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Influences of the Transverse Motions of the Particles to the Recombination Rate
of a Co-propagating Electron-ion System

G. Wang
Abstract

For a system with the ion beam co-propagating with the electron beam, such as a traditional
electron cooler or a Coherent electron Cooler (CeC), the recombination rate is an important
observable for matching the energy of the electrons with the ions. In this work, we have
developed the analytical expressions to investigate how the recombination rate depends on the
energy difference of the two beams, with the influences from the transverse motions of the
particles being considered. The analytical results are then used to analyze the measured
recombination data collected during the CeC experiment in run 21.

I. Recombination rate for Gaussian transverse velocity distribution
According to eq. (2) of [1], the recombination rate is given by
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where O'(|\7e -V |) is the recombination cross section which depends on the relative velocity of an ion

with respect to an electron, and f, (Ve) and f, (\/i ) are velocity distributions of the electrons and ions.

We assume that the velocity distribution of electrons is
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and that of ions is
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with ﬁe,l and ﬁi’l being the transverse velocity spread of the electrons and the ions. Using the

following relation
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where i, =——+——and V=V, -V, eq. (1) can be written as
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where we defined the effective temperature parameter, T, as

T, = (B2, B) =y M B+ 2, + B+ ). )

Il. Longitudinally cold electrons and ions

Typically, the longitudinal velocity spread in the beam frame is much smaller than the
transverse velocity spread and hence we can take the delta function for the longitudinal velocity
distribution, i.e.

fe,z (Ve,z) = é‘(ve,z _VZO) ’ (7)
and
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Inserting eq. (7) and (8) into eq. (5) yields
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According to eq. (23) of[2], the recombination cross section for an electron moving with velocity
(V V,,V ) with respect to the ion is
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where A=2.11x10%cm’ , hv,=Z’nf/2=2x13.6eV , Z=79 , ¥ =0.1402 and
7, =0.525 . Inserting eq. (10) into eq. (9) yields
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For CeC experiment, f3,, =2.6x10°m/s~8x10°m/s, f,,~1.5x10°m/s, S, ~1.2x10°m/s

and ,Bi,z ~3.9x10°m/s. Fig. 1 compares the recombination curves as calculated from eq. (12)

and that measured from CeC experiment for 0.9 mrad of electron beam angular spread, i.e.
B. =8x10°m/s, showing the width of the recombination curve from calculation is comparable

to that from the measurement. The abscissa of fig. 1 (left) and all the following figures are
vzo/c=(<ve,z>—<\/iﬂz>)/c, (13)

where <> represents averaging over the beam distribution, v, is the longitudinal velocity of
the electrons in the beam frame and Vv, , is the longitudinal velocity of the ions in the beam frame.
In the ultra-relativistic limit, for an electron moving with velocity V, and scattering off an ion
moving with velocity V. in the co-moving frame, one can derive the difference in their relativistic

factor ¥, and ¥ in the lab frame is given by

Vo=V Ver— Vi 1
ey _ eZC |z+5yz[9gx+9;y—9fx—a?y] (14)
(see Appendix), where ¥, and ¥ are the relativistic energy factor of the two particles, and 6 is

the transverse angle in the lab frame. Averaging eq. (14) over the distribution of the two beams
yields
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with <987L2>:<0 2>+<t9 2> and <6i,iz>:<6i,x2>+<6i,y2>' For small angular spread of the two

e,X ey
beams, the abscissa of fig. 1 (left) is approximately equal to the relative difference of the
relativistic y factor of the two beam:s.
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Figure 1: comparison of recombination rate as predicted from eq. (12) and that measured in CeC
experiment. (Left) normalized recombination rate as a function of v, /C for transverse velocity
spread of S, =4, = 8x10°m/s (about 0.93 mrad angular spread in lab frame) and

,Bi,x :ﬂi’y =1.2x10°m/s; (Right) measured recombination rate in CeC experiment.
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Figure 2: normalized recombination rate as a function of Vv, / C of the electrons for transverse
velocity spread of /3, :,By =2.6x10°m/s (about 0.3 mrad angular spread in lab frame) as
calculated from eq. (12).

Fig.2 shows that if there is no additional angular spread coming from misalignment, the 0.3

mrad angular spread from designed lattice alone will result in a recombination curve which is a
factor of 2 narrower than what measured from the experiment.



Ill. Influences of orbital angle due to misalignment

If the electrons merges into ions with an angle, the average transverse velocity of the electrons
in the beam frame is nonzero. In this case, eq. (11) becomes
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where v, is the average horizontal velocity of the electrons with respect to the ions and | (X)

is the modified Bessel function.
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Figure 3: normalized recombination rate as a function of Vv, / c for transverse velocity spread of
B, :,By =2.6x10°m/s (about 0.3 mrad angular spread in lab frame) and transverse average
velocity of v, = 7x10°m/ s (about 0.8 mrad orbital angle) as calculated from eq. (16).

As shown in fig. 3, an orbital angle of 0.8 mrad with angular spread of 0.3 mrad is enough to
explain the measured recombination curve (fig. 3 right) from CeC experiment. It is worth noting



that in the presence of an orbital angle, 6, :vxo/(;ﬁc) , the relation between the energy

deviation of the two beams and the abscissa of fig. 3 (left) becomes
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i.e. the orbital angles due to misalignment introduces additional shifts of the electrons' energy
for reaching the maximal recombination rate.

IV. Gaussian distribution of longitudinal velocity

In the previous sections, we assume that, in the co-moving frame of the ions, the longitudinal
velocity spreads of the electrons and the ions are negligible compared to their transverse velocity
spreads. To investigate how the longitudinal velocity spread may affect the recombination rate,
we take the Gaussian longitudinal velocity distribution, i.e.
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where /., and /3, are the longitudinal velocity spread of the electrons and ions in the co-

moving frame of the ions. Inserting eq. (10), eq. (17) and eq. (18) into eq. (5) yields
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17 is imaginary but according to the relation, erf (i-x)=i-erfi(x), the error function in eq. (19)



also returns an imaginary value and hence the expression is real and still valid for calculating the
recombination rate. Eq. (19) has a singularity at T, =2T, and in this case, the following
expression can be used
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o = Ac hv, [2hv, exp myv,,
m.cv,, \| KT, 4KT,

<1 1
X||—=Iny+y + ”3} exp| — Y
ﬂ 2 yrn¥nry Jy p[ 2KT V2KT,

z
Fig. 4 shows the recombination curve as calculated from eq. (19) and compares it with
results from eq. (12) where energy spread is neglected. The red curves in fig. 4 shows the results
for the nominal energy spreads and the blue curves shows the results with the energy spread of
both beams reduced by a factor of 100. The green dash curves in fig. 4 are calculated with eq.
(12), showing good agreement between eq. (12) and eq. (19) at the small energy spread limit.
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Figure 4: (Left) recombination rate as a function of v,,/C for transverse velocity spread of
B = B, =2.6x10°m/ s (about 0.3 mrad angular spread in lab frame) and £, =1.2x10°m/s.
(Right) same as (Left) but with ,Be’x :,Be,y =8x10°m/ s (about 0.93 mrad angular spread in lab
frame). For the red curves, the longitudinal velocity spread of ﬁe,z =1.5x10°m/s (5e-4 rms
energy spread) and ,Bi’z =3.9%10°m/ shave been assumed to generate the plots from eq. (19).

The blue curve is also generated from eq. (19) but with 100-fold smaller energy spread for both

beams. The green dash curve is generated from the previous results for zero energy spread, i.e.
eq. (12).



Fig. 5 shows the recombination rate with angular spread of the two beams reduced by a factor
of 10 (blue) and a factor of 20 (black). For small angular spread, the recombination curve is
dominated by the energy spread of the two beams and resembles a Gaussian shape when the
energy difference between the electrons and the ions is small. For larger V,,, the recombination

rate is dominated by the energy difference between the two beams and as shown in fig. 5, all
three curves give similar recombination rate at v, ~ 0.02c.
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Figure 5: recombination rate as a function of v, /¢ for various transverse velocity spread of the
two beams. The red curve is for the designed transverse velocity spread, i.e.
Bex=Dey = 2.6x10°m/s (0.3 mrad angular spread in the lab frame) and
B =P, =12x10°m/s. The blue curve is for 10-fold less angular spread for both beams and
the black curve is for 20- fold less angular spread for both beams. The longitudinal velocity spread
of ,[)’e,z =1.5%x10’m/s (5e-4 rms energy spread) and ﬂi’z =3.9%10°’m/s (1.3e-3 rms energy

spread) are used in generating the plots with eq. (19). The red curve is amplified by a factor of 5
for visibility.

V. Summary

In this work, analytical expressions have been derived to calculate the recombination rate for
an ion beam co-moving with an electron beam with their energy close to each other. A general



expression, eg. (19), is derived to calculate the recombination rate with arbitrary angular spread
and energy spread of the two beams. For negligible energy spreads, eq. (19) reduces to a simpler
expression, eq. (12). The influence of an orbital angle due to the misalignment of the electron
beam is also considered for the case of zero energy spreads and an analytical expression, eq. (16),
is derived to calculated the recombination rate.
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APPENDIX A:

In the co-moving frame (the frame where average velocity of the electrons and the ions equal

to zero), the 4D momentum of the two particles are

Pe=( PO, poofmic? + 1+ 2

P =( PO, P M + P+ P

In the lab frame, after boost in longitudinal direction, the 4D momentum become

oo =( PO 7P+ 7BYMC + B+ P A[°C + P2+ B, + 87D,

Posas = PO 7P, + 7 BMC + DL+ L 7 [MC + B2+ P2 + B 7P,

The energy of the electron in the lab frame is

E, = o[ mic + pi+ b7 + Apc),

and hence
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The energy of the ion in the lab frame is
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and hence

Hence, the relative difference in the yfactors is
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