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1 Introduction

The Electron Ion Collider (EIC) requires cooling of protons at the injection
energy to obtain emittances needed to achieve the design luminosity. The
low energy cooler (LEC) provides such a capability.

The LEC is an electron cooler [1] utilizing a non-magnetized, RF-based
electron cooling. This approach to cooling was successfully used in Low
Energy RHIC Electron Cooler (LEReC)[2, 3, 4, 5, 6].

A schematic layout of the LEC is shown in Fig. 1.

Figure 1: Layout of the EIC Low Energy Cooler.

In the LEC electrons are produced in a DC gun by illuminating a photo-
cathode with a high frequency laser. The electrons are accelerated to γ = 25.4
and transported to a 170 m long cooling section (CS), where they co-travel
with the proton bunches. After a single pass through the CS the electrons
are dumped.

Main parameters of the cooler are listed in Table 1.

Table 1: Parameters of the EIC Low Energy Cooler

electrons protons
relativistic γ-factor 25.4
cooling section length [m] 170
normalized emittance (εn) [µm·rad] 1.5 2
CS β-function [m] 150 150
bunch charge (Qb) [nC] 1.2× 3 45
rms longitudinal bunch length (σz) [cm] 5 70

It is planned to overlap three electron bunches with one proton bunch.
The protons will be stored in a flat-top bucket, which will allow to reduce
their peak current by about a factor of two, as Fig. 2 demonstrates.

To obtain good cooling, the overall angles of electrons in the CS mustn’t
exceed Θmax = 30 µrad. An angular spread of electron bunch in the cooling
section due to its emittance is σθ ≈ 20 µrad. Then, assuming that the
total angles can be found by adding the angular spread and the average
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Figure 2: Longitudinal distribution of the proton and electron bunches in
the cooling section.

trajectory angles in the CS in quadrature, we get the maximum tolerable
average trajectory angle θmax =

√
Θ2

max − σ2
θ ≈ 20 µrad.

2 Factors contributing to trajectory misalign-

ment

The electron trajectory through the cooling section will be defined by the CS
proton trajectory. In the ideal case, one wants to have zero angle and dis-
placement of electrons trajectory with respect to protons through the whole
cooling section. In reality, there are multiple factors causing relative mis-
alignment of electrons and protons.

The LEC cooling section consists of fourteen 12 meters long modules.
Each module contains a short solenoid combined with horizontal and vertical
dipole correctors [7], the long drift shielded by two layers of µ-metal [8] and
a BPM. Main parameters of the CS module are listed in Table 2.

The electron beam trajectory can get misaligned with respect to the
protons’ trajectory because of inclination or transverse displacement of a
solenoid (as schematically shown in Fig. 3). Misaligned solenoids create
both a nonzero trajectory angle and a nonzero trajectory displacement at
the solenoid’s exit, which can not be ideally compensated by the dipole cor-
rectors.

Since an expected attenuation factor from the CS magnetic shielding is
around 1000 [8], there is going to be a small dipole-like ambient transverse
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Table 2: Parameters of a cooling section module

length of solenoid&correctors assembly (L) [cm] 18.906
solenoid current to field conversion factor (χs) [G/A] 10.2365
design solenoid field (Bs) [G] 180
corrector current to field conversion factor (χc) [G/A] 0.5628
maximum corrector current (Ic(max)) [A] 2
distance from solenoid exit to BPM (Z) [m] 12

Figure 3: Solenoids misalignment (inclination α and transverse displacement
d) in the cooling section

field in the solenoid to BPM drift, which also will contribute to average
trajectory angles.

Additionally, in the cooling section the electrons are traveling in the fo-
cusing field created by the proton beam space charge. Therefore, as long as
electron bunch centroid is transversely displaced with respect to the protons’
trajectory, the electron trajectory will aquire an additional angle from the
beam-beam kick (BBK) effect [6, 9].

Finally, the CS BPMs can have errors, which will also inevitably result
in misalignment of electron and proton trajectories.

In this section we will consider individual contributions of various factors
to e-p trajectory misalignment.

We will use a hard-edge approximation and model our solenoids by their
transfer matrices:

Ms =


1+C
2

S
k

S
2

1−C
k

−kS
4

1+C
2

k(C−1)
4

S
2

−S
2

C−1
k

1+C
2

S
k

k(1−C)
4

−S
2
−kS

4
1+C
2

 (1)

where C = cos(kL), S = sin(kL), k = Bs

Bρ
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Such an approximation is well justified for our solenoids as was shown
both by comparison to tracking studies [10, 11] and by application of this
model to trajectory correction in LEReC [6].

2.1 Trajectory correctors immersed into solenoid

Effect of a dipole corrector immersed into a solenoidal field on the trajectory
is given by [10, 12]:

~Xc =


Bcy(C−1)+Bcx(kL−S)

Bsk
Bcx(1−C)−Bcy(S+kL)

2Bs
Bcx(1−C)+Bcy(kL−S)

Bsk
Bcy(1−C)+Bcx(S+kL)

2Bs

 (2)

where Bcx and Bcy are transverse fields created by the corrector. Vector
~Xc describes a trajectory (xc, x

′
c, yc, y

′
c)
T at the exit of the solenoid-corrector

combo.
A trajectory correction algorithm planned for the LEC (and successfully

utilized in LEReC [6]) consists of zeroing the readings of a BPM located
downstream of particular corrector.

Let us assume that the errors accumulated in the upstream beamline and
the solenoid itself (due to its inclination and shift) result in the trajectory
error at the solenoid exit represented by a vector (xerr, x

′
err, yerr, y

′
err). If this

error is uncompensated, then the trajectory horizontal and vertical displace-
ments in the downstream BPM are xerr + x′errZ and yerr + y′errZ, where Z
is the distance from the solenoid to the BPM . Then, the settings of the
respective corrector must be such that:

xc + x′cZ = X
yc + y′cZ = Y (3)

where we define X ≡ −(xerr + x′errZ) and Y ≡ −(yerr + y′errZ).
Substituting Eq. (2) into Eq. (3) and solving the obtained system of

equations for Bcx and Bcy, we get:

Bcx = bX+aY
a2+b2

Bcy = bY−aX
a2+b2

a = 1−C
kBs

+ S+kL
2Bs

Z, b = kL−S
kBs

+ 1−C
2Bs

Z
(4)

Finally, substituting Eq. (4) back into Eq. (2), we obtain:
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xc = (bY−aX )(1−C)+(bX+aY)(kL−S)
kBs(a2+b2)

x′c = (bX+aY)(1−C)+(aX−bY)(S+kL)
2Bs(a2+b2)

yc = (bX+aY)(1−C)+(bY−aX )(kL−S)
kBs(a2+b2)

y′c = (bY−aX )(1−C)+(bX+aY)(S+kL)
2Bs(a2+b2)

(5)

2.2 Solenoid inclination

The effect of an inclined solenoid on the trajectory can be found as:

~Xα = Ms


−Lαx/2
αx

−Lαy/2
αy

−


Lαx/2
αx

Lαy/2
αy

 (6)

where αx, αy are inclination angles with respect to the ideal e-beam trajec-
tory.

As a result, we get for the trajectory at the exit of an inclined solenoid:

~Xα =


−αx (C−1)kL+4(kL−S)

4k
− αy 4(C−1)+kLS4k

αx
4(C−1)+kLS

8
+ αy

(C−1)kL+4S
8

αx
4(C−1)+kLS

4k
− αy (C−1)kL+4(kL−S)

4k

αx
(C−1)kL−4S

8
+ αy

4(C−1)+kLS
8

 (7)

Assuming that a solenoid inclination is the only error affecting trajectory,
we get the uncompensated angles in the solenoid-BPM drift as θx = x′c + x′α
and θy = y′c+y

′
α, where x′c and y′c are given by Eq. (5) (with X = −(xα+x′αZ)

and Y = −(yα + y′αZ)) , and xα, x′α, yα and y′α are given by Eq. (7).

Figure 4: An uncompensated trajectory angle in a solenoid-BPM drift de-
pending on an inclination of a solenoid.
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Dependence of uncompensated angle on solenoid inclination is shown in
Fig 4.

Notice, that according to the solenoids and correctors parameters given
in Table 2, the maximum inclination that the correctors can compensate is

αmax =
χcIc(max)

Bs
≈ 12.5 mrad. For inclinations αx,y ≤ αmax the error in

an angle of compensated trajectory is minuscule. On the other hand, the
experience with LEReC shows that the solenoids can be aligned with an
accuracy better than 1 mrad. Therefore, it is reasonable to set the alignment
requirement to that value.

2.3 Shifted solenoid

The effect of the shifted solenoid on electron beam trajectory is given by:

~Xd = Ms


dx
0
dy
0

−


dx
0
dy
0

 =


dx

C−1
2

+ dy
S
2

−dx kS4 + dy
(C−1)k

4

−dx S2 + dy
C−1
2

dx
(1−C)k

4
− dy kS4

 (8)

where dx, dy are the transverse offsets with respect to the ideal e-beam tra-
jectory.

Assuming that the solenoid shift is the only error, we can find the uncor-
rected angle of electron trajectory in the solenoid-BPM drift as θx = x′c + x′d
and θy = y′c+y

′
d, where x′c and y′c are given by Eq. (5) (with X = −(xd+x′dZ)

and Y = −(yd + y′dZ)) , and xd, x
′
d, yd and y′d are given by Eq. (8).

Figure 5: An uncompensated trajectory angle in a solenoid-BPM drift de-
pending on the transverse shift of a solenoid.

Dependence of uncompensated trajectory angle on solenoid shift is shown
in Fig 5. As one can see, if we align solenoids with transverse offsets not
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exceeding dx,y = 1 mm, then the total uncompensated trajectory angle will
be
√
θ2x + θ2y / 4.5 µrad.

2.4 Entering solenoid with misaligned trajectory

As we established above, a trajectory angle can not be compensated ideally.
Additionally, one can have a shifted trajectory due to BPM errors. Therefore,
even if the solenoid itself is ideally aligned, one might be entering it with a
trajectory misalignment characterized by a vector ~Xin = (xin, x

′
in, yin, y

′
in)T .

The resulting trajectory at the exit of the solenoid is given by:

~Xout = Ms
~Xin (9)

The trajectory misalignment ~Xout will not be ideally compensated, and
thus, will cause misalignment in the following solenoid-BPM module.

Figure 6 demonstrates the effect of various trajectory misalignments at
the entrance to a solenoid on an uncompensated trajectory angle in the fol-
lowing solenoid-BPM drift.

Figure 6: An uncompensated trajectory angle in the solenoid-BPM drift
depending on various possible misalignments of the trajectory at the solenoid
entrance.

The first observation one can make is that the uncompensated trajectory
angle in the drift following the solenoid is two orders of magnitude smaller
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than the trajectory angle at the entrance of this solenoid. This means that the
suggested trajectory compensation scheme is quickly damping the trajectory
angles as we move from one solenoid-BPM module to the next one.

The second observation is that the transverse offset of the trajectory at
the solenoid entrance must not exceed a few tens of microns if one wants to
keep an uncompensated trajectory angle in the following drift within a few
microradians.

2.5 Misaligned BPMs

The errors in BPMs obviously result in uncompensated trajectory angles.
Here, we will consider a simple model of both a BPM immediately upstream
of a solenoid (BPM 1) and a BPM downstream of the solenoid (BPM 2
separated from the solenoid by a drift of length Z) having the position reading
errors (xBPM , yBPM) of the same value but different sign. That is, we will
assume that xBPM1 = yBPM1 = −xBPM2 = −yBPM2.

With the outlined assumptions we get X = −(x1+x′1Z+xBPM), and Y =
−(y1 + y′1Z + yBPM), where (x1, x

′
1, y1, y

′
1)
T = Ms · (−xBPM , 0,−yBPM , 0)T .

Substituting X and Y into Eq. (5) we get the trajectory angular errors in
the solenoid-BPM drift as θx = x′c + x′1 and θy = y′c + y′1.

Figure 7 shows the dependence of trajectory angles on the value of BPMs’
errors. One can see that, for example, for xBPM = yBPM = 50 µm, the total
trajectory misalignment is θ =

√
θ2x + θ2y ≈ 12 µrad.

Figure 7: A dependence of trajectory angles on the BPMs’ errors.
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2.6 Fields in solenoid-BPM drift

We expect two types of fields in the cooling section drifts. One is the dipole-
like ambient field (Bax, Bay), which we expect to suppress to below 1 mG.
The other is the focusing field of the proton bunch.

For small deflections of electron trajectory from a center of a proton
bunch, the effect of protons’ space charge on e-bunch trajectory in the drift
is described by [9] x′′ = −Kx/(2σ2

p), y
′′ = −Ky/(2σ2

p) . Here K = 2Ip
IA(γβ)3

,
Ip is the current of the slice of a p-bunch probed by an electron bunch, and
IA ≈ 17000 A is Alfven current.

The equation of motion of e-beam trajectory in the CS drifts is:

x′′ = bx − κx
y′′ = by − κy
bx = Bax

Bρ
, by = Bay

Bρ
, κ = K

2σ2
p

(10)

Then, solving Eq. (10) with initial conditions (trajectory out of the
solenoid) x0, x

′
0, y0, y

′
0, we get:

x = bx
κ

+
(
x0 − bx

κ

)
cos(
√
κs) +

x′0√
κ

sin(
√
κs)

x′ =
(
bx√
κ
−
√
κx0

)
sin(
√
κs) + x′0 cos(

√
κs)

y = by
κ

+
(
y0 − by

κ

)
cos(
√
κs) +

y′0√
κ

sin(
√
κs)

y′ =
(
by√
κ
−
√
κy0

)
sin(
√
κs) + y′0 cos(

√
κs)

(11)

From Eq. (11), the trajectory angle averaged over the drift of the length
Z is given by:

θx =

√
1
Z

Z∫
0

(x′(s))2ds =
√
x′0 ·

ax(1−C1)
κ

+ a2x(2Z−S1)
κ

+ x′0
2 · 2Z+S1

4

θy =

√
1
Z

Z∫
0

(y′(s))2ds =

√
y′0 ·

ay(1−C1)

κ
+

a2y(2Z−S1)

κ
+ y′0

2 · 2Z+S1

4

C1 ≡ cos(2
√
κZ), S1 ≡ sin(2

√
κZ)√
κ

, ax ≡ bx−κx0
2

, ay ≡ by−κy0
2

(12)

Let us assume that the fields in a drift are the only source of the trajec-
tory misalignment. Then, initially, without trajectory correction, i.e. with
correctors off we have from Eq. (11):

X = −
(
bx
κ
− bx

κ
cos(
√
κZ)

)
Y = −

(
by
κ
− by

κ
cos(
√
κZ)

) (13)
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In our trajectory correction algorithm we assume that the distance from
a solenoid to the following BPM is a true drift, that is we ignore fields in the
drift. Hence, the correctors’ settings are given by Eq. (5) with X , Y given
by Eq. (13).

The true trajectory in the drift will be given by Eq. (11) with (x0, x
′
0, y0, y

′
0) =

(xc, x
′
c, yc, y

′
c) defined by Eq. (5), and with average angles in the drift given

by Eq. (12).
Following the outlined analysis and assuming Ip for the central slice of

the p-bunch (see Fig. 2) we can plot the dependence of 〈θx,y〉 in the solenoid-
BPM drift on Ba(x,y). For the plot shown in Fig. 8 we assume that the
uncompensated ambient field is directed along Bx and that it is constant
over the length of the drift.

Figure 8: A dependence of average trajectory angle in the solenoid-BPM
drift on the value of transverse uncompensated ambient field.

We must notice that for small trajectory displacements the effect of
proton-electron space charge kick is very small and uncompensated trajec-
tory angles are almost exclusively determined by transverse ambient field.
Nonetheless, it is important to use the complete formulas (11) because in the
presence of other errors over the length of the whole cooling section the effect
of beam-beam kick can become noticeable. This point will be discussed more
in the next chapter.
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3 Expected angles in the cooling section

3.1 Model of cooling section

In the model of the cooling section we assume that the solednoids can be both
shifted (with displacements dx and dy) and inclined (with angles αx and αy)
with respect to the ideal trajectory set by the proton beam in the CS. We
also assume that the e-beam position measured by a BPM have errors xBPM ,
yBPM . The proton beam with parameters listed in Table 1 is present and
produces beam-beam kick. Finally, the transverse ambient field is given by
its components Bax and Bay and is constant over the whole length of the
cooling section.

We will assume that both solenoids and BPMs can be aligned with respect
to the ideal e-beam trajectory with some accuracy. We further postulate that
the accuracy of alignment A means that respective parameter has a random
uniform distribution within [−A,A]. For example, if solenoid shift can be
controlled with accuracy dmax, then the probability that a solenoid n has
shifts dnx and dny is given by:

U(−dmax, dmax) =

{
1

2dmax
, dn(x,y) ∈ [−dmax, dmax]

0, dn(x,y) ∈ (−∞,−dmax) ∨ (dmax,∞)
(14)

The correction algorithm assumes that the motion in the solenoids-BPMs
drifts is unaffected by either ambient fields or BBK and sets correctors in
module n according to Eq. (5) with X , Y defined by Eq. (11) (with all the
errors taken into account):

Xn+1 = −
(
bx
κ

+
(
xn − bx

κ

)
cos(
√
κZ) + x′n√

κ
sin(
√
κZ) + x(n+1)BPM

)
Yn+1 = −

(
by
κ

+
(
yn − by

κ

)
cos(
√
κZ) + y′n√

κ
sin(
√
κZ) + y(n+1)BPM

)
~Xn = ~Xd(n) + ~Xα(n) + ~Xout(n)

(15)

where ~Xα(n), ~Xd(n) and ~Xout(n) are given by Eqs. (7), (8) and (9), and ~Xout(n)

is a result of uncompensated trajectory errors ~Xin(n) at the entrance of the
solenoid number n.

3.2 Sanity checks

We performed numerous tests to ensure the validity of the described CS
model. Results of a few of these sanity checks are shown in this section.

Figure 9 shows an uncompensated e-beam trajectory entering the CS
with horizontal angle x′0 = 50 µrad and affected only by the beam-beam
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Figure 9: Uncompensated e-beam trajectory in presence of protons.
Solenoids and correctors are off. No other errors are present.

kick. The solenoids, correctors and ambient fields are turned off and no
other errors are present in these simulations. As one expects, according to
Eq. (11) the trajectory through the CS is a simple oscillation described by:

x =
x′0√
κ

sin(
√
κs), x′ = x′0 cos(

√
κs) (16)

Notice that the wavelength associated with BBK effect is rather long
λBBK = 2π√

κ
≈ 456 m.

Electron beam trajectory under the conditions described above but now
with solenoids set to their nominal strengths is shown in Fig. 10 . As
expected, the solenoids introduce x− y coupling and reduce the oscillation’s
wavelength.

Figure 10: Uncompensated e-beam trajectory in presence of protons with
solenoids at nominal currents. No other errors are present.

In next test we consider electron beam motion in an ambient field Bax =
1 · 10−3 G, Bay = 0 G. We assume that the protons are absent and that
there are no misalignment errors in the CS. Figure 11 shows a well expected
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parabolic trajectory in each drift, which is immediately obtained from Eq.
(11) in the limit of κ→ 0:

x = x0 + x′0s+ bx
2
s2

x′ = x′0 + bxs
(17)

Figure 11: Compensated e-beam trajectory in presence of a uniform hori-
zontal ambient field. No other errors are present.

Notice that the trajectory in the first drift in Fig. 11 differs from the
other drifts trajectories because initial conditions for this drift are different.
Electrons enter the first solenoid with zero angle, while other solenoids in the
CS are entered at an angle of ≈ bxZ

2
.

For another validity test we take the setup of the last example and add the
errors in solenoidal shifts to our model. The shifts are randomly distributed
according to Eq. (14) with dmax = 1 mm in both the horizontal and vertical
directions. Figure 12 shows the resulting corrected trajectory in the cooling
section.

3.3 Average angles depending on combination of er-
rors

Now we will assume that all the errors discussed in the previous chapter are
present simultaneously.

Figure 13 shows corrected trajectory in the cooling section where the
errors of solenoids and BPMs have random distributions of the kind discussed
in Section 3.1. The accuracy of solenoids alignment is dxmax = dymax = 1 mm
and αxmax = αymax = 1 mrad. This level of alignment is very well achievable
with a mechanical survey, as confirmed by LEReC experience. The BPMs
readings have accuracy xBPMmax = yBPMmax = 50 µm. The uncompensated
ambient field is uniform throughout the CS and has value Bax = 1 mG,
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Figure 12: Compensated e-beam trajectory in presence of a uniform hori-
zontal ambient field and random shifts of the CS solenoids. No other errors
are present. The bottom plot shows a zoomed view of a trajectory in a single
solenoid-BPM module.

Bay = 1 mG. The proton beam with the parameters listed in Table 1 is
present in the CS.

Figure 13: Compensated e-beam trajectory in presence of randomly dis-
tributed alignment errors, ambient fields, and proton-electron kick. The
beam enters the CS with x0 = y0 = 50 µm and x′0 = −y′0 = 20 µrad.

Based on the simulations described above we can calculate the average
angles in each of the drifts (in a drift number n we denote the average x, y
angles as θxn , θyn) according to Eq. (12). Then the average total angle in
the cooling section is given by:
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〈θ〉 =

√
1

Ndrift

Ndrift∑
n=1

θ2n

θ2n = θ2xn + θ2yn

(18)

where number of solenoid-BPM drifts in the CS Ndrift = 14.
Figure 14 gives average angles in the CS corresponding to simulations

results shown in Fig. 13.

Figure 14: Average angles in the cooling section corresponding to e-beam
trajectory shown in Fig. 13.

Finally, we repeat the described simulations hundred thousand times (i.e.
we “generate” N = 105 cooling sections with random errors) and plot the
probability distribution function p(〈θ〉) of average total trajectory angle in
the CS. We define the probability of getting an average trajectory angle
within limits 〈θ〉 ∈ [θsmaller, θlarger] as:

P =
1

N

θlarger∫
θsmaller

p(〈θ〉)d〈θ〉 (19)
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The results of such studies performed for alignment accuracies outlined
at the beginning of this section are shown in Fig. 15.

Figure 15: Probability of getting a particular trajectory misalignment angle
in the CS.

As one can see, for the given accuracy of solenoids and BPM alignments in
the presence of uncompensated ambient fields and proton-electron kick, the
most probable trajectory misalignment angle is 〈θ〉 ≈ 12.6 µrad. At the same
time the “large misalignment tale” of the distribution reaches max (〈θ〉) ≈
14.2 µrad, which is still less than the maximum tolerable misalignment θmax =
20 µrad.

We repeat these studies for various combinations of ambient fields and
BPM reading accuracies. The results are summarized in Table 3.

4 Conclusion and discussion

We developed a model for the electron beam trajectory alignment in the
cooling section of the EIC Low Energy Cooler.

17



Table 3: Trajectory misalignment depending on CS parameters
(proton-electron kick is taken into account)

dxmax = dymax [mm] 1
αxmax = αymax [mrad] 1
Bax = Bay [mG] 0.5 1 1 1 1.5 1.5 1.5 2
xBPMmax = yBPMmax [µm] 100 50 75 100 50 75 100 0
most probable 〈θ〉 [µrad] 11.3 12.6 13.7 14.9 17.9 18.6 19.5 22.9
max(〈θ〉) [µrad] 16.3 14.2 16.4 18.7 19.1 20.6 23.0 23.1

The model includes randomly distributed misalignments of the CS solenoids
(shifts and inclinations) and errors in BPMs readings. It also takes into ac-
count both the remnant ambient field and the proton-electron trajectory kick
induced by protons space charge.

This model allowed us to explore dependence of expected e-beam trajec-
tory misalignment on various factors. The results of the studies are summa-
rized in Table 3.

The immediate conclusion that one can make from obtained results is
that it is important to suppress the ambient transverse fields in the CS drifts
to:

B⊥ =
1

Z

Z∫
0

√
B2
ax(z) +B2

ay(z)dz ≈ 1.4 mG (20)

Then the requirements to the accuracy of BPM readings become rather for-
giving, one can allow xBPMmax and yBPMmax of up to 100 µm. Yet, the case
of B⊥ ≤ 1.4 mG and xBPMmax = yBPMmax = 50 µm seems to be the most
attractive trade-off between overall requirements to field shielding and BPMs
accuracy.

The model presented in this paper can be further applied to studies of
optimal CS configurations (such as shielding requirements vs. length of the
drifts), and derivation of requirements to the LEC feedback system.
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