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Abstract

We consider the possibility of coherent excitation (CE) of cooled
particles in the coherent electron coolers (CeC). We consider the cur-
rent CeC scheme for the Electron Ion Collider (EIC) and derive the
tolerances to a systematic error in longitudinal alignment of the elec-
tron and the proton bunches in the EIC cooler set by the CE effect.

1 Introduction

In a conventional electron cooling [1, 2] the effect of coherent excitations [3]
appears when the ion and the electron beams have a large enough difference
in their average velocities. The friction force experienced by the cooled ions
is a non-monotonic function of the relative ion-electron velocity. Therefore,
in case of the friction force being shifted with respect to the zero (in the
laboratory frame) ion velocity by an offset larger than the velocity at which
the first derivative of the friction force changes sign, a circular attractor
appears in the ion bunch phase space. The effects that the presence of a
circular attractor has on the dynamics of the ion bunch in the conventional
electron coolers (both the non-relativistic coolers and the high energy ones)
are discussed in [4].

In this paper we will consider whether similar effect is expected in the
EIC cooler based on the CeC technology [5, 6, 7, 8, 9]. We will find that
such an effect is possible and that it sets the tolerance to a longitudinal
misalignment of the proton and the electron beams in the cooling section
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(CS) of the EIC cooler. Furthermore, we will show that even when the e-
p alignment is perfect, a “weak” circular attractor might be present in the
longitudinal phase space of the p-bunch under certain conditions.

The parameters which we will use in our model are listed in Table 1.

Table 1: Model parameters
E0 (proton energy) [GeV] 275
V0 [eV] 28
z0 [µm] 6.7
σ0 [µm] 3
R56 [mm] 4
Np 6.9 · 1010

σδ0 6.8 · 10−4

σps0 [cm] 6
σes [mm] 4

2 Equations of motion

In this exercise we will use an approximation for the proton energy kick in
the ”kicker” section of the CeC found in [10]:

∆E(z) = −V0 sin

(
2π

z

z0

)
exp

(
− z

2

σ2
0

)
(1)

where V0, z0 and σ0 are the adjustable parameters (see Table 1) and z is the
proton longitudinal displacement in the kicker with respect to the proton’s
position in the “modulator” section of the cooler. We will assume that z
doesn’t change through the kicker and that z = R56δ. Here, δ = δp/p0

is a relative momentum deviation of the proton and R56 is the momentum
compaction element of the modulator-kicker transfer matrix.

We will approximate the synchrotron motion of the protons by linear
equations and we will use dimensionless variables δ and τ = ωs

η
s
βc

, where
ωs is a synchrotron frequency, η is a phase slip factor of the proton storage
ring, s is a proton’s longitudinal position with respect to the center of the
RF bucket, β is a relativistic factor, and c is the speed of light. Notice that
σδ0 = ωs

ηβc
σps0, where σδ and σps are respectively the rms momentum spread

and the length of the ion bunch with the Gaussian distribution, and the index
“0” signifies that here we chose to use the initial values of σδ and σps.
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We introduce the invariant of the undisturbed motion J = δ2 + τ 2. For
a bunch with the Gaussian distribution the density distribution function for
J is fJ(J) = (1/J̃)e−J/J̃ , where J̃ = 2σ2

δ is the average value of J .
Finally, we will assume that, since the electron bunch length is much

smaller than the length of the p-bunch, and since the e-bunch is longitudinally
placed at the center of the p-bunch, the protons interact with the electrons
twice per synchrotron period when their synchrotron phase φ ≈ π

2
or 3π

2
.

Under these assumptions, the equations of motion of an individual proton
are: 

τ ′ = δ
δ′ = −τ + αC(φ)F (δ) +

√
αC(φ)D

F (δ) = − V0
β2E0

sin
(

2π
R56δ−zoff

z0

)
exp

(
− (R56δ−zoff )2

σ2
0

)
D = V0

β2E0

Ns∑
i

(
e−aϕ

2
i sinϕi

) (2)

Here τ ′ ≡ dτ/dφ, δ′ ≡ dδ/dφ, E0 is the proton beam energy, zoff is a sys-
tematic longitudinal misalignment between the proton and electron bunches
in the CeC kicker, and a Dirac comb function C is given by:

C(φ) =
∞∑
n=0

δD

(
φ− π(2n+ 1)

2

)
(3)

where δD is a Dirac delta function.
The coefficient α is the number of times the proton lands on the e-bunch

(having the rms length σes)when τ ≈ 0. The proton’s slippage per revolution

with a period Tr is ∆s = βcηTrδ. Therefore, α = 2
√

2 ln 2σe
∆s

=
√

2 ln 2σesσδ0
πQsσp0δ

,

where Qs is the synchrotron tune. The
√
α in front of the “noise” term D

signifies the random walk law.
The diffusive term D represents the sum of all the random kicks experi-

enced by the particular proton from the wakes induced by Ns protons in the

slice. Here, we use notation ϕi ≡ 2πzi
z0

and a ≡
(

z0
2πσ0

)2

. We chose the length

of the slice to be z0. Hence, ϕi ∈ [−π, π] and

Ns = Npz0
σδ0
σps0
· fτ (0) (4)

where Np is the number of protons in the bunch, and the density distribution
function for τ is

3



fτ (τ) =
1

2π

π/2∫
−π/2

2τ

cos2 φ
fJ

(
τ 2

cos2 φ

)
dφ (5)

For a p-bunch with the Gaussian distribution fτ (0) = 1√
2πσδ

and Ns =
z0Npσδ0√
2πσps0σδ

.

From (2), noticing that averaging over φ zeros all terms ∝ D, we get the
“average” difference equation for δ2 over the synchrotron period Ts:

∆δ2

∆t
=

2

Ts

(
2Fα1 + 〈D2〉α1

δ

)
(6)

where α1 ≡ α · δ =
√

2 ln 2σesσδ0
πQsσp0

, and

〈D2〉 =

(
V0

β2E0

)2
Ns

2π

π∫
−π

e−2aϕ2

sin2 ϕdφ ≈
(
V0

E0

)2
Ns

2π

∞∫
−∞

e−2aϕ2

sin2 ϕdφ =

=

(
V0

E0

)2

Ns

√
πσ0

2
√

2z0

(
1− e

8π2σ20
z20

)
≈
(
V0

E0

)2

Ns

√
πσ0

2
√

2z0

(7)
Since in our model the p-e interaction is happening only at φ ≈ π

2
, 3π

2
,

at the moment of the interaction J = δ2. Therefore, combining equations
(4)-(7), and after averaging over the whole ensemble of the protons, we get:

1

J̃

dJ̃
dt

= −λC + λD

λC = 4
√

2 ln 2V0σesσδ0
πTrE0σps0

1

J̃

∞∫
0

fJ sin
(

2π
R56

√
J−zoff
z0

)
e
−

(R56
√
J−zoff )

2

σ20 dJ

λD =
√

ln 2V 2
0 σesσ0σ

2
δ0Np√

πTrE2
0σ

2
ps0

· fτ (0) · 1

J̃

∞∫
0

fJ√
J
dJ

(8)

where λC and λD are the instantaneous cooling and heating rates respectively.
We found the equations defining the beam dynamics of the proton bunch

with an arbitrary distribution (as long as the distribution stays circularly
symmetric in δ, τ phase space).

Equation (8) gives the instantaneous cooling and heating rates for the
bunch. It also defines the parameters of the equilibrium distribution given
by λC = λD.

Equations (2) are the proper equations of longitudinal motion for each
proton. For practical simulations one must substitute D in (2) with the
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random kicks with the rms amplitude
√
〈D2〉 given by (7) with Ns and fτ

given by (4) and (5).
We finish this chapter by finding the cooling and heating rates for the p-

bunch with the Gaussian distribution (which, of course, includes the case of
the initial rates in the EIC cooler), and the zero longitudinal offset (zoff = 0).
For the Gaussian bunch the integrals in (8) (including fτ ) can be taken
analytically and we obtain:

λC = 8
√
π ln 2V0σes
TrE0σps

R56σ3
0

z0(2R2
56σ

2
δ+σ2

0)3/2
exp

(
− 2(πR56σ0σδ)

2

z20(2R2
56σ

2
δ+σ2

0)

)
λD =

√
ln 2V 2

0 σesσ0Np
4
√
πTrE2

0σ
2
psσ

2
δ

(9)

3 Coherent excitations and development of

circular attractor

3.1 Physics leading to formation of circular attractor

For the sake of clarity, let us first ignore the diffusive term in (2) and consider
only the coherent “not-noisy” driving force F .

We notice that the longitudinal “cooling force” acting on the proton is a
non-monotonic function of δ. Hence, in analogy to the conventional electron
cooling, we expect that the circular attractor in protons’ longitudinal phase
space can be formed if zoff > z1, where z1: d∆E/dz|z1 = 0. The “critical
offset” z1 is found from:

z1

σ2
0

=
π

z0

cos

(
2π

z0

z1

)
(10)

For the parameters listed in Table 1, z1 ≈ 1.33 µm.
Figure 1 explains the physics underlying the attractor formation. For a

nonzero offset the kick excites synchrotron oscillations for R56δ ∈ [0, zoff ].
The same proton passing the CS with negative δ will experience a damping
kick. When zoff > z1, there is a range of δ ∈ [−δA, δA] such that the ex-
citing kick is larger than the damping kick. Hence, the average force acting
on the protons with momentum deviations in this range is an exciting one.
For protons with δ outside of this range the average force damps the syn-
chrotron oscillations. Therefore, instead of driving the amplitudes of proton
oscillations to zero the cooling force with a sufficient enough offset makes all
the protons to oscillate with the same non-zero amplitude. In other words,
for zoff > z1 the cooling force creates a circular attractor in the longitu-
dinal phase space. The “radius” of the attractor’s projection on δ-space
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Figure 1: The energy kick experienced by a proton on a single pass through
the CS (blue solid line). The green dashed line represents a reflection (around
the vertical axis) of the kick function for negative z. The green dot shows a
“radius” (zA) of the attractor’s projection on the z-space.

(δA = zA/R56) is defined by:

sin

(
2π
R56δA − zoff

z0

)
exp

(
−(R56δA − zoff )2

σ2
0

)
+

sin

(
2π
R56δA + zoff

z0

)
exp

(
−(R56δA + zoff )

2

σ2
0

)
= 0

(11)

Since, the size of a circular attractor defines the minimum phase space
volume to which the proton bunch can be cooled, it is useful to know a
dependence of δA on zoff . Figure 2 shows the solution of Eq. (11) for the
parameters listed in Table 1.

To simulate the individual proton dynamics (we are still ignoring the D-
term) we integrate Eq. (2) numerically with an explicit, exactly simplectic,
third order method [11]. To make our simulations faster, and without a loss
of generality, we increase the cooling force (F (δ)) by a factor of 105.

For example, Fig. 3 shows the evolution of the synchrotron oscillations of
the three test protons in case of zoff = 2 µm. For comparison, the evolution
of the synchrotron motion of the same three protons for the case of zoff = 0
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Figure 2: Numerical solution of Eq. (11) for EIC cooler parameters.

µm is shown in Fig. 4.

Figure 3: Plot (a) shows the longitudinal kick, the δ-distribution of the p-
bunch (with the rms σδ given in Table 1) and the “size” (zA) of the attractor
for zoff = 2 µm. The red, the blue and the green dots in plot (a) show the
initial δ-amplitudes of the synchrotron oscillations of the three test protons.
Plot (b) shows the evolution of synchrotron motion for the three test protons.

Next, we consider a bunch of (just 2000) protons with the Gaussian ini-
tial distribution in both δ and τ (Fig. 5). Then, we let it evolve for 100
synchrotron turns under the influence of the cooling force with zoff = 2 µm.

The result is shown in Fig. 6. As expected, we see a “strong” attractor
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Figure 4: Plot (a) shows the longitudinal kick and the δ-distribution of the
p-bunch for zoff = 0 µm. The red, the blue and the green dots in plot (a)
show the initial δ-amplitudes of the synchrotron oscillations of the three test
protons. Plot (b) shows the evolution of synchrotron motion for the three
test protons.

with δA defined by Eq. (11). Yet, we notice that there is also another “weak”
attractor.

If we simulate the evolution of the p-bunch phase space in the presence
of the cooling force without the offset we see that this weak attractor is still
present, as Fig. 7 demonstrates.

The weak attractor exists because the “cooling” force has an actual “heat-
ing” portion and because in our model the protons interact with the e-bunch
only when the longitudinal proton velocity is at its extremum (when φ = π

2

or 3π
2

). Therefore, in our model the weak attractor must appear, even in the
absence of an offset, at z = z0 where the wake crosses zero the second time.

It is important to notice, that although the model wake (Eq. (1)) does
not give a good numerical approximation of the actual wake in the kicker for
large z, it does have the same qualitative behavior as the real wake function.
Also, for the e-bunch being much shorter than the p-bunch, our assumption
of p-e interaction happening only for φ ≈ π

2
or 3π

2
will be satisfied for a large

portion of the proton bunch. Therefore, we conclude that the weak attractor
can appear in the realistic EIC cooler.

Whether the IBS-driven diffusion comparable in its strength to the cooling
force will “shake” the protons off the weak attractor remains to be explored.
If the IBS won’t help with suppressing the weak attractor then one can
probably “destroy” it by the longitudinal “painting”.
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Figure 5: Initial proton bunch

3.2 Circular attractor in presence of noise

Now, we will add to our analysis the considerations of the diffusive term in
Eq. (2).

First, let’s make some general qualitative observations.
When zoff = 0, the coherent force F pushes all the protons to the zero

amplitude of oscillations, that is, to the center of the bunch. That, accord-
ing to (4), (5) and (7), increases the rms value of the diffusive kick since
the p-bunch density at τ = 0 is increasing. The process will go on until the
instantaneous cooling and heating rates balance each other. Under assump-
tion of the bunch keeping the Gaussian distribution one can find the analytic
expression for the equilibrium σδ by equating λC and λD in (9).

When zoff > z1, the coherent force F pulls the protons to the attractor of
radius JA ≡ δ2

A (defined by Eq. (11)). That results in a “hollow” longitudinal
distribution with the number of particles in the central slice approaching a
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Figure 6: Phase space of the proton bunch after 100 synchrotron turns under
the influence of the force with zoff = 2 µm.

constant value:

Ns1 =
Npz0σδ0

π
√
JAσps0

(12)

which gives a constant rms amplitude of the dispersive kick√
〈D2

1〉 =
V0

E0

√
Npσδ0σ0

2
√

2πδAσps0
≈ 936 · V 0

E0
(13)

Here, the estimate is given for zoff = 2 µm.

This must be compared to the initial
√
〈D2

0〉:√
〈D2

0〉 =
V0

E0

√
Npσ0

4σps0
≈ 929 · V 0

E0
(14)
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Figure 7: Phase space of the proton bunch after 100 synchrotron turns under
the influence of the force with zoff = 0 µm.

Therefore, not only the diffusive kicks don’t “destroy” the attractor, quite
the opposite, the existence of the attractor keeps the noise term constant over
time. This means that in the absence of other noise sources a clearly visible
doughnut distribution in the phase space will be developed. Just as a simple
example, Fig. 8 shows the evolution of the distribution of the 2000 particles’
bunch in the presence of the random kicks with the rms value 2 times larger
than the peak coherent force.

In real life, the IBS, a much stronger source of diffusion, will be present.
Yet, it won’t change the fundamental fact that the presence of the circular
attractor will stop the cooling of all the protons with J < JA.
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Figure 8: Phase space evolution in the presence of the diffusive kicks with
the constant rms value 2 · V0

E0
.

4 Conclusion

We found that the circular attractor, which essentially stops the cooling, will
form in the protons’ longitudinal phase space if the systematic longitudinal
misalignment (zoff ) between the proton and the electron bunches in the
kicker section is larger than 1.33 um.

We found the expected “size” of the attractor depending on zoff (the
dependence is given in Fig. 2).

We discovered that even in the absense of the offset there is a “weak”
attractor in the longitudinal phase space of the proton bunch, which results
from a “diffusive” part of the wake and the fact that the cooling e-bunch is
much shorter than the p-bunch. Whether the existence of a weak attractor
creates a problem for us and how this problem can be solved will be explored
in the future studies.
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