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Off-Axis RF' Fields Extrapolated from On-Axis Values

Stephen Brooks

September 1, 2026

1 Maxwell’s Equations for an RF Field

Start with Maxwell’s equations

V-E = p/e
0B
E = ———
V x 5
V-B = 0
OE
VxB = ,U,0<J+€Oat>,

set the sources p,J to zero and look for a periodic solution with E = Egcoswt, B = B sinwt
where Eg, By do not depend on time. This gives

V-Eg = 0
0B
V x Egcoswt = _E = —wBgcoswt = VxE; = —wBy
V-Bp = 0
OE 1
V x Bysinwt = MOGOE = c—2<—wE0 sinwt) = VxBy = _;%EO-

Taking the curl of the second equation, notice that

2
VX(VXE(]):—WVXBOI%E().

It turns out that finding an Eq that solves this equation is sufficient to satisfy all four, because

By can be defined as —%V x E¢ and then both Eg, By are expressed as the curl of another
vector field, making their divergences zero, satisfying the other two equations.

2 Case with No Angular Dependency

The aim is to build a solution for Ey out of a sum of simpler functions. Defining r = /22 + 2,
consider a longitudinal (z directed) vector field a with r* scaling in the radial direction:

a, =r7f(2), az=a,=0.



The curl of this has two nonzero components:
k107 k—2
(Vxa), = Oya:=kr gyf(Z) = kr" "y f(2),
(Vxa), = —0pa,=—kr"1—f(2) = —kr" 2z f(2).
Now consider a similar term b that points azimuthally around the axis:

by = rkilyf(z), by = —rkile(z), b, = 0.

Its curl components are:

(Vxb), = —db,=r""af(2),
(Vxb), = 0.b,= rkilyf'(z),
(Vxb), = b, —dyb,

=" (2) = (k= PP f () = P (2) = (k= 1P PP (2)
—2rf 7 f(2) — (k= D)r T f(2)
= —(k+ D" f(2).

Finally, define a radial term c:
Cp = rkz—le(z)’ Cy = Tk_lyf(z)v c, =0,

that has curl components

(Vxc)y = —0.,¢y = —rF Ly f(2),

(Vxc)y = e =r""af(2),

(Vxc), = 0ycy— 0Oycy
= (k= 1r*"Payf(2) — (k= 1)r* oy f(2)
= 0.

As a shorthand, subscripts will indicate substitutions of k or f in these terms, omitting any that
are unchanged. In this notation,
Vxa = kb,
Vxb = —<k+1)ak_1+Cf/7
Vxe = —bf/.
Now the double curls may be evaluated:
V x (v X a) = k (—kak_g + Ck—l,f’)
—k2ak_2 + ka_Lf/,
—(k+1) ((k = 1)bg—2) + (~bs»)
—(k* = 1)bg—g — by,
Vx(Vxe) = —(=(k+1ag_1p +cpm)
= (k + l)ak,l,f/ — Cyn.

V x (V x b)

Analogously with the magnetic field solutions in [I], seek a solution of the form

o
k=0



for some functions fx, gi, hx. The double curl is

e}
Vx(VxEy) = Z —Kk*ag_o, + kep—1,5
k=0
- (K- b2, — bg;’
(k+ Day_1p — cpy-

Equating this to “’—;Eg and only taking the order k terms gives
g s y

2
w
T(afk + bgk + chk) = _(k + 2)zafzw-z + (k + 1)cf’ L
C k+
((k+2)* = 1)bg, ., — by

+ (k+2)ay, —cpr

Equating the longitudinal, azimuthal and radial vector coefficients gives

2

w

ijk = —(k+2)fri2+ (k+2) 1
2

w

Z9 = —((k+ 2)% — 1)grs2 — 91,
2

w

thk = (k+1)f1 1 — g

At this point, the first two equations can be rearranged to give fr42 and gi4o in terms of lower-
numbered functions, as required to calculate them all via a recurrence. However, the highest
function in the third equation is f}, 41 and not h. Fortunately, some careful cancellation can get
rid of both the f; ,, and hj terms.

Taking the first equation for the k — 1 case and taking the z derivative gives

2
w
?fllffl =—(k+ 1)2f1/g+1 + (k+1)hy.

Multiplying the third equation by —(k + 1) gives

2
w
—(k+ 1)0—2hk = —(k+1)2froq + (b + 1hy.

The right hand sides are now identical, implying that
frio1 = —(k + Dhg,

which allows h to be eliminated entirely. In particular,
= —(k+2)hjq,

which allows writing the first two equations as:

gfk = —(k+2)?fre2— fl,
w2 2 i
2% = —((k+2)* = 1)gr42 — gk



Now everything can be written as simple recurrence formulae

—1 w?
fry2 = m <02fk’ +f]/g,> )
_ -1 W72 + "
gk+2 = (l{ n 2)2 1 02 gk 9r | >
—1
h = —f.
k41 k+2fk

To avoid discontinuities, the lowest allowed nonzero functions are fy for the on-axis electric field
and g1 and h;.

2.1 3D Field from On-Axis Electric Field
In the case where just the on-axis electric field fo(z) = f(2) is specified, azimuthal components

gr can be set to zero as their recurrence relation is independent of the rest. fi and hi are all
linear combinations of derivatives of f. Specifically, for all k, fop+1 =0, hor = 0 and

k _1 2 62 k
o= (Mg ) (5 52) 7

%) ()7

howpr = 57 2f2k

)HH - = (2j+1)
- 22k+1k|k+1|z<)< ) .

J=

The field shape explicitly is:

oo
Eo = ) apjs + Ckpy
k=0

oo
= Z[rk_lmhk(z),rk_lyhk(z),rkfk(z)].
k=0
The magnetic component is:

1
B() = —*VXEO
w

1
= —;ZV X ag, f, +V x Ck hy,
k=0

1 o
= — Zkbkfl,fk — by
k=0

= _72 k+ )bk iy — biw
k=0

= - Z((k + 1) fer1(2) — h%(z))[rk_ly, —Tk_lx,o].
k=0



The last expression can be simplified slightly using the recurrence relations for f and h:

-1 w? ”
(k+1)fry1 = e Cﬁfkfl + fr_1
—1
;L 1"
h‘k - k + 1 k—1
—1 w?
= (k+1)fr41 —hy = mcjfkq-

Thus,

w o fro1(2)
_w k—1 k=1, k-1
By = 2 kEO E 1 [r" ty, —r" ", 0].

The full time-dependent field can be recovered with E = Egcoswt and B = B sin wt.

3 Case with Angular Dependency

Defining cylindrical coordinates with @ = rcosf and y = rsin#, consider a longitudinal (z
directed) vector field a with n-fold rotational symmetry in 6 and r* scaling in the radial direction:

a, = emerkf(z), ar = ag = 0.

Here, the field components are complex so the cosine or sine part can be extracted by taking
the real or imaginary component respectively. These components still satisfy all the differential
equations. The curl in cylindrical polar coordinates (r, 6, z) has two nonzero components:

(Vxa), = +dpa.=ine™r" ! f(2),

(Vxa)y = —dpa,=—e™kr*1f(2).
It is sufficient to consider two other single-component terms b and ¢ where

bo = ek f(2), b, =b, =0,

The curl of b has nonzero components

(Vxb), = —d.bpg=—e™rkf(2),
(Vxb), = 10,(rbg) =™ (k+ 1)r* 1 f(2).

The curl of ¢ has nonzero components

(Vxcly = 0.¢=e™rkf(2),
(Vxc). = —10c = —ine™ kL1 ().

As a shorthand, subscripts will indicate substitutions of k£ or f in these fields, omitting any that
are unchanged. In this notation,

Vxa = INCl_1 — kbk_l,
Vxb = —Cy + (k + 1)ak_1,
Vxec = bf/ — inak,l.



Now the double curls may be evaluated:

Vx(Vxa) = in(bg_y,p —inay_o) — k(—cp_1 g + kag_»)

(n® — k*)ag_o + inbg_1 p + kcy_1 7,

Vx(Vxb) = —(bpm—inag_ )+ (k+1)(inck—2 — (k — 1)by_2)
inay_q g1 — b — (k* — 1)bg_g +in(k + 1)cg_2,
(—cpn + (k+ Dag_1.p) — in(incy_s — (k — 1)by_s)
= (k+Dag_1,p +in(k —1)bg_g —cpr + n%cy_s.

V x (V xc)

Seek a solution of the form -
Eo =) ajf +brg +Chny
k=0
for some functions fg, gi, hx. The double curl is

o0

V X (V X Eo) = Z(nz — k?g)akfz’fk + inbkfl’f]fc + kck*Lfllc
k=0
+ mak,l’g}; - bgg - (kz - 1)bk72,gk + m(k + 1)Ck72,gk

+ (k + 1)3%_1’;1;C + m(k: — 1)bk72,hk — Cpy + n2ck,27hk.

Equating this to ‘;’—;Eg and only taking the r* terms gives

2
w .
g(afk +bg, +cp) = (n®—(k+2)%ay,,, + inbg  + (k+ 1)cf]/€+1

+ inag | — by — ((k+ 2)2 — )by, ., + in(k + 3)cg,
+ (k+2)ay,  +in(k+ by, — ey +n’cp, .
Equating the longitudinal, azimuthal and radial vector coefficients gives

w2

cfsz = (0= (k+2)*) fepo + ingpq + (k4 2)hj 1,
2

w . .

ggk = anl::—‘,—l - Q;g, — ((k+ 2)2 — D) ggto + in(k + 1)hg12,
2

w .

ahe = (k+ 1) froq + in(k + 3)grra — b + n°hyyo.

The highest function in the first equation is fiio, which is good for setting up a recurrence.
However, this time the g and h equations have a combination of gi4+2 and hgio in each of them
and the two combinations are linearly dependent (note (k +2)2 — 1 = (k + 1)(k + 3)), so there
is not enough information to solve for giy2 and hgio separately. On the other hand, the linear
dependence allows one equation to be obtained where these terms are removed entirely.

To simplify manipulation, define the mixtures
my = ingx + (k + 1)hg and pr = (k+ 1)gr — inhy.

Now the three equations can be written
2

%fk = (n® = (k+2)°) far2 + mjp1,
w? o I

29k = infri1 —gx — (k+ 1)pryo,
W2

cjhk = (k+1)frp1 — by + inppo.



Further mixing the second and third equations yields

S = (k12 = n?) f = mf,
WQ // 2 2
aPk = TP + (n* = (k +1)%)prt2

The p equation is now completely decoupled. It can also be seen that the coefficients of f,, f},
and pn41 are zero in certain equations as k is varied. This typically allows arbitrary values to
be set for f, or p,y1 to start the recurrence.

Take the z derivative of the f equation and the k£ 4 1 index of the m equation to get

2

w
cjfé = (n2 - (k+2)2>fl/f+2+m/k/+17
w2 2 2\ g/ "
2kl = ((k+2)" = n7) figo — Mpp-
This implies my41 = —f;, if w # 0. That enables the f and m equations to be rewritten as
w2 2 2 1"
=fe = (07 =k +2)") vz = fi,
W2 2 2 1"
ZmE = (n” = (k+1)%)me42 — my,.

The m equation here is mostly redundant as it can be derived for k > 1 by differentiating the f
equation and using my41 = —f}.

For k # n — 1, we may recover g and h with

inmy, + (k+ 1)pg
(k+1)%2 —n?

(k 4+ 1)my — inpg

and =TT e

9k =

but the case k = n — 1 is special because the mapping to m, p is non-invertible (m,_1 = ip,—1).
This means an additional variable (say h,—1) and transverse equation is required at this point,

for instance

w?

thn—l =nf), —hy_y +inpyi1.
The two lowest-order arbitrary functions can now be h,_1 and f,, with p,+1 being determined
by the equation above.

With hy,_1 being set, what should the other component, say m,_1, be? It turns out that
mu—1 (and p,_1) are at the top of the downward recurrence sequence and must be set to zero
if lower-order terms are not wanted. Figure [1| shows the linkage of the various variables. There
is an out-of-parity network of variables (fr42;41 and (m,p),42;) that extends infinitely in both
directions. These are set to zero because solutions that start at a given radial power are of
interest. The remaining network is broken in two by the equations where a coefficient is zero: f,
and p,+1 are at the bottom of the upward portion and f,,—2 and p,—1 at the top of the downward
portion. Given that m,_1 = ip,—1, a new node is added for h,_; that is related to f, and p,41
by the extra transverse equation. This forms the true start of the transverse recurrence, with
fn still free to choose for the longitudinal part.

Setting m,,_1 = 0 gives
0 =1ingn—1 + nhny_1

so that g,—1 = thy—1.



(:'V‘\P"\

Figure 1: Linkage of recurrence variables.

Overall, starting with a lowest-order longitudinal function f,, and transverse function h,_1,

—1

2
. w .
In—1 = thp_1, Pnt1 =~ (Czhn—l + h/7:,1> +if),

and then for k£ > n,

1 w? "
Jer2 = 2 (k+2)? gfk + 1)
mrgy1 = _f]:;J
_ 1 w? L
Pk+2 = n2 — (k n 1)2 02 Pk Pr |-

All other parity terms f, 12541, Mny2j, Pny2j are set to zero.

3.1 3D Field from Longitudinal Electric Multipole

Suppose the lowest-order electric field is a longitudinal multipole of order n, so f,(z) = f(z)
and h,—1; = 0. The extra transverse equation gives p,+1 = if,. For all k > 0, fui0k41 = 0,
Mptor = 0 and

k k
1 w? 02
hw = W=y | (4 0)
j=1
Mp42k+1 = _frlz+2k7
b 1 w2 92 \F
Pnt2k+1 = Hm (02—1-(3,22) Pn+1
j=1
— !
= Unt2k-



Converting back to g and h,

(=S o) + (0 + 2k 4+ 2)(if;, op)
Int2kit = (n+ 2k +2)2 —n?
2% + 2 ,

(n+4 2k +2)2 —n2 "R T on 4 9k 42

(n+ 2k + 2)(— f} o) — (if; 0n)
(n+ 2k +2)2 —n?
—(2k +2) / _ T/l+2k‘
(n+42k+2)2 —n2’"2F 7 9n 4 9k 4+ 2°

Ppgoky1

The field shape explicitly is:

o0
Ey = Z ar, f, + bh,g, + Ch,hy

k=n

= > e Fh(2), ge(2), fr(2)]res
k=n

State the transverse and longitudinal parts of Eg separately keeping only the nonzero terms:

o~ ind 21 dnion(2) .
Boy = e L,
0 .
Eo. = Y ™™ f on(2).
k=0
Noting that e’ = cosnf + isinn#,
€™ [—1,i],9 = [~ cosnf — isinnd, — sin nb + i cos nb],g,

which makes it easier to take the real or imaginary part of the field depending on whether the
multipole is normal or skew. Another useful formula is r{a, bl.g = [ax — by, ay + bz].

The magnetic component is

1
BOZ—*VXEQ
w

but first express Eg in terms of the basis functions a, b, c:

oo o0
1 .
EO = kZ_O m <lbn+2k+1’f'r,z+2k - Cn+2k+17f7/7,+2k) + ;) an+2k‘,fn+2k .

The longitudinal part gives
V X niok,frion = MCn42k—1,frazp — (0 + 2K)bpgor—1f,
and the transverse terms give
V x (ibn+2k+1,f;b+2k) = —iCpiokyrpr,,, TN+ 2k+ a0 p

V x (—Cn+2k+1,f;+2k) = inapiopg .~ bujoppi g



The longitudinal B field is found from collecting the a terms:

1 o= . .
By, = _; Z Zezn@,rn-i-Qk’fT/LJer(z)
k=0
and the transverse field from the b and ¢ terms:

[e.e]

1 ; _ )
By = - Z gintpnt2k-1 (fn+2k(z)[zn, —(n+2k)] +
k=0

2
r 1

mfnmk(z)[*i, 1]T9) :

For this expression,

e™lin, —(n +2k)]l,g = [—nsinnd + incosnb, —(n + 2k) cosnb — i(n + 2k) sin nd),,

e™—i, 1),y = [sinnh —icosnb,— cosnl — isinnl].g.

The full time-dependent field can be recovered with E = Egcoswt and B = By sinwt. How-
ever, note that the original " longitudinal electric multipole has produced an r"~! transverse
magnetic multipole via the definition of By. This multipole is also multiplied by a factor of %,
which will become large for low frequencies. An approach starting with a transverse electric
field will therefore also be presented.

3.2 3D Field from Transverse Electric Multipole

Suppose the lowest-order electric field is a transverse multipole with order n symmetry, which
actually corresponds to h,_1 as the h, g functions multiply r, 6 basis vectors that rotate once
themselves. Set h,—1(z) = h(z) and f, = 0 to remove longitudinal field of the same order.
This means that all fx, my terms are zero, as well as p,ox that form an infinite two-way chain
including lower-order terms. The lowest order equations give

. —1 w2 "
gn—1 = Zhnfla Pn+1 = ? Cizhnfl + hn—l

and the recurrence for p gives, for k > 0,

b 1 w2 2\F
Pntok+1 = ]1;[ m (02 + 822> Pn+1
—1q 1 w? 92\t
= — -+ = h
n jI;[an—(n+2j)2 <02+8z2>
Converting back to g and h,
_ (04 2k 4 2)pnsorin
In+2k+1 (n+2k+2)72—n?’
hovopy = —UNPn42k+1
2kl (n+ 2k +2)2 —n2’

The denominator can be merged with the product to give

. k+1 k+1
i(n+ 2k +2) 1 w2 02

h), _ (AnTeRTe) - (L +Z)
sz = (R I g ) (54 7

10



This is actually true for &k > —1 as it also agrees with the values of g,—1 and (trivially) hy,_1.

There is no longitudinal E field (fx = 0), so the field shape is:

o
Eo = Y " hi(2), gk(2)]o
k=n—1

; ) 2k +2
= el [1’1(71—1—” i )] hntak41(2)-
k—=—1 ro

Noting that €™’ = cosnf + isinnb, the overall real and imaginary components are

pint [1 i(n+2k+ 2)]
’ n r0

2k + 2
= |:COS nf + isinnd, u(— sinnf + i cos nh)
n

0

The magnetic component is

1
BO =-——Vx Eo.
w

Expressing Eg in terms of the transverse basis functions b and c,

[e.9]

i(n+2k+2)
Eq = E Cnt2k+1,hp 4 2k+1 Tb”+2k+1,hn+2k+1'
k=—1
The curls of these terms are
VX Cn 2kt Lhyyoe 1 = P2kt Ui o ™ 8042k o

i(n+ 2k +2
V x <()bn+2k+l,hn+2k+1> -

n

i(n+ 2k +2)

n ( Cnt+2k+ 1,0, oy + (n+ 2k + 2)an+2k:hn+2k+1> :

The longitudinal B field is found from collecting the a terms:

BOZ = -

1 ( (n + 2k + 2)?
iy AT AR A)
w
k=—1

in@, n+2k
- > e ok 1(2)

w n
k=0

Lo~ (n+2k+2)2-n?
Z ( ) Zeln9rn+2khn+2k+1 (Z) )
Here, the possibility of a lower-order r™~2 term (h,_1 being 7"~ 1) is avoided because its coeffi-

cient is zero and it can be dropped from the sum. The transverse field comes from the b and c
terms:

n+2k+2)
Bogy = —— Z [ 1} , e’ n+2k+1hn 2k+1(2)
1 r

This is actually the same order as, and quite similar to, the expression for Ey (which is entirely
transverse). The real and imaginary components are

(sinnf — icosnf), cosnb + isinnd

rf

mg{ i(n+2k+2) 1] [n+2k+2
e -, = |—
n ré

The full time-dependent field can be recovered with E = Eg coswt and B = B sinwt.

11



3.3 Electromagnetic Duality

Considering the equations

V.-Ey=V-By = 0,
VXEO = —wB() and
VXBO = —%Eo,

C

it becomes clear that E, = cBy, B, = %EO is also a solution:

VxE,=V x (CB()) =cC <—%E0) = —EEO = —wB*,
C C
1 1
VxB:,=VxX <E0> = 7(—wB0) — _EBO — _%E*
C C C C

This can be used to find solutions with longitudinal or transverse magnetic multipoles at lowest
order from those given in the previous two sections.

4 Other Approaches

It is also possible to express V x (VxEq) = V(V-Eg)— V2Eq where V2Ej is the vector Laplacian
that must be chosen appropriately for the coordinate system being used. This has a simpler
form than the double curl, so assuming that V - Eg = 0 by one of Maxwell’s equations, it gets
to the second-order recurrence relations more quickly. The expression V2Eq = —‘;’—;EO is known
as the Helmholtz equation. The downside of this approach is that the first-order recurrence
relation is not recovered, because it comes from the assumption that V - Eg = 0, so it must be
added manually by substituting the series for Eq into that equation.

5 Implementation Notes

It is possible to set w = 0 in the non-angular-dependent formula to get an entirely electrostatic
solution. For the angularly-dependent case, multiply both fields by w to eliminate the factor of
% on the B field before taking the limit w — 0. The static solution is valid for either E or B.

These formulae work well when the repeated derivatives of the on-axis function(s) such as
) are easy to calculate. One example is when the entrance and exit ramps of a field area
are constructed from tanh(z/l) for some fringe field length I. As L tanhz = 1 — tanh?z, the
n derivative is an (n 4 1)™" order polynomial in tanh z. For a field of length L, the exit ramp
looks like tanh((L — z)/l), which has similar repeated derivatives except the odd order ones
have changed sign. This corresponds to changing the sign of the h terms in the no angular
dependency case.

Once an array of repeated derivatives [f, ', f"--- f (N )] has been calculated, the core opera-
tion is applying the operator ‘;—22 + g—; to it repeatedly. This is easy, since scalar multiplication
works as usual and differentiation shifts the array to the left. Additionally, the second entry
remains the derivative of the first, which is useful since both fo;, and fJ, are required after each
application of the second-order operator.
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