 619
One should note that synchrotron radiation caused by acceleration along the direction of the
momentum is energy independent and very weak (to the level that it can be ignored in practical
cases). At the same time, acceleration normal to the direction of the motion (bending) causes
radiation proportional to the square of the particles energy. It is also worth mentioning that
radiation power is inverse proportional to the particles mass squared, thus a proton will radiate
~4 10° less power from the same bending magnet compared with an electron or positron with the
same y. For the particles with the same energy there is additional factor 4 10°. As the result of
such dramatic dependence is that synchrotron radiation does not play any significant role in the
hadron accelerators (even in 7 TeV LHC damping time is about 13 hours for protons with
v~7,000 1), but extremely important for lepton storage rings.

Returning to s as independent coordinate we can write:

w

P__1dEy, T+A-X +b-y)+0O(x?y?y?
p i ds ( ) ( ) (8-14)

The average energy loss for synchrotron radiation is restored by an RF cavity. By design, the RF
cavity boosts only longitudinal momentum of the particles (along s), while leaving transverse
momenta unchanged. This feature complete the circuit, which is important for understanding of
the radiation damping.

Y p

A‘%

S

Fig. 4. Particle loses parts of its vertical momentum during radiation process. RF cavity restores
(in average) only longitudinal component of the loss momentum. As the result, transverse
momentum is damped.
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Before we go into full fledged calculations, lets look at a simple picture of what’s happening in
the vertical plane in a ring without transverse coupling (i.e. majority of the ring’s designs). As
shown in Fig. 2, the radiation reduces transverse component of the particle’s momentum and

E}r’z_idErad, /.a=<1dErad>
p, E ds 7' 2E ds /. (8-15)

y=-[a, cosfy, +¢) &

where we neglected effect of the distribution of the radiation along the circumference of the
machine replacing it by an average damping. Thus, we can conclude that the vertical betatron
oscillations in the storage wing will damp e-fold when particle radiated twice its energy.

In a storage ring with separated functions (no gradients in the bending magnets) and
rectangular magnets (too many details...- i.e. (1+Kx) term in (1-14) is canceled by the straight
edges of the bending magnet) — total radiated power does not depend on the horizontal position,
X. In this case, picture shown in Fig. 4 is applicable directly to the horizontal betatron oscillations
as well: i.e. the horizontal betatron oscillations in the storage wing will damp e-fold when
particle radiated twice its energy. Surprisingly it is aimost true for most of modern synchrotron
radiation sources.

What about synchrotron (energy) oscillations — they will damp too in the above scenario.
Equations of synchrotron motion for radiating ultra-relativistic particle are:

ds _ AE,,(8) +€Z-V,, sin(w,t, - 7/c)
dn (8-16)
dn E

with condition of an equilibrium particle of ez-V, sing, = AE,,(0), where ¢, =w,t, is the

equilibrium phase necessary for RF to compensate for average radiation energy loss. Expanding
radiation about the design energy and sin about the equilibrium phase, we get for linear motion:

eZ-V._ co
dd_ 2AE. i+ COS(¢,) i —a.C 9. o, = AEy. (1-17)
dn E c dn E E

o o] o]

This, longitudinal oscillations have twice the damping rate (it is because of the y* dependence of
the intensity of the radiation).

How to handle situation in a general case? We fist should expand our linear equations by adding
radiation term to our Hamiltonian equations (simplified for y >> 1):
~ 2 2 2 2
A= P L E X Ny + G Y+ L(xP, - yP) +
2p0 2 2 : (5_461)
6 mx?

2p, P,

2
+ U% +gx0+gyé+ fxr+ fyr
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oB
E: -K i _£7y+1 % _iaEx_ZKeEx1
P, E, © E, &x 2|E, E, X E,
9: ian 1 EBS _iLEy y
p, |E, oy 2\E,)| E, oy
N_|ed®B e  ep el B &
p, |E, &x E, dy E, E,\dy  ox E,
£:K+ e Bs; 2: ezaEs’ x__Kiagy_o;
po 2poc po poc 07t Vo
{_eB  edE . __ed  edf

“coact vyt Y cdot v, dot

We should focus on additional linear terms. Let’s expand the radiation power in (8-14):

I =1,d+c,-x+c -y+cP+c,P+c -t+25/E);

=282 B (e (pxm) - (-€)]

-3 m'c® e
with
2 2 2
szK_ 2e i(EX'FBy)‘*'eBSZ;Cy:— 2e i(EX"'By)—eBSES;
KE, x KE, KE, dy KE,
2eE 2eB 2e J
= $iC;=——,C = —(E,+B
= KE,"® KE,'* KE, z?t( )

Second equation of (8-14) shell be modified using generalized momenta

p, = pox’ = P1 — Lpoy; p, = poy’ = P3 + LpOX;

dP, _ oh dP, _ dh
as ~ax le (RobRY) S0 = o (Rt Le)

ds ds
Overall, the equations of the motion become:
[0 O 0 0 0 O
0 1 -Lp, 0 0 O
do o |0 o o o o of
d—SX—D-X,D—(SH—IO(S)-G),G—Lpo 0 0 1 0 0
0O O 0 0 0 O
c, ¢ ¢ ¢c;c 2

(5-47")

(8-18)

(8-19)

First, the trace of the new D matrix is no longer zero, which means that determinants of the

transport matrices are no longer unit:

detM((s]s,) = exp{ZTrace(D(s))ds} = exp{4z Io(s)ds} = ]f[/xi = ]f[(x*i )

(8-20)
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The above formula is known as a theorem of sums of the decrements in storage rings: i.e. the
sum of the decrements of all three eigen modes (oscillations: 2 betatron and one synchrotron) is
equal to four times relative loss of energy into synchrotron radiation. This is the rate with which
6D phase space volume shrinks. Surprisingly, it is not very hard to make one of the mode (usally
horizontal or synchrtoron, which are strongly coupled) to experience anti-damping caused by
synchrotron radiation, i.e. to have exponential growth.

Finally, how we can calculate decrements (increments?) of the eigen modes. we will use our
parameterization
X=0-A U =SHU;X'=(SH-1,(9-G)U- A
A'=-1(9{07G0} - A
Averaging figure bracket will give us diagonal matrix (not-diagonal terms will vanish because
they do oscillate) with real and imaginary part (damping of anti-damping) of the correction to out
tunes. Expessed in the terms of the eigen vectors, diagonal terms are:
g =-1,(9-Y, T (9SG(9Y(9) (8-22)
For a typical plane uncoupled storage ring (L=0), vertical damping is completely decouples and

is as we discussed above. Sum of the dimensionless decrements (i.e. divided by 10) for horizontal
betatron and synchrotron oscillationsis equal 3.

We should not that for afixed storage ring where B ~ E, the total l0ss on synchrotron radiation is
proportional y*

(8-21)

D

One should now just use Y, = D’
io

T

1
oscillations for a case with DC magnetic fields (i.e, no coupling with y, no time dependence,
Bs=0, zero electric fields) and: Do it as a homework problem. Average it over the
circumference of the machine. Keep expression analytical. Also give the expression for
decrement of the horizontal betatron oscillations using theorem about the sum of the
decrements.

to calculate what will be the decrement of the synchrotron

Finally, let’s discuss what stops beam oscillations to decay completely? It is quantum
fluctuations of the radiation process, i.e. the fact that charged particles radiate energy by limps. It
is definitely and directly excites synchrotron oscillations. Let’s calculate first the noise in the
energy for a simple case of the magnetic field:

L _ 55 _
(887 =D, =Ny a8, ) = ey 29
From our oscillator studies, we now know that RMS energy spread will be
0,°=D,/a, (8-24)

What’s happens with betatron oscillations:
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0]

0

2 N\

One should now just use sy — 0| A(aiei%)zY*TSAX =AS-Y (5); (Al) = <A5 ‘Yi (5)‘> to calculate

0/ e 2

0

.Aa-
what will be the decrement of the synchrotron oscillations. Thus, emittances of the beam will be
% 2
6 =D 6 )a (8-25)

Buy-buy linear stuff...

This lecture concluded the theme of using Hamiltonian and eigen vectors approach, similar to
that in Kolmensky book, for solving a number of standard accelerator problems.

Finally, Appendix J shows one of many possible way to expand accelerator Hamiltonian
analytically using Mathematica.

The other lectures of our course had been more ad-hock and a subset of then and selected home
works is collected in the separate PDF file.
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Appendix A: 4-D metric of special relativity
“Tensors are mathematical objects - you'll appreciate their beauty by using them”
4-scalars, 4 vectors, 4- tensors. (closely follows [Landau])

An event is fully described by coordinates in 4D-space (time and 3D-space), i.e., by a 4
vector:

X =0 x ) =01 X =ct; X =x;x* =y, =z, (A-1)
Consider a non-degenerated transformation in 4D space
X = X'(X); (A-2)
x" =x" (X% x x5, x%): 1 =0,1,2,3; (A-3)
and allowing the inverse transformation
X = X(X')
(A-4)

x = x'(x?,xtx?,x3),1=0123

Jacobian matrices describe the local deformations of the 4D space:
ax"  oxl
ax’ axt’

(A-5)
and are orthogonal to each other
QIx' X _ X' X X!
“ox ox X ax’* ox'

=5y (A-6)

Here, we start with the convention to "silently" summate the repeated indexes:
i=3
ab =) ah . (A-7)
%

A 4-scalar is defined as any scalar function that preserves its value while undergoing
Lorentz transformation (including rotations in 3D space):

f(X) = f(X); VX = L®X (A-8)

Contravariant 4-vector A =(A% A", A> A% is defined as an object for which the
transformation rule is the same as for the 4D-space vector:

dx'' = ?)‘('jidxj (A-9)
i.e.,
A= ?‘X'j' Al (A-10)
or explicitly
A= ?:OI A + ‘le Al ?:(: A+ ‘;XX: A% (A-11)
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Covariant 4-vector A =(A,,A,A.,A) is defined as an object for which the
transformation rule is

ax!
PV (A-12)

i.e., the inverse transformation is used for covariant components.
Contravariant F" and Covariant G; 4-tensors of rank 2 are similarly defined :

!

a_oxtox o oaxd ox
F = &Xj o"Xl l! ik — 07X,i ax;k il (A‘13)
Mixed tensors with co- and contra- variant indexes are transformed by mixed rules:
) ) G axl ax’k
M= Fi,G*=—"+—+G (A-14)

T ooxd ox'k b ax! ax

Tensors of higher rank alsoare defined in this way. Thus, a tensor of rank n has 4N

components: 4-scalar - n=0, 40=1 component; 4-vector - n=1, 41=4 components; a tensor of rank

2 - n=2, 42=16 components; and so on. Some components may be dependent ones. For example,
symmetric- and asymmetric-tensors of rank 2 are defined as S*=S‘; A*=—-A‘ . A symmetric
tensor has 10 independent components: four diagonal terms S', and six S'** =S“" non-
diagonal terms. An asymmetric tensor has six independent components: A" = - A" 'while all
diagonal terms are zero A" =—A"=0. Any tensor of second rank can be expanded in

symmetric- and asymmetric-parts:

o1, ~ 1,/ _
F*==(F*+F")+ = (F*-F"). A-15
,(F+F )+ 2( ) (A-15)
The scalar product of two vectors is defined as the product of the co- and contra-variant vectors:
A-B=AB'; (A-16)
It is the invariant of transformations:
i X ox” k_ ox! K _ o K _ k.
AB = i < AB=_ (AB = 5,AB = AB"; (A-17)
where
(Lj=k
] = -
o, {O;j . k} (A-18)
is the unit tensor. Note that the trace of any tensor is a trivial 4-scalar .
Trace(F) =F'i= Fo%+F1i+F%+ F5 =F'"i; (A-19)

The metrics (or norm that must be a 4-scalar) defines the geometry of the 4-space. The
traditional (geometric) way is to define it as ds® :dxidxi . We calculated the 4-scalar defining
interval between events.
An infinitesimal interval defines the norm of our "flat" space-time in special relativity:
ds? = dx” - dx*” — dx? — dx** = dx,? — dx - dx,? — dx.’; (A-20)
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and the diagonal metric tensor g
ds® = g, dx'dx* = g™ dx dx, ;

g« =9 ¢” =Lg" =-1g” =-Lg” = -1 (A-21)
in which all non-diagonal term are zero ;g~*=0. The metric (A-21) is a consequence of the
Euclidean space- frame. In general, it suffices that g must be symmetric g =g" . . Note that
the contraction of the metric tensor yield the unit tensor g; g =6,". Comparing (A-21) and (A-
20) we conclude that

X =g"%; % = gx"; (A-22)
i.e., the metric tensor g™ raises indexes and 0, lowers them, transforming the co- and contra-
variant components

Flo=9"F i =d'g,F et (A-23)
For 4-vectors, the lowering or rising indexes change the sign of spatial components. There is no

distinction between co- and contra- variants; they can be switched without any consequences.
Convention defines them as follows :

A =(A%A) = (A ALALAY)
A =(A-A) = (A -A.-A-A)
A-B=A-B=AB -A'B

(A-24)

The g“,q,,9" =6 tensors are special As they are identical in all inertial frames
(coordinate systems). This is apparent for 6

_ axk axli K axk axli _ axli
|

= ax o O T o K oo S (A-25)

while g invariance is obvious from the invariance of the interval (A-20). Hence, it is better to
say that the preservation of g determines an allowable group of transformations in the 4D-
space - the Lorentz group (see Appendix B). There is one more special tensor: the totally

asymmetric 4-tensor of rank 4: €“™. Its components change sign when any if indexes are
interchanged:

eikIm — _ekilm — _eilkm - _eikni ) (A_26)
meaning that the components with repeated indexes are zero: €'** =0; i = k; and only non-zero
components are permutations of {0,1,2,3 .

By convention
e =1 (A-27)
So that €% =-1. The tensor €“™ also is invariant of Lorentz transformation that is directly

ox'
. As

related to the determinant of the Jacobian matrix of Lorentz transformations J = det[

will be discussed in next lecture J =1.
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) i rk rl rm
e/lk|m — ax ax (7X é’X ; anq de{

axl ax™ axP ox
In the best courses on linear algebra, the above equation is used as the definition of the matrix
determinant. For details, see Section 3.4 (pp. 132-134) and section 4.1 in G. Arfken’s
“Mathematical ~ Methods for Physicists”  (where Eg. 4.2 is equivalent to

a'a:al)aq e = det[a]e‘”pq(S ) 204 ). As mentioned in Landau (footnote in §6), the invariance of

a totally asymmetric tensor of rank equal to the dimension of the space with respect to rotations
is the general rule. This is very easy to prove for 2D space . The 2D totally asymmetric tensor of

i¥n¥p+q

X } e™5isks 5m = ™ (A-28)
oX

_ 0 1
rank 2 ise™ = {_1 O} has transformations of
&X’i &X,i
) ri 1k ) ’i rk 1 1k ri rk ri 1k -
e,,k_ﬁx oX ejn_ax X e12+ax oX 621_&X X oxX" dX - det oxt ox2 | .
Tooxh oox" T axt X axZ Xt axt axd  ox® ooxt | ax’ ax [
axt  ax?
(A-29)
Therefore:
ax" ox" Xt oax?t X' ox'?
.. 1 2 .. 1 2 1 2
e = det g))((,i gxx,i =0=¢€";e” = det gf((,z g;(,z =1=¢?;¢* = det 5))(('1 3:((,1 =-1=¢";
axt  ox? axt  ox? Xt ax?
(A-30)

!

) oX
for rotations when det{ "

}: 1. Finally, convolution of absolutely asymmetric tensor of rank n

is equal n! - a number of permutations. In particular, €“"e,,, = 4! = 24.

Tensors of any rank can be real tensors or pseudo-tensors, i.e., scalars and pseudo-
scalars, vectors and pseudo-vectors, and so forth. They follow the same rules for rotations, but
have different properties with respect to the sign inversions of coordinates: special
transformations that cannot be reduced to rotations. An example of these transformations is the
inversion of 3D coordinates signs.

The totally asymmetric tensor €“™ is pseudo-tensor - it does not change sign when the space or
time coordinates are inverted: e°123=1; (it is the same as for 3D version of it

. C=AxB=C*=e” A’B’ | —l) Recall that the vector product in 3D space is a
pseudo -vector. Under reflection A— -A; B— -B; C=C!
We can represent six components of an asymmetric tensor by two 3D-vectors;
0 Pk B P

. L -p, 0O - a, L
W=(a=| 0 L o A =(pa). (A31)
_pz _ay ax 0
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The time-space components of this tensor change sign under the reflection of coordinates, while

purely spatial components do not. Hence, p is a real (polar) 3 -D vector , and a is 3D pseudo-
vector (axial) vector.

A =ghma (A-32)
is called the dual tensor to asykmmetric tensor .Aik, and vice versa. The convolution of dual
tensors is pseudo-scalar ps = A A . Similarly, e“™A is a tensor of rank 3 dual to 4 vector A'.

Differential operators
Next consider differential operators
g _ ox* 9
ax" ax" axt’
that follow the transformation rule for covariant vectors. Therefore, the differentiation with

respect to a contravariant component is a covariant vector operator and vice versa! Accordingly,
we can now express standard differential operators:

(A-32)

. .4 J = J J =

4-gradient: d=—=|—,-V[;d="7=|—",V]|;
ax  \ ax, ax | ax,

(A-33)
4-divergence dA=0A = 0 +VA;

(A-34)

: P -
4-Laplacian (De-Lamberdian): a =4d9 = = v
oX
(A-35)

Using differential operators allows us to construct 4-vectors and 4-tensors from 4-scalars.
For example:

X =4 (). (A-36)
Other example is the phase of an oscillator: expﬁ (a)t - RF)} @ =wt-ki; w =kc . The phase is 4-

scalar; it does not depend on the system of observation. It is very important, but not an obvious
fact! Imagine a sine wave propagating in space and a detector that registers when the wave
intensity is zero. Zero value of wave amplitude is the event and does not depend on the system of
observation. Similarly, we can detect any chosen phase. Therefore, the phase is 4-scalar and

kK'=d'gp=(w/ck) (A-37)

is a 4-wave-vector undergoing standard transformation. Thus, we readily assessed the
transformation of frequency and wave-vector from one system to the other, called the Doppler
shift:

o =y( +cpk) K, =y, + B’ [ )ik, =K. (A-38)
then simply applying Lorentz transformations we found as last time:
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(A-39)

Q
><\
=
<
=
o +r O O
o
=
<
=
o O O
~ O O O

4-velocity, 4-acceleration

Another way to create new 4-vectors is to differentiate a vector as a function of the scalar
function, for example, the interval. Unsurprisingly, 3D velocity transformation rules do not
satisfy simple 4-D vector transformation rules; to differentiate over time that is not 4-scalar will

be meaningless. 4-velocity is defined as derivative of the coordinate 4-vector X over the
interval s:
d =% (A-40)
ds’

i - V2
and ,with simple way to connect it to 3D velocity dx =(c, v)dt;dszcdt‘/l—g =cdt/y we

obtain :

u =y(Lv/c) (A-41)
that follows all rules of transformation. The first interesting result is that 4-velocity is dimension-
less and has unit 4-length:

uy =1 (A-42)
which is evident by taking into account that ds” = dx'dx = u'u,ds’. Thus, it follows directly that
4-velocity and 4-acceleration

Codd
w=—— A-43
ds (A-43)
are orthogonal to each other:
i duu)
uw, =———=>=0, A-44

What is more amazing is that simply multiplying 4-velocity by the constant mc yields the 4-
momentum:

meu' = (yme,ymv) = (E/ ¢, p) (A-45)

, furthermore, gives the simple rules to calculate energy and momentum of particles in arbitrary
frame (beware of definition of g here!):

E=y(E +cBp) B, = v(p), +BE'/ O;p, = pl. (A-46)

Integrals and their relations

Transformation rules are needed for elements of hyper-surfaces and for the generalization
of Gauss and Stokes theorems. Those who studied have external differential forms in advances
math courses will find it trivial, but for those who have not they may not be easy to follow. We
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will use all necessary relations during the course when we need them. Here is a simple list:

1. The integral along the 4-D trajectory has an element of integration dx' i.e,. similar to df
for the 3D case.
2. An element of the 2D surface in 4D space is defined by two 4-vectors dx,,dx, and an

Im?

. *j 1 ikim .
element of the surface is the 2-tensor df, =dxdx', —dx.dx . A dual tensor df ™ = Ee“' df, : is

normal to the surface tensor: df, df ™ =0. It is similar to 3D case when the surface vector
1 . .
df,, = Eeaﬁyfaﬁ; a,f=12,3 is perpendicular to the surface.

3. An element of the 3D surface (hyper-surface or 3D manifold) in 4D space is defined by
three 4-vectors dx,, dx,,dx; and the three tensor element and dual vector of the 3D surface are

dx'  dx' dx” 1
ds¥ = detl dx* dx* dx”*|= enklmds1;dsi - ;eiklmdem' (A-47)
dx dx' dx” °

Its time component is equal to the elementary 3D-volume dS° = dxdydz.

4. The easiest case is that of a 4D-space volume created by four 4-vectors:
dx™;dx{?; dx(; dx® which is a scalar

dQ =e"Mdx'dx’dxpdx’ => dQ = dx,dx,dx,dx, = cdtdV ;

5. The rules for generalization of the Gauss and Stokes theorems ( actually one general
Stokes theorem, expressed in differential forms) are similar to those for 3D theorems, but there
more of them:

IAK

Pda; $Adx = [t f A = [0 ds (A-48)

07Xi

fAdS = [



Appendix B: Lorentz group
http://en.wikipedia.org/wiki/Lorentz group

Lorentz Group - Matrix representation

Jackson’s Classical Electrodynamics, Section 11.7 [Jackson] has an excellent discussion
of this topic. Here, we will review it briefly with some attention to the underlying mathematics.
Generic Lorentz transformation involves a boost (a transformation from K to K' moving with

some velocity \7) and an arbitrary rotation in 3D space. Matrix representation is well suited to
describe 4-vectors transformations. The coordinate vector is defined as

XO

Xl

X = 2 : (B-29)
X3
and standard scalar product of 4-vectors is defined by (a,b) =ab, where a is the transposed
vector. The 4-scalar product involves the metric tensor (matrix):

a-b=a-h = (a gb) =(gab) = agb; (B-30)
1 0 0 O
. " 0 -1 0 O
g: g:{g } :{gik} = O O _1 0 . (B-‘?’l)
0O 0 0 -1

Lorentz transformations A (or the group of Lorentz transformations®) are linear transformations
that preserve the interval, or scalar product (B-30):

X' = AX; X'gX’ = XAgAX = XgX; = AgA=g. (B-33)
Using standard ratios for matrices
det(AgA) = det? Adet g = detg = det A= +1; (B-34)

we find that the matrices of Lorentz transformation have det=+1. We will consider only proper
Lorentz transformations with unit determinants det A =+1 Improper Lorentz transformations,
like space- and time-inversions, should be considered as special transformations and added to the
proper ones.

A 4x4 matrix has 16 elements. Equation (B-33) limited number of independent elements

1 Group G is defined as a set of elements , with a definition of a product of any two elements of the group; P = A* BEG:;
A, BEG . The product must satisfy the associative law : A® (B¢ C)= (Ae B)* C; thereisan unit element in the group
EEG,Es A=A E=A VYACEG and inverse elements:
VAEG;3AB(calledA™) €EG: A"A= AA' = E.

Matrices NxN with non-zero determinants are examples of the group. Lorentz transformations are other examples : the product of

two Lorentz is defined as two consequent Lorentz transformations. Therefore, the product also is a Lorentz transformation whose

velocity is defined by rules discussed in previous lectures. The associative law is straightforward: unit Lorentz transformation is a

transformation into the same system. Inverse Lorentz transformation is a transformation with reversed velocity. Add standard
rotation s, to constitute the Lorentz Group
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in matrix A of Lorentz transformations. Matrices on both sides are symmetric. Thus, there are 10
independent conditions on matrix A, leaving six independent elements there. This is unsurprising
sice rotation in 3D space is represented by 3 angles and a boost is represented by 3 components
of velocity. Intuitively, then there are six independent rotations: (xy) (yz) (zx), (t, x), (t, y), and

(t, z). No other combinations of 4D coordinates are possible: C; =~

2! 2I
We next consider the properties of A in standard way, representing A through a generator
L:
A=¢; (B-35)
where we use matrix exponent defined as the Taylor expansion:
1 000
L 0100
e =Y — L°=1;1= . B-36
bos 20 n! 0010 (B-36)
0 001

where | is the unit matrix. Using (B-35) and g° =1 we find how to compose the inverse matrix
for A:

AgA=g= A = gAg; (B-37)
which, in combination with
E U
= transpose(e") = E E @ g) E o g; (B-38)
n 0 .
gives
-l = g,z‘g = eng . (B-39)

We can that matrix exponent has similar properties as the regular exponent, i.e. e’e™” =1
by explicitly using Taylor expansion to collect the powers of U:

eUe—U :(iw)( S (_1)kLJk) — °° (_1)k Un+k . +§C Um. (B_40)
& n! ;) k! k=6n=0 nlk! o
and the well-known expansion of (1-x)m Our goal is to show that all cm are zero:
& (-1 m & ()'m "
1-X X'=mlc =Y+~ =(1-1)"=0. B-41
A-x"= 2 (m n)! = 1 r;)n!(m—n)! -3 ( )
Now (B-39) can be rewritten
Al=gAg=e'i=e' = glg=-L;= gL =—gL (B-42)
Hence, gL is an asymmetric matrix and has six independent elements as expected:
0 Ly Lo Los 0 Loy L Lo
_ 0 -L. - 0 L
gl_ - LOl L 012 ll:i L g(gL) - LOl L O12 L13 . (B-43)
_LO2 12 ic} L02 k12 L23
L L L 0 ls -Ls -Ls O
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Each independent element represents an irreducible (fundamental) element of the Lorentz
group or rotations and boosts, as discussed above. The six components of the L can be

considered as six components of 3-vectors in the form ("-" is a convention):

L=-&S-cK;A=e . (B-44)
with
000 0] [0 000 [000 O
. looo ofl .Jooo1 .joo-10
S=g, +6, +e, ; (B-45)
000 -1 o 000 o1 0 0
o010 [0-100 [00 o0 0
0100 [0010 [000O01
. 1000 [oooo |loooo
K=810 00 o/"%1 0 0 o[™%0 0 0 of (B-46)
ooo0o (0000 [1000

where @S represents the orthogonal group of rotations in 3D space (O; ), and K represents the

boosts caused by transformation into a moving system. It is easy to check that these matrices
satisfy commutation rules of

[S 8] =euSi[S. Kl =eyKii[K, K] = -€4S; [AB] = AB- BA (B-47)

@S

where &, is the totally asymmetric 3D-tensor. You should be familiar with 3D rotation € ™~ by
o : the direction of w is the axis of rotation and the value of o is the angle of rotation.
For the arbitrary unit vector €

(6S)° = -6S; (&K)® =éK. (B-48)

Therefore, S "behaves™ as an imaginary "i" and we should expect sin and cos to be generated by

exp(..é.); exp(..R.) should generate hyperbolic functions sinh and cosh. It is left for your
homework to show, in particular, that boost transformation is:

AB =V /) =eKans (B-49)

Finally, all fully relativistic phenomena naturally have six independent parameters. For example,
electromagnetic fields are described by two 3D vectors: the vector of the electric field and that of
the magnetic field, or in equivalent form of an asymmetric 4-tensor of an electromagnetic field
with six components. Not surprisingly, they carry the basic structure of the 4D space into
something observable.
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Appendix C: The Vlasov equation for an ensemble of particles.

CONSIDERING A LARGE NUMBER OF PARTICLES IN THE PHASE SPACE (Q,P) ALLOWSUSTO
INTRODUCE THE DISTRIBUTION FUNCTION:

f=f(Xt), X=(QP): dN, = f (X, 1)dX?" = f(X,t)dV,,. (C-1)
The Vlasov equation makes the following assumptions:

The local interaction of the particles in a small volume dV,, is negligible compared with their
interaction with the rest of the ensemble;

The system is Hamiltonian, i.e., dissipation is absent; and,

The consequence of (1) is that we can neglect scattering processes between the particles. This
feature is important, otherwise we could not state that the number of particles in the phase-
space volume remains constant.

A sub-ensemble of particles in the small volume dV», satisfies the conditions we used earlier for
deriving Liouville’s theorem. Let’ us draw the boundary of the infinitesimal phase-space volume
around the particles. Because the phase space trajectories do not cross, the particles cannot
escape from the volume. The crossing of trajectories contradicts Hamiltonian mechanics, where
particles having the same position and momentum at the same time do not have equal position
and momenta in the following moment (scattering violates this condition). Therefore, phase
density along the trajectory stays constant:

I. The number of the particles dN, is constant;
I1. The volume dV2, is constant.

dN
Thus, f =f(X(t),t)=—* =const ,
dv,,
(C-2)
when X(t) is the trajectory satisfying the equation of motion. From here, we get the famous!
Vlasov equation:
d g . of dX
— f(X(),t)=0—-—+——=0. C-3
dz (X®.9 gt X dt (€-3)
where t is the independent variable, i.e., in our case it can be t=s!

Now we employ the Hamiltonian equations to obtain the matrix form:
—+—S5—=0 (C-4)

or , the more traditional open form
of +07H o  oH of

—+——-———=0. (C-5)
IR IQ QR
The most widely spread form of this equation for 3-D is
o oH o oH of
—t+t =—-——--"==0 (C-3D)

rt P F I P
This equation is the most useful tool for studying collective effects in accelerator physics
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Appendix D: Recap of Lecture 2

Here we recap what we already discussed in Lecture: the Accelerator Hamiltonian.

a

Expressing the Reference particle and its trajectory Fo(t)as the function of s:

t t
(1) = [dr,(t) = [V, (0t (L2-1)
t; t;
df d*f . df . d*f
fl=—; f'=—0p.... f=r f=—-. L2-4
ds ds’ dt dt? (L2-4)
The Frenet-Serret coordinate system or natural coordinate systegl L dr(s) _ b
& =b ds °
ﬁ =- FO n
FO
b=|nxt
é=n [7]
Three contra-variant coordinates: q* =x; o2 =5 ¢*=y F =F,(5) + x- fi(s) + y- b(9). (L2-

5)

The Hamiltonian of a charged particle in an EM field

P ofea)ofa-2a)

H=c +ep
e .\ e, \
REN SRR o
¢ ¢ (L2-15)
Now, we change the independent variable to s, {¢'R},{d’.P}, {-t,H} + least-action
principle:
X':%:Lh*' ﬁ:_ih*' )/:ﬂ:ﬁ'%: Lh*
podt_dh'_ g dR_ oh"_ dH _dh

“GH' ds @t ds ot
2 2 2
h*=—(1+Kx)\/(|_|_—2e(p)—m2c2—(Pl—EAi) —(Pg-EAg) +
C C C

RIS (RN ERLERIN

Components of 4-vector potential can be arranged in a form of unique Taylor series:

Cds P,

(L2-19)
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0 k+1 n

1 y v
== YaB RN
A 2nkon yoEr k' (n+1)' A nkon y Sr°(k+1)| n!
) L °nl
- (L2-22)
l hd . X" yk . yk |
5n k= 1{07 l& ((1+ KX)By * KXB )roﬁz a (9 ﬁk 1((l+ KX)BX - KyBS)rOFF [
= n-1 X" - n—1 o L . " y
(p_(po(slt)_nzﬂﬁx Eern!_nE:lé‘y mn'_nzl(a (9 E é'xay ) o kl

where, f| ; (f) - fistaken x=0; y=0, butinarbitrary t. f| ; (f) , F=T,(9), t=t,(9).
The equilibrium particle at the reference trajectory

F=1(9; t=1,(9; H=H,(9=E(9)+p.,(st(9)), (L2-23)
E
- e E, B| =—%E,| , L2-26-27
K(S) = p(S) pOC(By o T p.C EXref) X|ref p.C Yiref ( )
dtO(S) - oh | - 1 : dEo(S) :—eé)—(p = eEz(Sto(S))- (L2_28_30)
ds dH ‘r s Vo(9 ds 0S|,
Taking the calculation one step further
{T = _C(t - tO(S)), 0= (H - Eo(s) - e(po(st))/c} ’ (L2-31)
A new Hamiltonian function using up-dated canonical pair (L2-33) is as follows:
~ 2 2E e B E 2 B B E 2 B B E 2
e L e L e R
e e C e
+CAz"’KX(Pa—CAs)—KY(PrCAi)Jf\/05—0%(57)
Do =P(SX YY) = @o(s1) = (s X,V,1) - 0(S0,0) (L2-36)
Expanding the Hamiltonian.:
it << L <<l o <<1;
pO pO [0}
The phase-space vector is
- N
h:_p0+E Ecvmnxp +0O(a); (L2-39)
v=1 Ep. i=1
X"=[q" P .. e Pn] [% X . e Xoma Xon] (L2-46)

where T stands for “transposed”. Adopting this notion, the Hamiltonian equations can be written
as one:

dx oH
_g. M H_ L2-42
ds X S‘ E S’ ( )

The first-order terms in the expansion are zeros by deS|gn.
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~ 2 2 2 2
A= P L E X Ny + G Y+ L(xP, - yR) +
Hamiltonian expansion: 2p, 2 2 ; (L2-46)
6 mx?
2p, P,
The second-order term is of foremost importance in accelerator physics:

— 1 D 3 1 T 3\ -
h—Egzh”xiXﬁO(a)EEX ‘H-X+0(c?); (L2-45)
An important and self-evident feature is H' =H

?j); =D(9 X+0(a”); D=S-H(9) (L2-45-1)

2
+ U% +gx0+gyo+ fxr+ fyr

i.e. the equations of motion are just a set of s-dependent linear equations

A generator of the symplectic group:S,, ,,,=1=-S,, ,,., m=1..,n; the other elements are
zero. S has n diagonal blocks with a 2x2 matrix o and the rest is the field of zeros:

o 0 .. O
S= 0 o .. 0 A 0 1 (l_22-¢153)
. ’ -1 0
2nx2n
Important (self-evident?) features are:
S'=-§, $=-1;9'S=1;S*=-5S 0
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Appendix E: Matrix functions and Projection operators

An arbitrary matrix M can be reduced to an unique matrix, which in general case has a Jordan
form: for a matrix with arbitrary height of eigen values the set of eigen values {4,...,A,}

contains only unique eigen values, i.e. A, = A;; ¥V k= j:
S|Ze[|\/|]:|\/|, {)\1’ ----- ’)\’m}; ms< M, det[)bkl—M]:O’

M=UGUY G= ¥G,=G,®..0G,; YszG,]=M (E-1)
@®k=1,m
where @ means direct sum of block-diagonal square matrixes Gy which correspond to the eigen
vector sub-space adjacent to the eigen value A,. Size of Gy , which we call Iy, is equal to the
multiplicity of the root A, of the characteristic equation

det[A1 -M] = [ J(2-2)".

In general case, Gk is also a block diagonal matrix comprised of orthogonal sub-spaces
belonging to the same eigen value

G,= »G|=G®..0Gk; YszxG]]=, (E-2)
@ =1, pg
where we assume that we sorted the matrixes by increasing size: sizdG)™] = sizdG/], i.e. the
n, =szegG] =<1, (E-3)

is the maximum size of the Jordan matrix belonging to the eigen value A,. General form of the
Jordan matrix is:

b 1 0 0
0 A .. O

Gy = ‘ (E-4)
0 0 .. A

This is obviously includes non-degenerate case when matrix M has M independent eigen values
and all is just perfectly simple: matrix is reducible to a diagonal one

sizM]=M; {A,....Ay}; det[A ] -M]=0;
A O
M=UGU* G=|0 .. ; U:[Yl,YZ,....YM]; M-Y, =AY, k=1..M (E-5)
)\’M

An arbitrary analytical matrix function of M can be expended into Taylor series and reduced to
the function of its Jordan matrix G :

f(M)=§fiMi =§fi(ueu-l)i E(ifiU(G)iU‘l):U(if (G)i)U‘lzuf(G)U‘l (E-6)

i=1
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Before embracing complicated things, let’s look at trivial case, when Jordan matrix is diagonal:

AR PR B L f(h) 0
f(G)=§fiG‘=Zfi0 =l 0 . ) =l 0
- = A Efi)bmi f(Ay) (E-7)
() 0 |
f(M)=u| 0 .. ut
f(Aw)

The last expression can be rewritten as a sum of a product of matrix U containing only specific
eigen vector (other columns are zero!) with matrix U™:

f(a) O M
f(M)=[Yp..Y .Yy ]| O .. U :E f(4)[0...Y,...0JU™ (E-8)

f)] <
Still both eigen vector and U™ in is very complicated (and generally unknown) functions of M....
Hmmmmm! We only need to find a matrix operator, which makes projection onto individual

eigen vector. Because all eigen values are different, we have a very clever and simple way of
designing projection operators. Operator

(E-9)

has two important properties: it is unit operator for Y;, it is zero operator for Yy and multiply the
rest of them by a constant:

P;Yk:M-Yk—)Lkl Yk:}»k—)\,kYkEO;
)\'i_)\'k )\’i_)\'k

P&YI _M-Y, ALY, — A _)Lk Yi = Yi; (E-10)
)\’i_)\'k )\'i_)\'k

_ M-Y. ALY A -4

PY, = et =l Ry,
A=Ay A=Ay

l.e. it project U into a subspace orthogonal to Y. We should note the most important quality of
this operator: it comprises of known matrixes: M and unit one. Also, zero operators for two eigen
vectors commute with each other — being combination of M and | makes it obvious.
Constructing unit projection operator Y; which is also zero for remaining eigen vectors is straight
forward from here: it is a product of all M-1 projection operators

=R =TT 2

k=i k=i

i i Y, j=i
Pleith :6Iij = 0, j =i
L=

(E-11)

Observation that
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PV =P [ Y Yi Yy ] =[0...Y, ..0] (E-12)

unit

allows us to rewrite eg. (E-8) in the form which is easy to use:
M M
=Y f(A)[0...Y,..0JU™ = ¥ f(A)PLU- U™ = E f (AP, (E-13)
k=1 k=1

which with (E-11) give final form of Sylvester formula (E-for non-degenerated matrixes):

E f(xk)H(M ”) (E-14)

i=k

One can see that this is a polynomial of power M-1 of matrix M, as we expected from the
theorem of Jordan and Kelly that matrix is a root of its characteristic equation:

g(7A) =det[M - Al]; g(M)=0; (E-15)
which is polynomial of power M. It means that any polynomial of higher order of matrix M can

reduced to M-1 order. Equation (E-14) gives specific answer how it can be done for the arbitrary
series.

If matrix M is reducible to diagonal form, where some eigen values have multiplicity, we
need to sum only by independent eigen values:

E f (1) ]‘[ (M =M ') (E-14-red)

and it has maximum power of M of m-1. Prove it trivial using the above.

Let’s return to most general case of Jordan blocks, i.e. a degenerated case when eigen
values have non-unit multiplicity. For a general form of the Jordan matrix we can only say that it
is direct sum of the function of the Jordan blocks:

Gt 00 0] -ifi(Gi)i 0
AL a0 0 of [
_gfiG _gfi o 0. ol ° .
0 0 0 GPr ;fn(Gﬁf)
f(Gh) 0
=l 0o .. = Y f(Gl)=f(G)e..of(Gk)  (E-16)

f (GE{") @k=1m, j=1py

Function of a Jordan block of size n contains not only the function of corresponding eigen value
A, but also its derivatives to (n-1)" order:

A 1 .. 0] [f(A) f'WA L EROW K FOY) (-]
0 A .. 0 0 f(A) f ™20 /(n-2)!
G=|w o o F(G)=| . (E-17)
00 .. 1 0 0 /(1) /1
0 0 .. A |0 0 f(4)
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The prove is attached in Appendix Eq. 17. We are half-way through.
There is sub-space of eigen vectors 7/A£ which corresponds to to the eigen value A, and the

block Gy:

n n1 nqgl. —q n
/ e{v,... Y} q=sz(G}) (E-18)
MY =AY MY =AY+ Y 1< =g (E-19)

It is obvious from equation (E-17) that projection operator (E-11) will not be zero operator for
7/k£ and it also will not be unit operator for 7/.”/. Now, let’s look on how we can project on

1z

individual sub-spaces, eigen vectors, including zero-operator for specific sub-spaces. Just step by
step (from eq. (E-6) and (E-17):

) | (E-20)
K00 0 A .0. 0
== L a0 P
I — ik i k|l.pi k — nl n,q,-1 _
AR BB m| Gl | (20
e
m -1 g (i) -
Uf(G):EEf _(Ak)q 0 0 o w 0.0 Y vt L 0. o| &2
k=1 i=1 il A P 1 ims P 21
n-th
A
From (E-19) we get:
[M=-2AJ]- Y 9=0 [M=-Al]- Y =Y 1<ksq
Ur E =yt ety
[M=-2J]-U] * =U7 =0y y e
...... (E-23)

[M-2l]"-ur*=un* :[Q;Q,Ylf'l...Ylf"...Y,f'q‘i}

j zeros
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i.e. we collected all eigen vectors belonging to the eigen value A,. Now we need a projection
non-distorting operator on the sub-space of A, . First, let’s find zero operator for sunspace of A,:

O =[M —Ail]”‘ =[M-Al]"U; "=[M - AI]" [Yk“l...Yk“' ...Yk““] =0;

_1—[ H(M M) (E-25)

|=k i=k

Ty is projection operator of sub-space of A,, but it is not unit one! To correct that we need an
operator which we crate as follows:

Ivl_)"il. — . — —
N T=M-4l; a=a,=1/(A-A)

RU, =U, +aU, u,=U,

R=

L +au U, =TH,
RU, =U U, =T*,

S0, we get it:

| + El(l\)/i :ikkl) ) (E-26)

e -

The final stroke is:

and
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I+ E(—“ﬁ = )]} I E—f mﬁm M-2]|  E29

Proof of eq. (E-17):

1 0 0 O A1 00
coo|0 100 0410
00 o[ 00 1
0 0 1 0 0 A
A 1 0 0][r 1 0 0] [## A 1. 0
Gzzox1o‘ox1o_o,12;b 0
0 0 110 0 .. 1 |0 0 .. A
0 0 All0 0 Al |0 0 0 »
Induction:
A At n(n-DATt/2 L
g==|0 A nA"* /1
0 0 nA™ /1
0 0 0 A
A1 0 Ol [A A" /1 n(n-pA™/2 ...
g2=|0 A 1 00 X nA™ /11 w
0 0 1| |0 0 A"t /1
0 0 Al |0 0 0 4n
A (DA (n(n-1)+2m A2
0 A (N+)A" /1
0 0 (n+)A" /1
_0 0 0 )»nﬂ
AR o A o/ L o4 L o W

(0 I L o1 S OV L o4 U




A 1 0 O] (A" CcA* Cci? .. o LAt

0 A 1 0/|0 A CW* .. Ccatt ot _

0 0 o

0 0 A0 0 0 o0 0 0 X

A (CU+DAT (CR+CHA™ L (CR+CL)A™ (Cl +CHA™

0 a Cr+pa .. (Cl +Cp A

|0 0 0 0 0 0 A

polynomial coefficients: C** =C; +C/,; C! =nl/k/(n-K)! proves the point.

Hence, we can now calculate a polynomial functions or any function expandable into a Taylor
series:

i S n S nan-k
) I AR o i o L ZOM EofanA
=y fG"=Y1f,0 .=l 0
n=0 n=0 0 }Ln 0 0 Efr?\'n
n=0
The final stroke is noting that
nat 13 nNA  1$ — .
fCIA™ =) f - ==V f . == 3 f -2 |(n-
2 E K-(n-K)! klzo " (= K)! k'zo " H( D
k = k
S NPV )

Kdx <" K dA*

Good for HW exercise.
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Appendix F: Inhomogeneous solution

Even though calculations are tedious, they are also transparent and straightforward. General
expression for the inhomogeneous equation of 2n ordinary linear differential equations is found
by a standard trick of variable constants (method developed by Lagrange), i.e. assuming that
R=M(9A(9):

%:R’:D° R+C; M’'=DM,;

ds

R=M(9A(s) = M'A+MA =DMA+C

R(0)=0=A,=0 (F-1)

A=MY9C= A= [M(2Cdz= ( ) eDZdz)- C
0 0

with well known result of:

R= eDs(je‘Dzdz)- C. (F-2)
or
R=M 4X4(s)(j M _l4x4(Z)dZ)' C. (F-3)

If you use computer, eq. (F-3) is one to use. For analytical folks, you should go though a tedious
job is combining all terms together into final form:

oS oo oo

k=1 | i=k A j=0

il gP-d B gl
-0 ( p- Q)! )qu+1 )‘karl

(F-4)
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Appendix G. Canonical variables — one more touch.

It was brought to my attention in the class that there is a possibility to use better notations for
components of the canonical momenta instead of rather awkward P; and P3. This is result of my
exploration of such possibility. I plan to modify my notes appropriately when time permits...

In lecture 2 (Jan 15) we defined our new coordinates in the natural coordinate system defined by
the reference orbit T,(t):

F=F,(9+x-A(s)+y-b(s). (L2-5)
q=x q=s g’ =Y. (L2-5-1)
together with the co-variant (Ry) and contra-variant (R) components of an arbitrary vector:

R=RA+Ri+Rb=YRE = SRE

R =R &; R=R;R =(+Kx)R +k(Ry-Rx); Ry =R; (L2-12)
kep.ak plep - &Y p.op2o R _ . 3= KX n.
R=RE R=R - GR R = HRY-RY) R=R+ R

We finished with three canonical pairs
{d'\R}. {a".P}, {-tH}

to emphasize co- and contra-variant nature of the pairs, and finished withthe Hamiltonian:
* (H _e(p)z 2 2 e 2 e
h' =—(1+KxX);F——-mc* - [P -—A| -[P,-—A,
c c c
e e e
+—A,+kX|P,—-—=A|-ky| B -—=
T T BN

We quite naturally switch to use of x and y, but continued the use of “the odd” P; and P3, which
are actually can be (see line 2 in L2-11) called Py and Py without loss of any generality:

2

(L2-19)

P=P, P,=P, (G-1)

as soon and we keep them capital and recognize that the capital (upper case) P is the notation
reserved for the canonical momentum, while low case p is the notation reserved for mechanical
momentum:

e
P.= DX+EAA; P=p,+=A; (G-2)
with canonical pairs of:

{Xa PX}1 {y! Py}1 {_tlH} (G‘\?))
and the Hamiltonian
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h =-(1+ Kx)\/w— m?c? —(PX -SAX)Z —(Py -EAV)Z

c Cc (G-4)

+§A2+Kx(Py—§A/)—Ky(PX—§A()

There is the danger in these notations, because they look too familiar from Cartesian system,
while our coordinate system is actually curvilinear. Hence, one should use proper differential
operators and remember that in general case A, = A; . Next natural step would be
switch to {-ct, P,=H/c} to make the dimensionality of all three pair the same {distance,
momentum}. The danger here is to mix P, and p, — we did not used it. Another option is to cal it
Pct, which is awkward. The random choice of & in new canonical pair
{T=-ct-t,(9), oP, = (H - E,(9 - ep,(s1))/c}, (L2-31)
was unfortunate. Calling it
{T = _C(t - tO(S)), P'r = (H - Eo(s) - e(pO(S,t))/C} ) (G-S)

would be a better choice with the Hamiltonian looking much better:
R MO
\ o c T C(;DL T C(pj_ X c y CA, (G_G)

R L B RN I R

[o]

h=-(1+Kx)

Furthermore, in storage ring literature use of momentum deviation p_- p, is preferred to the

use of the energy deviation. In this case (fro constant energy only!) the longitudinal variable is
also very similar to the longitudinal displacement of the particle from the reference.

| = VO_(S)—L-, (G-7)
c
Non-identical part of the canonical transformation is easy **:
QP )=-P - - (G-8)
Vo(9)
with
B dQ=-qdP - Pdg +(H - H)dt; g :—E; P :—ﬁ; H'=H +£;
P G ot
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r=-orE =1—°_
P, Vo(9)
p=-2oP.= P S = (H - Eo(9)—ep,(st))/v,(9) (G-9)
ol Vo(9)
h=h+opn=pl- 5N = pl LW
s v,” ds v, ds

With exception of an additional artificial term, the Hamiltonian becomes may-be a bit more

appealing:
D e e N e O R LD R
+§A2+KX(Py-§A/)—KV(PX—§&)+R—Srﬁu(sl)Jfl'F’.(\idg;’)
=1/vy(9)
Gu(sh= [ (Eust(9+2)-Ej,)dc (G-11)

0

There is no much difference in appearance between (G-10) and (G-6). The difference appears as
soon as we are considering particles with constant energy and can use reduces variables:

With canonical pairs of:

{xz} Ay} {va} 7, =R.Ip, (G-12)
- E _i ) e 2 . . e 2 ) _i 2
hel KX)\1+ Vo (n’ PC %Hn’ poc%) (”X PC /&) (ny PoC Ay) " (6-13)
' pch2+KX(”y ) pic Ay)_w(n* ) p(:c A&)ﬂzﬂf ) pic(p”(sr)
With canonical pairs of:
{xz} {ym} {lx} 7, =P.Ip, (G-14)
. _ i h 2 _i 2 ) ) e 2 ) . e 2
e KX)J“Z(”' o lelo) - [epea) Al e
T Y R S R

Linearized stuff is similar. With canonical pairs of: {x,P}, {y, Py}, {z.,P}; =, =P,Ip,
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~ PZ+P? 2 2
h="*_"Y +FX?+ny+Gy3+L(xPy—yPX)+

2p, ; (-6-16)
PTZ mZCZ TZ
2n, : 0 +U > +gXP +g,yP + Fxt+Fyr
or reduced (p, = const!)
~ ml+m? NG y?
h="* "+ f T +nxy+g” +L(xr, -yr,)+
2P, 2 2 ; (-6-16)
x? mc? | 1P
> 0 +u?+gxxnr+gyyn,+ fxr+fyr
with
2 2
oB
fziz —K-iB _iiy.k g _L§EX_2K£+ meEx :
P, PC " PC X (2pC) | PoV, OX PVo \ P
2 2
g=C = e&Bx+(eBs) _e&Eu(meEz). (6-17)
P [Py \2pc)| PVody (P )
oB oE eE
2n=2N=[ean_ey}_K.eBX_ e (aa+y)_2K (meE) megx)
pO pOC dx pOC W pOC pOVO ay dx pOVO pO pO
2 2
L=xe S u=Uo o B g (M o, (M)
2pOC pO pOC dt pO VO pO

et vyttt Y Y coat v, dot

With canonical pairs of: {x,P}, {y, Py}, {ILR}; =, =P,/p, Hamiltonian has additional term

I-Fﬁ(i do\llo) for non-reducible case (p, # const!). The rest is just boring replacement of
v, ds

(o]

|=B,r, P=P.IB, PB,=V,/c.... Please not that corresponding coefficients in (G-17) will be
modified.
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Appendix H. Fokker-Plank Equation

following 883 from Thermodynamics, Statistical Physics and Kinetics by Rumer and Ryvkin,
Nauka, RAN, 2001 [Rumer]

1. Particles described by distribution function in the Phase Space x ={F,P}:

2. Markov’s chain: no dependence on pre-history of the event=> hypothesis: correlations

exist only between two consequent events: the probability to "move” from point X in the phase
space to y during time T depends only on {X, y,t, 7} :

dw =W(y,qz,t,)dy; dy=dr,dP,.

A

A

What probability to move from point X in the phase space to y during time t+ 7 trough
an intermediate point z ?
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There t is time for move x=>z; 7 is time for move z=>y. Two events are independent and
total probability is product of two probabilities: x=>z and then z=y:

W(y, 4z.t, +t)dyW(z ., )dz
To find probability W(y, x|t + r,to) it is sufficient to integrate over all z :

W(y, xt +7.t,) = [d2W(y, 4z, +t)dyw(z K. t,). (H-1)

This is Smolukhovsky equation. Fokker-Plank Equation can be derived derive from (H-1) in
following form (t, = 0):

W(y, xtt +7,0) :fdz\N(y, Z7,t)dyW(z xft, 0). (H-2)

Lets consider an analytical (integral-able) function g(x), which is limited in all phase space and
goes to zero with all it derivatives at the infinity (i.e. we use a finite system):

9" 9(x)

[l

We should keep in mind that g(x) can be an distribution function and these properties are natural
for finite system with finite energy: g(x) when [F|>r, __ or |I3| >P__ (E..). Multiplying (H-2)

-0 |)(|—> oo,

g(x) = g(x)—=0;

by g(y) and integrating it give us:
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J IW(y. Xt +7,0)dy = [['a(y)W(y, ztr.t) dyW(z X, 0)dydz (H-3)

g(y) can be expanded into Taylor series:
2

N TR S
o) =9+ (v -2)+ 55—

(summation is assumed on repeated indexes)

J9(W(y, Xt +7,0)dy =
Jd
[flo@+ -2+

(H-4)

; azzagzk( = Z)(Yi = 7))+ | W(Y, 47, t)dyW(z x}t, 0)dydz.

Taking into account that:

[9@W(y.xlz.t)dy =9@: [ W(y,xlz.t)dy =1;
[ 9W(y, Xt +7,0)dy - [9(2W(z xk, 0)dz = [o(yXW(y, Xt +7,0) - W(y, Xit, O}y dy

we can rewrite (H-4) in following from:

W(y, Xt +7,0) - W(y, Xit,0)

[ay) - dy -

- o) Sl o, 0)ey

(1) B —
- [ (y,t)—ﬁya7y W(y, xt,0)dy-.......= 0.

i k
where we introduce following notations:

A0 =~ f (& -y W (zylrt)oz

b (y.t) = % [(z-y)(@z -y )W(zY[.t)dz
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2n-D vector a:{af’)} is an “average speed” particles’ point on the in Poincaré plot in the phase
space. Integration by parts gives us following: b{? is 2n-D tensor representing correlations
between variations of i's and k’s components of X :{F,I5} with the tensor’s trace giving RMS

1
drift of the point b{”(y,t) = ;f(: - yi)ZW(z, yfr.t)dz.
Integrating by parts (here we use the boundary condition for finite system!):

fateog) gw (v, xt,0)dy =

NG _ NG
f ayi{"’“ (. OWLy. 5ol - fay) @™ (v 0y k. Oy

b{7(y,t i t,0 b{7(y;t t,0)} dy -
SO0 =Wy X dyf—{ (y)&yk W(y, xit, 0} dy

—f—{g(y) L0 (v OW(y. i, O)lrdy + fg(y) oy, o 0 OW(y. Oy

k

’ = i = =+o00) — Y = =00 ) =
[ 35" TT o= [T o b = fTT bty =+ =3y = =22 =0,

k=1,...6

and finally:
f9) - 1870wl <o) —%W[tf”(y, HW(y. 0)]} =0.

g(y) is arbitrary function which requires the expression in the brackets to be zero:
W (y, [t,0)
ot

{aW y,x|t0

NG 1 & [ _
+ E[a( >(y,t)W(y, X|t,0)] - §M[b'(k)(y’t)w(y’ X|t,0)] o (H-5)

This is called mono-molecular kinetic equation of Fokker and plank. What about the distribution

function? The Fokker Plank equation for the distribution function can be derived from this using
connection between distribution function f(x,t) = f (¥, p,t) and probability W(y, x|r,t): deviation

of the particles density in phase space volume dx during time t is equal to the difference between
number of particles left this point and arrived into this point:

[f(x.t)- f(x0)]dx= dxf[W(x,z|t,0) f(z0)-W(zxt,0) f (x,O)]dz (H-6)
Remembering that fW(z X|t,0)dz =1, we get
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f(xt)= [W(x2t,0)f(z0)dz (H-7)
which shows that multiplication on W(y, x|t,0) and integrating over the phase space equivalent
to a propagation in the phase space by (x-z) and in time by t.

Thus, multiplying (H-5) by f(x,O) and integrating over x we obtaining Fokker-Plank equation
for the distribution function:

— —t—[a" (V) f(y.t)| - S— b’ (Y, ) f(y.1)] =0 (H-8)
e 0] 3, 19 00T 040)
This equation also can be written as continuity equations in the phase space:
o (y.t) . i, : © 1% 10
— —+—<=0; j =[a”(y:) f(y:t)| - S —|bi (. ) F(y:t)[- (H-8")

This is the final form of the of Fokker-Plank equation, where we just should recognize the terms
such as motion of the particle and diffusion coefficients D:

of (y’t) i dyi(ylt) _ l 9° _ .
X (?yi[ e VD i EVEY) [Di(y,t) f(y,1)] =0 (H-8")
Finally, nobody told us to use time as independent variable, s is as good!
of (y,s) i dyi(yis) _E 9° _ 3
s + ﬂyi [ ds f(y,S) 2 O,'yio,’yk [Dik(y,S) f (y,S)] = O (H_8 )
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Appendix I: Standard perturbation method

In 1958 Bogolyubov and Metropolsky developed general asymptotic perturbation methods in
the theory of nonlinear oscillators [Bogolyubov]. This methods works till the second order and
can be used for many analytical studies.

Mathematics of the method is too involved and interested reader will find it in the English
translation of the book: Bogolyubov and Yu. A. Mitropolsky, Asymptotic Methods in the Theory
of Nonlinear Oscillations, Gordon and Breach, New York (1962)

The system under study is fully described by its n-dimensional vector X. In our case it will be
X" =[g,] for one-dimension, X" =[¢,1,,@,,1,] for two dimensions, etc..

For a slightly perturbed linear oscillator (with |g| to be considered as a small perturbation)
described by equation of motion:

dX _ _ )
E—gF(X,s), (1-1)
solution can be written in the first order of perturbation as:
) X=59+FEY = =gFE); (1-2)
where following notations are used:
1 s+S .
(F(X,9) :g{F(X =const,9)ds F = [(F -(F))ds; (1-3)
Second order looks a bit more elaborate:
- A2 0)\e| 20F =
X :‘S(S) + gF(&,S) +g (F£ F - g £<F(E’S)>
) ; (1-2)
% e gf@9.9)-ol1rd EL ey
ds o i J& ’

This method works beautifully and in many cases allows to find finite analytical formulae. There
is no systematic approach to extend this method beyond second order perturbation. Lie algebraic
theoretical and numerical tools should be used in such cases.
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Appendix J: Arbitrary order Hamiltonian expansion with Mathematica
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