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HARMONIC  COILS

Animesh K. Jain
RHIC Project, Brookhaven National Laboratory, Upton, New York 11973-5000, USA

Abstract
The basic theory of radial and tangential coils for harmonic analysis is
described. A 2m-pole harmonic coil is discussed as a special case. The
expression for flux is generalized for a coil of arbitrary geometry. The
effects of transverse and torsional vibrations in the rotational motion
are derived, leading to the need for bucking. A generalized bucking
algorithm is presented for measuring magnets of different multipolari-
ties with a tangential coil design used at RHIC. Simple, analytical
estimates are provided for the errors in harmonic measurements
resulting from a variety of random and systematic errors in the
construction of measuring coils. Estimates are also provided for errors
resulting from imperfect placement of the coil in the magnet. Such
errors include a radial offset, sag and tilt of the measuring coil axis
relative to the magnet axis. A procedure is given for accurate calibra-
tion of the geometric parameters of a five-winding tangential coil.

1. INTRODUCTION

The field in the aperture of a long, relatively straight accelerator magnet can be
considered to be two dimensional for most practical purposes. Such a field is generally
described in terms of a harmonic expansion, as discussed in detail in another chapter in these
proceedings [1]. The field quality in accelerator magnets is expressed in terms of the
magnitude of undesirable harmonic terms in this expansion. Rotating coils, in which a loop of
wire is rotated in the aperture of the magnet, provide the most convenient means to accurately
measure these harmonic terms. Since these coils are used for harmonic measurements, such
rotating coils are also referred to as harmonic coils.

The radial and azimuthal components of a two dimensional field in a current free region
can be written as:
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where C(n) and αn are constants and Rref  is an arbitrary reference radius, typically chosen to
be 50-70% of the magnet aperture. The corresponding Cartesian components are most
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conveniently described in terms of a complex field, B(z), defined as a function of the complex
variable, z = x + iy = r • exp(iθ ), as:
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It should be noted that all complex quantities are denoted by a bold and italic font in this
paper. The real and the imaginary parts of the expansion coefficients in Eq. (3) are the normal
and skew components respectively of the 2n-pole term. In view of the different notations for
the normal and skew components currently in use, we shall refrain from explicitly using these
components. Accordingly, all equations in this chapter are written in terms of the parameters
C(n) and αn. The two dimensional field is completely characterized in the aperture of the
magnet by a set of the field parameters C(n) and αn (or equivalently, the normal and the skew
components). The purpose of harmonic coils is to measure these field parameters in a magnet.

The basic principle of a harmonic coil is very simple. As a loop of wire is rotated in the
field, a voltage signal is induced in the loop. The nature of this signal provides information on
the angular dependence of the field, and hence its harmonic components according to Eqs. (1)
and (2). Based on the geometry of the loop, there are two main types of harmonic coils –
radial coils and tangential coils. The fundamental equations governing the use of such coils
are described in Secs. 2 and 3. Special coil geometries, designed to be sensitive to selected
harmonics, are treated in Sec. 4. Subsequent sections deal with the effects of imperfections in
the rotational motion, random and systematic errors in coil construction and errors in aligning
the coil axis with the magnet axis during measurements. Much of the material presented here
follows closely the treatment in references [2] and [3]. The subject of harmonic coils is also
covered in detail in references [4] to [6].

2. THE RADIAL COIL

A cross section of a radial coil is shown schematically in Fig. 1. A radial coil has a flat
loop of wire whose plane coincides with a radial plane of the rotating cylinder. More
specifically, the two sides of the loop and the rotation axis lie in the same plane. The two
sides of the loop are located at radii R1 and R2, as shown in Fig. 1. Such a coil is typically
constructed by winding the loop on a flat bobbin, and then sandwiching it between the two
halves of the rotating cylinder [6,7]. A radial coil is sensitive to the azimuthal component of
the field, Bθ , as shown in Fig. 1. The flux, Φradial(θ ), through the coil at any angular
orientation, θ , can be obtained by integrating the Bθ component given by Eq. (2) over the
region covered by the radial coil:
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where N is the number of turns and L is the length of the coil along the magnet axis. The
above derivation assumes that the two sides of the coil loop are located on the same side of
the rotation axis, as shown in Fig. 1. If the two sides are located on opposite sides of the
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rotation axis, as is true for many practical coils, then one should replace R1 by –R1. If the coil
rotates with an angular velocity ω  and θ = δ  is the angular position at time t = 0, then the flux
as a function of time is given by:
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where the sign of R1 depends on whether the rotation axis is outside the region of the coil or
inside it. Assuming a constant angular rotation speed, ω, the voltage signal induced in a radial
coil is given by:
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A Fourier analysis of the voltage signal can give the amplitude, C(n), and phase, αn, of the
2n-pole component of the field, provided the geometric parameters of the coil are known. The
amplitude of the voltage signal is proportional to the angular velocity. If the angular velocity
fluctuates during the rotation, the signal will be distorted and will give rise to spurious
harmonics. For analysis based on voltage signals, it is essential to control the angular velocity
and make corrections for any speed fluctuations. One way to overcome the dependence on
angular speed is to integrate the voltage signal to get a signal proportional to the flux, which is
independent of the angular speed:
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In the above equation, we have ignored the constant of integration, since any constant term is
of no significance from the point of view of a Fourier analysis. As the coil rotates, the voltage
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Fig. 1 Cross section of a radial coil.
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signal is integrated using an integrator, which is reset at θ = 0. The output of the integrator is
read out at several angular positions during the rotation. Typically, 128 or 256 angular
positions are used to carry out fast, accurate Fourier transforms to obtain harmonics of interest
in accelerator physics (n ≤ 15). A more detailed account of the techniques can be found in an
earlier review of the subject [5].

3. THE TANGENTIAL COIL

A cross section of a tangential coil is shown schematically in Fig. 2. A tangential coil
also has a loop of wire, similar to the radial coil. However, the plane of this loop is arranged
to be normal to the radial vector drawn from the rotation axis to the center of the coil, as
shown in Fig. 2. The two sides of the loop are equidistant from the rotation axis, and are
located at a radius of Rc. Such a coil is sensitive to the radial component, Br, of the magnetic
induction. The flux, Φtang.(θ ), through such a coil at any angular position, θ , is:
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where N is the number of turns, L is the length of the coil along the magnet axis and ∆ is the
angle subtended by the coil at the rotation axis, commonly referred to as the opening angle. If
the coil rotates with an angular velocity ω and θ = δ  is the angular position at time t = 0, then
the flux as a function of time is given by:
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Assuming a constant angular rotation speed, ω, the voltage signal induced in a tangential coil
is given by:
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Similar to the case of the radial coil discussed in Sec. 2, a Fourier analysis of the voltage
signal can give the amplitude, C(n), and phase, αn, of the 2n-pole component of the field,
provided the geometric parameters of the coil are known. The remarks made in Sec. 2
concerning the angular speed fluctuations are equally applicable to tangential coils. The
integrated voltage signal is proportional to the flux, and is independent of the angular speed:
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The radius, Rc, of the coil should be maximized to get good signal strength for higher
harmonics. The opening angle, ∆, should be large enough to give good signal and small
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enough so that sin(n∆/2) does not vanish for higher harmonics of interest (∆ << 2π/nmax). For
most practical purposes, ∆  ~ 15 degrees can be considered optimum. A coil with an opening
angle of only 10 degrees is more sensitive to harmonics higher than 28-pole as compared to a
coil with an opening angle of 15 degrees, but at the expense of sensitivity for lower order
terms. However, such high order multipoles are of limited interest for most accelerator
physics studies. On the other hand, a coil with ∆ = 20 degrees is more sensitive than a coil
with ∆ = 15 degrees for lower order harmonics, but the sensitivity begins to decline after only
the 18-pole term.

4. MULTIPOLE COILS

In general, the radial and the tangential coils described in the previous sections are
sensitive to all harmonics. Sometimes, it may be advantageous to design a coil which is
sensitive to only some multipoles. The most common examples of multipole coils are the
dipole and the quadrupole coils used for bucking (see Sec.7).

4.1 A dipole coil

Let us first consider the special case of the simplest multipole coil— the dipole coil. A
dipole coil has a flat loop of wire arranged in such a way that the rotation axis passes through
the center of the loop, as shown in Fig. 3(a). Such a coil has a Dipole Symmetry, namely an
antisymmetry under rotation by π  radians. The flux through this coil can be calculated by
treating it as a radial coil with R1 = –Rc and R2 = +Rc, oriented at an angle θ, as illustrated in
Fig. 3(a). The flux through the coil can also be calculated by treating it as a tangential coil
with an opening angle of π  radians, oriented at an angle of θ 

’= θ +π /2. Both approaches give
the same expression for the flux:
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Fig. 2 Cross section of a tangential coil.
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It should be noted that the terms for even multipoles vanish in this particular geometry.
A dipole coil is therefore sensitive to only the odd harmonics, i.e., dipole, sextupole, decapole,
etc. Such a coil is almost universally used in both radial and tangential coil systems for
bucking the main dipole field in a dipole magnet.

4.2 A multipole coil of order m

A multipole coil of order m, or a 2m-pole coil, is a generalization of the dipole coil
described above. Such a coil, shown schematically in Fig. 3(b), has m loops connected in
series. For any angular position characterized by the angle θ, the loops span the angular
regions of θ  to θ +(π /m),  (θ +2π /m) to (θ +3π /m), (θ +4π /m) to (θ +5π /m), and so on. The
flux through such a coil as a function of θ  can be easily calculated by treating it as an array of
m identical tangential coils with opening angle of ∆ = π /m  and having angular positions of
θ 
’

 = θ + (π /2m),  θ 
’

 + 2π /m ,  θ 
’

 + 4π /m and so on.

The flux through the first segment of the coil, covering the angular region θ  to θ + π /m, is:
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The total flux through the array of loops is obtained by summing the contributions from all
the segments located at angular intervals of 2π /m:

Rc

X

Y

∆ = π

θ'
θ

R2=Rc

R1 = –Rc

                

Rc

X

Y

θ
π/m

θ'=θ+π/(2m)

(a) Dipole Coil                                                    (b) 2m-pole Coil 

Fig. 3 (a) A dipole coil, which can be treated as either a radial, or a tangential coil and
(b) A 2m-pole coil, which can be treated as m tangential coils in series, each with
an opening angle of π /m and located every 2π /m radians.
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where,
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Since n is always an integer, the numerator of the quantity in square brackets in Eq. (14)
is always zero. For integral values of (n /m), the denominator also vanishes and the quantity in
square brackets has a limiting value of m. However, for even values of (n /m), the contribution
again vanishes as the quantity Xn in Eq. (15) becomes zero due to the sin(nπ /2m) factor.
Therefore, all the harmonic terms in the summation vanish, except for those values of n which
are odd multiples of m. For example, a quadrupole coil (m = 2) will only be sensitive to the
quadrupole (n = 2), the dodecapole (n = 6), the 20-pole (n = 10), etc. terms. The total flux for
the 2m-pole coil can be written as:
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where k is any integer, including zero. If the coil rotates with an angular velocity ω and θ = δ
is the initial angular position of the coil, then θ = ω t + δ. The flux and the voltage at any time
are given by:
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The results for a dipole coil are obtained by putting m = 1. Quadrupole coils (m = 2) are
commonly used for bucking in tangential coil systems. Sextupole and other higher order coils
may be used for special applications where it may be necessary to monitor or measure specific
harmonics.
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5. GENERAL TREATMENT OF ROTATING COILS

So far we have considered rotating coils of a specific geometry, such as the radial and
the tangential coils. Even though the construction methods of these coils differ significantly
due to the nature of their geometries, the underlying physics is quite similar for both types of
coils. Consequently, it is advantageous to develop a formalism for a generalized coil shape.
The radial and the tangential coils can then be treated as special cases of the general coil.

5.1 Flux through a coil of arbitrary shape

We consider a coil made up of a loop of wire running parallel to the Z-axis as shown in
Fig. 4. The shape of the coil is defined by a path from the point z1 to z2 in the complex plane.
The length of the loop is L along the negative Z-axis, as shown in Fig. 4.

Let dr be an element along the path from z1 to z2. The element of area, ds, defined by
this line element is given by

d d L d L dx dy L dy dx Ls n r z r z x y x y= = × = × + = − +$ | | ( $ ) $ ( $ $ ) ( $ $ ) (19)

The flux through this area element ds is given by

d d B B dy dx L B dx B dy L dx y y xΦ = ⋅ = + − + = − =B s x y x y( $ $ ).( $ $ ) ( ) Re[ ( ) ]B z z (20)

where B(z) = By + iBx is the complex field defined in Eq. (3). This leads us to the general
result for the flux through a loop with N turns:
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Fig. 4 Calculation of flux through a coil of arbitrary shape.
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In writing Eq. (21), use has been made of the multipole expansion of the complex field, B(z),
given by Eq. (3). For two-dimensional fields, the total flux depends only on the end points, z1

and z2, and not on the actual path followed by the loop between these points. This does not
hold true for three dimensional fields in general, where B(z) = By + iBx is no longer an analytic
function of z.

5.2 A rotating coil of arbitrary shape

Let us consider a rotating coil of arbitrary shape formed by a loop of wire passing
through two arbitrary points in the X-Y plane, as shown in Fig. 5. In general, both the radial
and the azimuthal coordinates of these two points will be different. The radial coil is a special
case where the azimuthal coordinates of both the points are either the same, or differ by π.
Similarly, the tangential coil is a special case where the radial coordinates of the two points
are the same. Any angular position of the coil is characterized by an angle θ measured from
the “initial position” (z1,0, z2,0) of the wires. If z1 and z2 denote the locations of the two points
in the complex plane at any instant, then the flux through the coil of length  L  and with  N
turns is given by Eq. (21). From Fig. 5,

z z z z1 1 0 2 2 0= =, ,exp( ); exp( )i iθ θ (22)

Substituting in Eq. (21), we get,
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where Kn is the sensitivity factor of the coil for the harmonic of order n and is given by:
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Fig. 5 A rotating coil of arbitrary shape
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5.3 Radial and tangential coils as special cases

For a radial coil, when θ  is measured from the X-axis, as shown in Fig. 1, z1,0 = ±R1 and
z2,0 = R2. It should be noted that  z1,0 = +R1 when R1 and R2 are on the same side of the center
and  z1,0 = –R1 when R1 and R2 are on the opposite sides of the center. This gives,
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ref

n
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n
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R

R
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2 1 (25)

The sensitivity factor for a radial coil is purely real in this case. Substituting in Eq. (23),
we get the same expression for flux through a radial coil as was derived earlier in Eq. (4).

For a tangential coil, where θ  denotes the angular position of the coil center measured
from the X-axis (see Fig. 2), we have,
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The sensitivity factor for a tangential coil is purely imaginary. It can be easily verified
that the expression for flux in Eq. (23) reduces in this case to that derived earlier in Eq. (8).

5.4 An array of rotating coils

Let us consider an array of M coils mounted on the same rotating system. Let the
sensitivity factor of the j-th coil for the n-th harmonic be denoted by Kn

j j M( ) , , , , .= 1 2 3 L  Let
all these coils be connected either in series, or in opposition, to generate a combined signal.
The total flux through this array of coils is the algebraic sum of the fluxes through individual
coils:

Φ ΦArray ( ) ( )θ β θ=
=

∑ j
j

M

j
1

(28)

where β j = +1 if the j-th coil is connected in series, and β j = –1 if the j-th coil is connected in
opposition. In fact, one may consider a somewhat more general situation where the signals
from the various coils are summed using a resistor/amplifier system. In this case, the flux
corresponding to the resultant signal is still given by Eq. (28), where β j are the appropriate
amplification factors. From the general formula for the flux through an individual coil, we
obtain:
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If all the amplification factors, β j, are purely real, then the expression for the total flux can be
rearranged as:
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From Eq. (30), the sensitivity factor of the overall array to the 2n-pole term is:

K Kn
(Array) All  must be real)=

=
∑β βj n

j

j
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j
( ) , (

1
(31)

Thus, the overall sensitivity factor of the array is given by the algebraic sum of the
sensitivities of individual coils in the array, provided the weight factors are purely real. In
other words, any amplifier system used with the coil signals should not introduce a phase shift
in the signals. If the individual coils are properly designed and β j are appropriately chosen,
the overall sensitivity of an array of coils to a particular harmonic (or a set of several
harmonics) can be made zero. This is the principle used in the design of bucking windings
discussed later in Sec. 7.

6. IMPERFECTIONS IN COIL ROTATION: THE NEED FOR BUCKING

The expressions derived so far for the coil signals have assumed a perfect rotational
motion. Such a perfect motion implies a rotation axis which is fixed and steady in space (no
transverse vibrations), and no error in the angular positions at which the coil signals are to be
sampled (no torsional vibrations). Since small amounts of such vibrations will invariably be
present in any practical system, it is important to understand their effect on the measurement
of harmonics. Typically, the undesired harmonics in an accelerator magnet are at the level of
≤ 10–4 of the fundamental field. Clearly, accurate measurement of these harmonics requires
utmost care in eliminating the effects of imperfections in a practical system. It should be
noted that while an irregular rotation speed is also an imperfection (and generally
undesirable), one can, in principle, eliminate its effect either by integrating the voltage signal
[see Eqs. (7) and (11)], or by measuring the instantaneous rotation speed and scaling the
observed signal to a fixed rotation speed.

6.1 Transverse vibrations of the rotation axis

Let us consider a rotating coil of an arbitrary shape whose rotation axis has a
displacement as the coil rotates. Such a transverse motion of the rotation axis is depicted
schematically in Fig. 6. In the figure, the origin is assumed to be at the position of the rotation
axis when the loop of the wire is at its initial location given by the points (z1,0, z2,0). The origin
of the coordinate system is assumed fixed in space. As the coil rotates through an angle θ, the
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axis of the coil undergoes a displacement D(θ ) in the complex plane. Consequently, the
positions of the two sides of the wire loop in the fixed coordinate system are given by

z z D z z D1 1 0 2 2 0= + = +, ,exp( ) ( ); exp( ) ( )i iθ θ θ θ (32)

instead of the expressions in Eq. (22). The angular dependence of the flux through the coil can
be obtained by substituting from Eq. (32) into Eq. (21). Let us examine the implications of the
displacement D(θ ) on the harmonic content of the measured flux through the coil. We shall
assume that there is only one dominant harmonic in the magnetic field, as is indeed the case
for most accelerator magnets.

6.1.1   A nearly pure dipole field

In a nearly pure dipole field, the expression for flux can be approximated by the n = 1
term in Eq. (21). The flux at any angular position, θ , is given by

    ( )[ ] ( )[ ]Φ( ) Re ( )exp( ) Re ( )exp( ) exp( ),θ α α θ≈ − − = − −NL C i NL C i i1 11 2 1 1 2 0 1 0z z z z , (33)

The flux in this case depends only on the quantity (z2 – z1), which is independent of the
displacement, D(θ ). Thus, the flux linked through a coil in a pure dipole field is unaffected by
transverse displacements of the rotation axis. This result is not too surprising because a pure
dipole field is uniform in space and displacements in such a field do not produce any feed
down harmonics.

6.1.2   A nearly pure 2n-pole field

Let us now consider the measurement of harmonics in a nearly pure 2n-pole field
magnet (n ≥ 2), such as a quadrupole, sextupole, etc. Once again, only one harmonic term in

z1,0

z2,0

z1 = z1,0 eiθ + D(θ)

z2 = z2,0 eiθ + D(θ)

D(θ)

θ

X

Y

Fig. 6 Transverse vibrations of the rotation axis. As the coil rotates by an angle θ  from
the initial position given by (z1,0, z2,0), it gets displaced from the ideal position
(shown by the thick dashed line) by D(θ ).
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the summation in Eq. (21) needs to be retained. An approximate expression for the flux in a
pure 2n-pole field can be obtained by using a binomial expansion and neglecting terms of the
second and higher orders in [D(θ )/Rref], assuming that  |D(θ )| << Rref. We get:

[ ]Φn n
in in

n
i n

ref

ine C n e e
n

R
C n en n( ) Re ( ) Re

( ) ( )
( )( )θ

θθ α θ α≈ +
−
























+−
−

− −K K
D

1
1 1

L (34)

The first term in Eq. (34) represents the flux in the absence of a displacement. The flux
picked up by a rotating coil in a pure 2n-pole field is, in general, affected by transverse
displacements of the rotation axis. To a first approximation, the effect is proportional to the
amplitude of the displacement, |D(θ )|, and the sensitivity, Kn–1, of the coil to the 2(n–1)-pole
term. It should be noted that the highest exponent of D(θ ) in the expression for the flux from
a 2n-pole field is  (n – 1). Thus, only the first term in the above expression survives for a pure
dipole field, whereas the first two terms represent the complete expression for flux in a pure
quadrupole field. For fields of higher multipolarities, other higher order terms are also
present, but can be neglected since it is expected that the condition |D(θ )| << Rref   will be
satisfied for any decent measuring system.

The effect of transverse vibrations can be practically eliminated by making the
sensitivity to the 2(n–1)-pole term, Kn–1, equal to zero when only the 2n-pole term is the
dominant term. This is the basis for bucking the2(n – 1)-pole term in the measurement of a
2n-pole magnet. This bucking can be achieved, for example, by an array of coils. It should be
noted that transverse vibrations make precise measurement of the 2(n–1)-pole term difficult in
a 2n-pole magnet because the sensitivity, Kn–1, can not be made zero. Such measurements are
of interest, for example, in the determination of the magnetic axis. One must minimize the
amplitude, D(θ ), of the transverse vibrations, or use a non-rotating coil system for this
purpose.

6.1.3   Spurious harmonics due to periodic transverse motion

Let us assume that the displacement amplitude, D(θ ), is a periodic function of θ . This
means that the coil follows the same motion in every rotation cycle. Such a periodic
displacement may be expressed in terms of its Fourier components as,

D D( ) exp( )θ θ=
=−∞

∞

∑ p
p

ip (35)

The expression for flux in a pure 2n-pole field is given by Eq. (34). Substituting for D(θ )
from Eq. (35) into Eq. (34) and using the identity

Re ( ) Re ( )( ) ( )D K D K*
-

*
−

=

∞
− − +

−
−

−
=

∞
− +∑ ∑=p

p n

i p n
n

in
p

p n

i p n
n

ine C n e e C n en n1
1

1
1

θ α θ α (36)

the expression for flux in this case can be written as
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[ ]Φn n
in in

n
p n

i p n p

ref

in

n
n

ref

in
n

p n

i p n p

ref

in

e C n e e
n

R
C n e

n
R

C n e e
n

R
C n e

n n

n n

( ) Re ( ) Re
( )

( )

Re
( )

( ) Re
( )

( )

( )

* ( )
*

θ θ α θ α

α θ α

≈ +
−











+
−











+
−











−
−

=− +

∞
+ − −

−
− + −

−
=

∞
− + −

∑

∑

K K
D

K
D

K
D

1
2

1

1
1

1
1

1

1 1
(37)

The first term on the right hand side of Eq. (37) is the 2n-pole term in the absence of
vibrations. The other terms are spurious terms of other multipolarities. The amount of
spurious 2m-pole harmonic in the measured flux is given by:

′ ≈ −
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For a pure sin(pθ ) displacement, only Dp and D–p are non-zero.  In a nearly pure 2n-pole field,
it follows from Eq. (38) that only the harmonics  m = (p+n–1), (p–n+1), and (n–p–1) are
affected by such vibrations.

6.2 Torsional vibrations of the rotation axis

Let us now consider a type of rotational imperfection where the position of the rotating
coil corresponding to angular position θ  is not at θ , but at an angle of θ + T(θ ), as shown in
Fig. 7. Such an imperfection may result either from an actual torsional vibration of the
rotating coil, or it could be due to errors in the triggering of the data acquisition by the angle
encoder. The position of the coil as a function of the angular parameter, θ , is given by:

z z z z1 1 0 2 2 0= + = +, ,exp[ ( )]; exp[ ( )]i iT i iTθ θ θ θ (39)

z1,0

z2,0

T(
θ)

θ

X

Y

Fig. 7 Torsional vibrations of the rotation axis. As the coil supposedly rotates by an angle
θ  from the initial position given by (z1,0, z2,0), it is actually off from the ideal
position (shown by the thick dashed line) by an angle T(θ ).
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6.2.1   Case of a nearly pure 2n-pole field

Substituting in the general expression for flux given by Eq. (21) and considering the
case of small torsional amplitudes, we can write for the flux in a nearly pure 2n-pole field:

[ ] [ ]Φn n
in in

n
in ine C n e in T e C n en n( ) Re . ( ) Re ( ) . ( )θ θθ α θ α≈ +− −K K

(40)

The first term on the right hand side is the expected 2n-pole term in the absence of torsional
vibrations. The second term will give rise to other spurious harmonics depending on the
magnitude and angular dependence of T(θ ). Terms of second and other higher orders in T(θ )
are neglected in writing Eq. (40). To a good approximation, the amplitude of distortion in the
flux seen by the coil is proportional to the amplitude of the torsional vibration as well as the
sensitivity, Kn, of the coil to the 2n-pole field. If the magnet has only one dominant harmonic,
then the effect of torsional vibrations can be minimized by making the sensitivity of the coil
(or an array of coils) zero for that particular harmonic. This is the basis for bucking out the
most dominant harmonic term from the pick up signal. It should be noted that if the magnet
has large allowed or unallowed multipoles, the effect of torsional vibrations is not completely
cancelled by this bucking.

6.2.2   Spurious harmonics due to periodic torsional vibrations

Let us assume that the torsional vibration amplitude, T(θ ), is a periodic function of θ .
Such a periodic vibration can be expressed in terms of its Fourier components as

T ipp
p

( ) exp( )θ θ=
=−∞

∞

∑T (41)

Substituting for T(θ ) from Eq. (41) into Eq. (40) and using the identity
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the expression for flux in a nearly pure 2n-pole field can be written as
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The amount of spurious 2m-pole harmonics in the measured flux is given by:

′ ≈
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If T(θ ) has a simple angular dependence of the form T0cos(pθ ) or T0sin(pθ ) then only
Tp and T–p are non zero. We can see from Eq. (44) that such a motion will produce spurious
harmonics corresponding to 2(n+p)-pole and 2|(n–p)|-pole field in a 2n-pole magnet.

7. IMPLEMENTATION OF BUCKING IN PRACTICAL COIL DESIGNS

It was shown in the previous section that existence of transverse and torsional vibrations
in the rotational motion of a coil can produce spurious harmonics. To achieve a level of error
at ~10–5 of the fundamental field, the tolerable amplitudes of such vibrations are impractically
small. In other words, it is essential, in practice, to buck out at least the most dominant term
and the next lower order feed down term in order to obtain accurate harmonics from the
observed signal. This is usually achieved by an array of coils. Examples of such coils used in
recent years are presented in this section. Since dipoles and quadrupoles are the most
important magnets from the point of view of field quality in a high energy accelerator, most
coil designs incorporate the ability to buck the dipole and the quadrupole components in a
simple way. The same coils could also be used for measuring magnets of other multipolarities
by incorporating signal amplifiers/attenuators or by using digital bucking (see Sec. 7.4)

7.1 Coils for HERA dipoles and quadrupoles

The magnets for the HERA accelerator at DESY were measured with radial coils [6].
For measuring dipole magnets, one needs to buck out only the dipole term. This can be
achieved with a relatively simple design, as shown in Fig. 8(a), with only two windings. The
outer winding (coil A) is the main winding and the central winding is used for bucking out the
dipole term. In order to do this with a simple addition of the two signals, the following
condition must be satisfied

N r r N r rA B( ) ( )2 1 3 4− = + (45)

where NA and NB are the number of turns in the two windings and the radii are as shown in
Fig. 8(a). The two windings, A and B, had the same number of turns and the same width. In

                                  
                         (a)                                                                       (b)
Fig. 8 Design of radial coils used for measuring (a) the dipoles and (b) the quadrupole

magnets for the HERA collider at DESY (from reference [6])
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addition to satisfying Eq. (45) for matching the magnitude of the signals, it is also essential
that the two windings be coplanar, so that the two signals have exactly the same (or opposite)
phase. In practice, there may be an angular misalignment between the two windings due to
construction errors. In order to correct for any resulting phase error, a third winding (coil C),
orthogonal to the central winding, is also used.

In the case of the quadrupole magnets, one needs to buck out the quadrupole as well as
the dipole terms. This requires a slightly more complicated geometry, as shown in Fig. 8(b).
The system consists of three main coils, coils A-C, and a fourth coil (D) to compensate for
any angular misalignments. Referring to Fig. 8(b), the conditions for bucking the dipole and
the quadrupole components can be written as

N r r N r r N r rA B C( ) ( ) ( )2 1 3 4 5 6 0+ − + − + = (46)

N r r N r r N r rA B C( ) ( ) ( )2
2

1
2

4
2

3
2

6
2

5
2 0− − − − − = (47)

where the bucked signal is given by

V V V VA B cbucked = − − (48)

7.2 Tangential coils for the RHIC magnets

All magnets for the Relativistic Heavy Ion Collider (RHIC), currently nearing
completion at the Brookhaven National Laboratory, are measured with a common tangential
coil design [8,9] shown in Fig. 9. All windings are placed inside precisely machined grooves
on the surface of an insulating cylinder. The system consists of a tangential winding (T1) with
30 turns and an opening angle of 15 degrees. A pair of dipole windings (D1 and D2) and a
pair of quadrupole windings (Q1 and Q2) are used for bucking. The bucking windings have

Fig. 9 A tangential coil design used to measure all the RHIC magnets. The pair of grooves
opposite to the T1 winding are not used.
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three turns each, and are of the type described in Sec. 4. The angular positions of the various
bucking windings are chosen in such a way that a simple addition of all the five signals
completely cancels the dipole and the quadrupole terms. While measuring dipole magnets
with small harmonic content, it is essential only to buck the dipole term. The use of the
quadrupole windings in this case is optional. Although the design of the coil system is
common for all magnets, the outer radius of the cylinder on which the windings are placed is
chosen to match the maximum available aperture in each magnet type. This provides the
maximum accuracy in the measurement of higher harmonics specified at a reference radius
which is approximately a fixed fraction (~ 0.625) of the magnet coil inner radius.

7.3 Measuring coils for the Large Hadron Collider (LHC)

At present, work is underway for construction of a Large Hadron Collider (LHC) at
CERN. Several measuring coil systems have been designed [7,10] to measure various
magnets in this accelerator. The radial coils to be used for measuring the dipole and the
quadrupole magnets are shown in Figs. 10(a) and (b). The dipole radial coil, to be used for
warm measurements, is a simple design with an external, main winding, and a central bucking
winding. Both windings have 400 turns and are of the same width. The second external coil
shown in Fig. 10(a) is mainly for mechanical symmetry, but it can also be used as a spare or
for diagnostic purposes. The coils are fabricated very precisely and their alignment is very
carefully controlled [7]. The phases of the two signals are therefore the same, making it
unnecessary to use an orthogonal bucking winding. A simple addition (or subtraction) of the
signals from the outer winding and the central winding results in a complete cancellation of
the dipole term.

The radial coil system for measuring quadrupoles has five windings and is shown in
Fig. 10(b). There is a pair of “outer” coils, a pair of “intermediate radius” coils, and a
“central” coil. Only one of the “outer” coils is actually used in the harmonic measurements,
while the other outer coil is a spare. The central coil is sensitive to the dipole term and
insensitive to the quadrupole term. The two intermediate radius coils have equal and opposite
sensitivities for the quadrupole term, but identical sensitivities for the dipole term. The outer
coil is twice as sensitive as the intermediate radius coils for the quadrupole term. Thus, a

    
(a) (b) (c)

Fig. 10 Coil designs planned for measuring the magnets for LHC – (a) radial coil for
dipoles, (b) radial coil for quadrupoles and (c) tangential coil for dipoles. [Courtesy
J. Billan, CERN ]
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simple addition of the four signals with appropriate signs results in a cancellation of the dipole
and the quadrupole terms. The same system can be used to buck out other harmonics when
measuring magnets of a different multipolarity if the signals are added with weight factors
other than  ±1. This would normally require use of amplifiers with adjustable gains to suit
magnets of different multipolarities.

For measurements of LHC dipoles in the superconducting state, it is planned to use a
long chain of 13 simultaneously rotating coil assemblies to cover a length of 15 meters at the
same time. Simultaneous coverage of the entire magnet is desirable due to time dependent
effects in the superconductor. Each of these rotating coils consists of a tangential coil of 36
turns mounted on a ceramic form and a centrally located dipole bucking coil, as shown in
Fig. 10(c). The tangential coil has a rather large opening angle of about 30 degrees for
practical reasons, resulting in some loss of sensitivity for very high order harmonics. This is
not expected to be a problem since this system will be used only for high field measurements,
where the signals are sufficiently strong. The second tangential coil on the opposite side is for
mechanical symmetry, but it can also be used as a spare or for diagnostic purposes.

7.4 Analog and digital bucking

In the preceding subsections, we have seen several examples of coil designs used for
measuring dipoles and quadrupoles. A common feature of these designs is that all of them
provide a cancellation of the dipole and the quadrupole terms with a simple addition of the
signals. In practice, an exact cancellation of the signals is rarely achieved due to various
construction errors. This necessitates either a resistor/amplifier network for precise
compensation, or a very careful selection and adjustment of the coils to avoid significant
construction errors. Implementation of bucking by actually combining the signals in this way
is commonly referred to as analog bucking. Such a scheme is shown in Fig. 11. The most
dominant component is obtained from the main winding directly, whereas all the other
harmonic information is obtained from an analysis of the bucked signal. The analog bucking
scheme has the advantage that it requires fewer data recording channels and a smaller
dynamic range in the voltmeters or integrators. On the other hand, it is relatively difficult or
cumbersome to change the weight factors of various signals in order to buck out different
harmonics in magnets of different multipolarities.

Data Acquisition
V(t),  ∫V.dt

FFT

S
U

M Data Acquisition
V(t),  ∫V.dt FFT

"Main" Coil

Other Coils

Calculate
the Main
Harmonic

Calculate
Other
Harmonics

Fig. 11 Analog bucking scheme
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The tangential coils are fabricated at Brookhaven National Laboratory (BNL) by
winding the coils directly into grooves machined in the surface of an insulating cylinder. In
this technique, it is not possible to produce a large number of coils, and then match those to
the bucking coils. In order to accommodate reasonable construction errors and still achieve
good bucking, a technique known as digital bucking has been used. In this technique, all the
individual coil signals are recorded using digital voltmeters, as shown in Fig. 12. The bucked
signal is generated digitally by adding the signals with appropriate weight factors in the
analysis software. This technique allows one to use coils with significant construction errors
(with proper calibration, of course). Also, the weight factors can be easily changed in the
software to measure magnets of different multipolarities. A disadvantage of this method is
that more recording channels are needed than in analog bucking, and the voltmeters must have
good linearity over a large dynamic range.

The technique of digital bucking has been used successfully for measurement of the
magnets for RHIC at BNL. An automated algorithm was developed that senses the
multipolarity of the magnet being measured from a FFT of the tangential coil signal. The
software then calculates the bucked signal, which is a superposition of signals from all the
five windings (see Sec. 7.2 for the RHIC coil design) according to the relation

V V f V f V f V f Vbucked tangential D1 D2 Q1 Q2= + + + +1 2 4 5 (49)

where the real coefficients f1 to f5 are calculated to buck out the most dominant, and the next
lower order harmonic for any magnet. The dipole windings can be used to buck out the
dipole, the sextupole, or the decapole term. The quadrupole windings can be used to buck out
the quadrupole or the 12-pole terms. The RHIC coil design does not allow bucking of the
octupole harmonic, since neither the dipole nor the quadrupole windings have any sensitivity
for this term (see Sec. 4.2). If n1 is the harmonic to be cancelled with the D1 and D2 windings,
then the design values of f1 and f2 are given by:
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Fig. 12 Schematic of digital bucking.
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where the δ ’s are the angular positions of the windings at time t = 0. Similarly, if n2 is the
harmonic to be cancelled using the Q1 and Q2 windings:
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The design values of these weight factors are given in Table 1 for various harmonics. In
practice, these weight factors are determined from the FFT of the actual signals to account for
any construction errors. As can be seen from the table, all the weight factors are unity for
bucking the dipole and the quadrupole components. Thus, a properly built RHIC coil can also
be used with analog bucking for dipoles and quadrupoles.

8. EFFECT OF COIL CONSTRUCTION ERRORS

So far, we have considered the effect of imperfections in the rotational motion of the
coil, and the ways to overcome these effects using bucking. The measuring coil itself was
assumed to be built perfectly as per design. In practice, a variety of systematic and random
errors may be present due to limitations of the construction method. A systematic error, for
example in the radius or the angular position of the coil, may not affect the measurements at
all provided the error is accounted for in the analysis by a proper calibration. However, if one
is using analog bucking, such systematic errors will result in poor bucking ratios, and are
undesirable. In this section, we shall consider the effect of some of the coil construction errors
on the measured harmonics.

8.1 Effect of a finite size of the coil windings

In practice, the coil windings are not point-like. To accommodate the necessary number
of turns (which may be as high as several hundred), the winding must have a finite cross
section. This could introduce errors in the measurement of the amplitudes of the harmonics,
since different turns of the winding are at different radii.

Although a typical winding cross section is rectangular, it is convenient to approximate
it with a sector of an annulus, as shown in Fig. 13(a). The winding is assumed to have an
angular width of (2α ) and thickness (2δ ). The mean position of the winding is denoted by
z0 = R.exp(iφ ). The sensitivity factor of the winding to the 2n-pole term [see Eq. (24)]
involves the quantity zn.  The effective value of zn averaged over the cross section of the
winding can be obtained by integration as follows:

Table 1 Design values of weight factors to cancel various harmonics

n1 f1 f2 n2 f4 f5

1 –1.00 –1.00 2 –1.00 –1.00
3 –2.26 –2.26 6 –2.06 –2.06
5 +7.57 +7.57 — — —
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If the winding is assumed to be point like and located at the geometric center, z0, the
above formula gives the error in estimating the amplitude of the 2n-pole term. Expanding in a
power series, it can be shown that the leading correction terms are of the second order in α 

and (δ /R). In deriving the above formula, it has been assumed that the density of turns varies
inversely with the radius. In other words, a layer of the winding at a larger radius has the same
number of turns as a layer at a smaller radius. If one assumes a constant density of turns, then
the layer at a larger radius will have a slightly higher number of turns. The quantity (n+1) in
the last factor on the right hand side of Eq. (52) should be replaced with (n+2) in this case.

The calculated errors in the amplitudes of various harmonics are shown in Fig. 13(b) for
windings of 1 mm × 1 mm cross section placed at mean radii of 10 mm and 25 mm. For the
case of a 25 mm radius, the error is negligible for all harmonics of interest. The errors are
more pronounced for a smaller radius coil. However, even for a 10 mm radius coil,  the errors
may not be serious since the higher harmonics in most accelerator magnets are very small, at
the level of a unit (10–4 of the most dominant term) or less and a 1% error in their values is
generally negligible. The finite size may, however, have a serious effect while measuring the
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Fig. 13 (a) A coil winding of a finite size, and (b) errors in the amplitudes of various
harmonics with a 1 mm × 1 mm winding for different coil radii. In calculating the
errors, the winding is assumed to have a mean position  z0, as shown in (a).
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transfer function of higher multipole magnets (such as sextupoles, octupoles, etc.) with a
small diameter measuring coil. In such instances, it may be desirable to apply a correction to
the observed amplitudes.

In calculating the errors shown in Fig. 13(b), it has been assumed that the effective
radius of the winding is given by the geometric center, as shown in Fig. 13(a). It should be
noted that Eq. (52) gives a correction factor equal to sinα /α  even for the dipole term. This is
because the geometric center is not the center of gravity in the case of a sector of an annulus.
If the effective radius is taken to be z0(sinα /α ) instead of z0, which is equivalent to
determining the radius from a calibration in a reference dipole magnet, then the errors are
considerably reduced from those given by Eq. (52). For a winding with the same width as
height (α = δ /R), it can be shown in this case that the second order correction terms vanish,
and the leading correction terms are of the fourth order in (δ /R).

In practice, the windings are generally of a rectangular shape, as shown in Fig. 14(a). It
can be shown that for a rectangular winding of height h and width w, the average value of zn

is given by
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Fig. 14(b) shows the errors calculated for 1 mm2 rectangular windings of 10 mm radius and
different aspect ratios. It is seen that the errors are significantly smaller for a square shape
(w/h = 1) due to cancellation of the second order terms. Also, the errors for the 1 mm × 1 mm
case are much less than those in Fig. 13(a) for a similar case. This is a result of the fact that
the geometric center correctly represents the center of gravity of a rectangular winding.
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Fig. 14 (a) a winding with a rectangular cross section, and (b) errors in harmonic
amplitudes for a 1 mm2 winding size with different aspect ratios for R = 10 mm.
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8.2 Random variation in the winding radius

For a well constructed coil, it is essential that all the geometric parameters of the coil be
maintained uniform along the length of the coil. In practice, there may be random variations
in these geometric parameters. We shall study in this, and the next few subsections, the effect
of such random variations along the length.

Let us first consider the case of a random variation in the coil radius. We consider one
segment of the coil loop in either a radial or a tangential coil. The radius is assumed to vary
randomly along the length L of the coil, as shown in Fig. 15, with a mean value of Rc and a
standard deviation of σR. The effective sensitivity factor of the coil for the n-th order
harmonic is proportional to the average value of Rn over the coil length. If ε (z) is the
deviation in the radius, R(z), at axial position, z, from the mean radius, Rc, then we may write:
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Assuming small errors, and using Eq. (55), we can write the average value of Rn as
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The sensitivity factor for the n-th harmonic is given by:

K Kn n
ideal R

c

n n
R

≈ +
− 




















1
1

2

2
( ) σ

(57)

In order to keep the error in the amplitude of the n = 15 term less than 1%, we should have
σ R cR≤ −10 2 . A somewhat tighter tolerance may be required if such a coil is to be used to
determine the transfer function of a magnet of higher multipolarity, such as a dodecapole
corrector magnet. Practical coils of radius ~20 mm or more are generally built with
σ R cR≤ −10 3 , for which the errors calculated from Eq. (57) are negligible.
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Fig. 15 Random variation in the winding radius along the length of the coil.
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8.3 Random variation in the angular position (twist)

Let us consider the case of random variation in the angular position of the coil. The
error will be derived for the specific case of a tangential coil in which the radii and opening
angle are uniform along the length, but the angular position, δ, is assumed to vary randomly
along the length L of the coil, as shown in Fig. 16, with a mean value of δc and a standard
deviation of  σδ . The case of a radial coil can be handled in an identical manner, and also
yields an identical result. If ε (z) is the deviation in the angular position at axial position, z, we
may write
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The flux seen by the tangential coil for the 2n-pole field is [see Eq. (9)]:
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Expanding sin[nε (z)] and cos[nε (z)] in power series and retaining only the terms up to the
second order, it is easy to show that:
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The sensitivity factor for the n-th harmonic is given by:

K Kn n
ideal n

≈ −












1
2

2
2σ δ (61)

It should be noted from Eq. (61) that to a good approximation, the correction factor is a real
quantity. This implies that the variation in angular position primarily leads to an error in the
amplitude, and not the phase of a harmonic term, provided the mean angular position, δc, is
accurately determined. The same result can be obtained starting from Eq. (5) for a radial coil.

L

δ (z)
z

δ

Fig. 16 Random variation in the angular position of a tangential coil.
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8.4 Random variation in the opening angle of a tangential coil

While a radial coil is characterized by only the radii and the angular position,
characterization of a tangential coil involves the opening angle also. For a long coil, this
opening angle may vary along the length. Let us consider a tangential coil in which the radii
and the angular position are uniform along the length. However, the opening angle, ∆, is
assumed to vary randomly along the length L of the coil, as shown in Fig. 17, with a mean
value of ∆c  and  a standard deviation of  σ ∆. If ε (z) is the deviation in the opening angle at
axial position, z, we may write
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The flux seen by the coil for the 2n-pole field is [see Eq. (9)]:

Φ
∆

n

L

L
n z

dz( ) sin
( )

θ ∝ 





⌠
⌡

1
2

0

(63)

Substituting for ∆(z) from Eq. (62), expanding sin[nε (z)/2] and cos[nε (z)/2] in power series
and retaining only up to the second order terms, it is easy to show that:
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The sensitivity factor for the n-th harmonic is given by:
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It is seen from Eqs. (61) and (65) that the measured amplitude of a given harmonic is more
sensitive to random variations in the angular position than to random variations in the opening
angle.
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Fig. 17 Random variation in the opening angle of a tangential coil. The radii and the
angular position are assumed to be constant along the length.
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8.5 A tilt in the plane of a tangential coil

Ideally, the plane of a tangential coil should be perpendicular to the radial vector
through the center of the coil. In practice, the two grooves used for winding the coil may not
be at the same radius (e.g., in the method used at BNL), or the coil may be imperfectly
mounted (e.g., in the method used at CERN), resulting in a slight tilt of the plane of the coil,
as shown in Fig. 18. Even with a perfectly built coil, such an imperfection will be apparent if
the rotation axis does not exactly coincide with the geometric center of the windings. Let us
assume that the wires are located at radii of Rc – ε  and Rc + ε , as shown in Fig. 18. The
general expression for the sensitivity factor of any rotating coil was derived in Sec. 5, and is
given by Eq. (24). In the case of an imperfect tangential coil with unequal radii, we may write,
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The first term on the right hand side in Eq. (67) is related to the sensitivity of the perfect
tangential coil [see Eq. (27)]. The second term implies that both amplitude and phase errors
are introduced in the sensitivity factor. Also, for coils such as the dipole coil with ∆ = π, the
flux for a perfect coil is zero for even harmonics. This is no longer the case with an imperfect
coil. However, the allowed terms for a dipole coil (∆ = π) are not affected since cos(nπ /2) = 0
for odd values of n. Assuming that sin(n∆/2) is not zero, as is the case for the harmonics of
interest in a practical tangential coil (∆ ≈ 15°), we may write:
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Fig. 18 A tilt in the plane of a tangential coil, resulting in (or resulting from) unequal radii
for the two grooves of the winding.
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where An is an amplitude correction factor and λn is a phase error given by:
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The amplitude error is of the second order in (ε /Rc) and can generally be neglected. For
typical values of (ε /Rc) ~ 10–3, the phase error could be several milli-radians for the lowest
order harmonics. The phase error reduces with the order of the harmonic as roughly (1/n).
This harmonic dependent phase error makes a calibration of the angular position difficult,
because the apparent initial angular position of the coil measured in a dipole field will be
different from that measured in a quadrupole field. In fact, such a discrepancy in the two
calibrations can be used to estimate the tilt in the plane of the coil (see Sec. 10.1.2) as part of
the coil calibration procedure. One can then use the sensitivity factor given by Eq. (68) to
account for this tilt. Such a calibration and analysis procedure allows one to tolerate much
larger construction errors than would be acceptable otherwise. An interesting observation
from Eqs. (69) and (70) is that allowed harmonics in multipole coils (of the type discussed in
Sec. 4) are insensitive to this type of error because cot(n∆/2) is zero.

8.6 A tilt in the plane of a radial coil

Similar to the case of a tangential coil discussed in the previous subsection, there can be
a tilt in the plane of a radial coil from the ideal position. Such a tilt for a radial coil is shown
in Fig. 19. The two ends of the coil are located at radii R1 and R2, and at two different angular
positions, θ – ε  and θ + ε , instead of at a fixed angle θ . In this case, we may write,
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The sensitivity factor for such a coil is given by
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The sensitivity factor is no longer a purely real quantity. Assuming a non-zero sensitivity
factor for the ideal coil (i.e. R Rn n

2 1 0− ≠ ) and small values of ε , we can write
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where An is an amplitude correction factor given by:
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and λn is the phase error for the 2n-pole harmonic given by
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The amplitude error is of the second order in ε , and can be neglected in practice. For
|R1| ~ |R2|, the phase error may be several times ε  for the lower order terms and has a limiting
value of ε  for sufficiently higher harmonics. As was mentioned in the previous subsection, a
tilt in the plane of a radial coil will make the calibration of the initial angular position
dependent on the multipolarity of the field used. Once again, this fact can be used to calibrate
such a tilt and then correct the analysis for this effect. For the special case of a dipole coil
with R1 = –R2, it can be seen that the errors are zero for all the allowed harmonics. This result
is similar to that for a tilt in the plane of tangential coils.

8.7 An offset in the rotation axis

A coil assembly may be built perfectly, but the drive mechanism that rotates the coil
may be misaligned with the geometric center of the coil. As was mentioned earlier, the effect
of such an offset in the rotation axis is equivalent to a tilt in the plane of the coil, which has
been discussed in the previous two subsections. If the radii and angular positions are
calibrated with the rotating system already in place, then one need not consider the offset of
the rotation axis as a separate imperfection. However, if one is using the design values of the
coil parameters, then the effect of the offset in the rotation axis should be estimated.

Fig. 20(a) shows a general type of rotating coil with the initial positions of the wires
given by z1,0 and z2,0 with respect to the geometric center as the origin. The rotation axis is
assumed to be offset from the geometric center by a vector ∆z0 in the complex plane. We have

[ ] [ ]K z z z z K z zn
n n

n
ideal n n∝ + − + ∝ −( ) ( ) ;, , , ,2 0 0 1 0 0 2 0 1 0∆ ∆ (76)

R2

θ
X

Y

R1

ε
ε

Fig. 19 A tilt in the plane of a radial coil.
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If ∆K K Kn n n
ideal= −( )  is the error in the sensitivity factor for the 2n-pole term, then it can

be shown that
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Usually, the offset is expected to be only a very small fraction of the coil radii. Consequently,
a first order approximation is adequate:
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Eq. (79) may be used to estimate the tolerance on the alignment of the rotation axis with
the geometric axis for a desired degree of accuracy in the measurement of harmonics. These
results may also be used to estimate the effect of a “bow” or a bend in the measuring coil.
Different sections of such a coil will rotate about an axis which is offset from the geometric
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Fig. 20 (a) An offset in the rotation axis, (b) percent errors in the amplitudes of various
harmonics with a 0.1 mm offset in the rotation axis. The tangential coil is assumed
to have a radius of 25 mm and an opening angle of 15 degrees, while the radial coil
is assumed to have radii R2 = 25 mm and R1 = 8 mm (~ R1/3).
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center by different amounts. An approximate upper bound on the resulting effect can be
obtained by equating ∆z0 to the total bend in the measuring coil, while an integration of
Eq. (79) over the actual profile of the measuring coil should be used for a more accurate
estimate. The estimated errors due to a 0.1 mm offset in the rotation axis are shown in
Fig. 20(b) for a tangential and a radial coil with typical dimensions.

8.8 Systematic errors in the estimation of coil parameters

The coil parameters of primary interest are the radius (R), the angular position at the
start of the data acquisition (δ ), and in the case of a tangential coil, the opening angle (∆). A
systematic error in the knowledge of these parameters will result in systematic errors in the
calculation of the field parameters, namely the amplitudes C(n) and the phase angles αn. Such
errors would arise, for example, when the as-built coil has dimensions different from the
design values, but the design values are used in the analysis. With a good calibration
procedure, the effect of systematic errors can be practically eliminated. The only exception is
in the case of analog bucking (see Sec. 7.4), where systematic errors can result in very poor
bucking ratios unless amplifiers/resistors are used.

8.8.1  Systematic error in the radius

The sensitivity factor for the 2n-pole field is proportional to Rn. Therefore, the error in
the sensitivity factor due to a systematic error, ∆R, in the radius is given by
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For a (∆R/R) ~ 10–3, the systematic error in the amplitude of the 20-pole term will be ~ 1%.
Such an error is quite acceptable for the higher harmonics. The tolerance on the error in the
knowledge of the radius arises primarily from considerations of the accuracy required in the
measurement of the transfer function in the main dipole and quadrupole magnets in an
accelerator and the desirability of consistency between different measuring systems.

8.8.2  Systematic error in the angular position

A systematic error, ε δ , in the initial angular position, δ,  leads to the same error in the
determination of all the phase angles. This would give rise to skew terms in a purely normal
magnet, and vice versa.

[ ]′ = − ′ − ′ = − +α α ε α α ε εδ δ δn n n nC n in C n in n i n; ( )exp( ) ( )exp( ) cos( ) sin( ) (81)

where the primed quantities refer to the measured values and the unprimed quantities refer to
the true values. The normal and skew multipoles in a magnet are generally expressed in a
reference frame where the main field component has a zero phase angle. In this case, there
will be no systematic error in the multipoles, since the phase angles relative to the main field
still remain the same. However, when accurate determination of the field direction of the main
component is required, such a systematic error is unacceptable. Efforts must be made to
periodically check the calibration, and/or correct for the errors by making measurements from
the lead and the non-lead ends of the magnet. A 2m-pole magnet with a true phase angle of αm

when viewed from the lead end, has a phase angle of [1+(–1)m](π/2m) – αm when viewed
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from the non-lead end. The measured phase angles from the lead and the non-lead ends in the
presence of a systematic error in the angular position are:
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2
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From these two measured values, it is easy to see that the true phase angle, αm, is given by
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and the systematic error in the angle is given by
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Having determined the systematic error in the angle from Eq. (84), the correction can be
incorporated by adjusting the parameter δ  accordingly in all the future analysis. It is generally
a good idea to carry out periodic checks of this calibration whenever a reliable measurement
of the field angle is required.

8.8.3  Systematic error in the opening angle of a tangential coil

The sensitivity factor, Kn, of a tangential coil [see Eq. (27)] depends on the opening
angle, ∆, through the sin(n∆/2) factor. For a systematic error ε ∆ in the opening angle,
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This error is generally insignificant for higher order harmonics. In a typical tangential
coil system, the dipole and the quadrupole terms are obtained from the dipole (∆ = 180
degrees) and the quadrupole (∆ = 90 degrees) windings respectively. It is seen from Eq. (85)
that such multipole coils (∆ = π /n) are insensitive to small errors in the opening angle.

8.9 Effect of a finite signal averaging time

In the acquisition of voltage data from the RHIC tangential coils, the signals are
averaged over one power line cycle to get rid of any AC noise on the signals. At a typical
angular speed of one revolution every 3.5 seconds and a power line frequency of 60 Hz, the
coil rotates about 1.7 degrees during this time. This motion during data integration can cause
errors. Even though this does not strictly fall under construction errors, a finite integration
time manifests itself in some sense as a calibration error, as we shall see. Accordingly, this
topic is discussed in this section as part of the general discussion on coil errors.

We shall consider the case of a tangential coil here, although a similar result can be
derived for radial coils also. If ∆t is the averaging time, the n-th harmonic component in the
measured voltage signal is [see Eq. (10)]:
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It is seen that both the amplitude and the phase of the 2n-pole term are affected. While the
amplitude correction is harmonic dependent, the phase correction is independent of the
harmonic. The constant phase error can be absorbed into the calibration of the initial angular
position, δ.  From Eq. (86), we can write,
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where T is the period of rotation. For ∆t = 1/60 sec. and T = 3.5 sec, (∆t/T) ~ 4.8×10–3, the
amplitude error is 0.004% for the dipole term and is 0.84% for the 30-pole term. This effect is
negligible. However, the angle calibration is affected by roughly 0.86 degrees (15 mrad).
Fortunately, the error is harmonic independent, and can be absorbed in the calibration of the
coil, as long as the angular velocity is kept the same. Considerable error will result, for
example, if the coil were to rotate in the opposite direction (ω → –ω).

In practice, the coil rotation period may not be exactly the same during calibration and
measurements. It is necessary, therefore, to specify the rotation speed of the measuring coil
along with the angular parameters. Corrections must be applied to the calibration values based
on the actual rotation speed during the measurements according to the above equations if
accuracy in the range of 0.1 mrad is desired in the field angle.

9. DEVIATION OF THE ROTATION AXIS FROM THE MAGNETIC AXIS

In the previous section, we considered the effects of various random and systematic
errors in the construction of a rotating coil. The harmonic expansion parameters in Eq. (1)-(3)
are dependent on the choice of the coordinate axis [1]. In the analysis of harmonic coil data, it
is assumed that the origin is at the rotation axis. In the measurement of an accelerator magnet,
one is generally interested in the harmonics at the magnetic center. Unless special effort is
made, the rotation axis of the coil may not coincide with the magnetic axis. In this section, we
shall study the effect of a misalignment of the rotation axis with the magnetic axis. Three
different forms of misalignment will be considered – a simple offset, a sag of the measuring
coil due to its own weight, and a tilt of the rotation axis with respect to the magnet axis.

9.1 Rotation axis offset from the magnetic axis

Let us first assume that the rotation axis is parallel to the magnetic axis, but is not
coincident with it. This is the most common form of misalignment in practice. This is also the
most important form of misalignment because the measured harmonic coefficients are
affected by feed down. Figure 21 shows the measuring coil reference frame, X-Y, with the
origin at the rotation axis passing through O, and the desired reference frame, X’-Y’, with the
origin at the magnetic axis passing through O’, located at (x0, y0) in the X-Y frame.

If C(n) and αn are the measured parameters in the measuring coil frame, then the
parameters C’(n) and ′α n  in the magnet’s frame are given by [1]:
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If the offset z0 = (x0 + iy0) is somehow known, one can account for the misalignment by
calculating the field parameters in the magnet’s frame using Eq. (89).

9.1.1  Magnets other than dipole magnets

For a 2m-pole magnet other than a dipole, it is quite natural to define the magnetic
center as the location where the 2 1( )m − - pole feed down term is zero. Thus, the offset itself
can be calculated from the measured harmonics using the following equation derived from
Eq. (89):
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For most 2m-pole magnets, amplitudes other than C(m) are small. For small offsets, we may
neglect higher order terms in (z0/Rref) and use a simplified equation:
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Once the offset is calculated from Eq. (90) or (91), the measured data can be transformed
using Eq. (89) to obtain the field parameters in the desired reference frame. This procedure of
transforming the measured data to the magnet’s reference frame is commonly referred to as
the centering of data.

X

Y
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Y '

O

O'

r 0

x0

y0ξ

z0 = x0+ iy0

      = r0. exp (i  ξ)

Meas. Coil Frame

Magnet Frame

Fig. 21 Displacement of the measuring coil axis from the magnetic axis.
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9.1.2   Dipole magnets

For dipole magnets, the field is practically uniform in the entire magnet aperture and no
“natural” definition of a magnetic center can be used. Various strategies are used to define the
center of a dipole magnet. For example, one could argue that the very high order unallowed
terms are not sensitive to small construction errors, and hence must be zero. In practice, this
certainly appears to be the case for any carefully built accelerator dipole magnet. If so, one
could pick m in Eq. (90) to be a sufficiently high order allowed term and calculate the center
by requiring the amplitude of the next lower unallowed term, C’(m–1), to be zero. Of course,
this works well only if C(m) itself has sufficient strength. Because of the large values of m,
the measured coefficients are of comparable strengths for both the allowed and the unallowed
harmonics, even with relatively small offsets. As a result, it is often necessary to include
terms of higher orders in (z0/Rref) to calculate the offset. In many cases, ambiguous, yet
physically meaningful, results may be obtained because of the non-linear nature of the
equations. To resolve this, it is best to find an offset that will simultaneously minimize several
unallowed harmonics, rather than just one.

Other strategies for dipoles have exploited a current dependence of the sextupole term.
Such a current dependence may arise from non-uniform saturation of the iron yoke at high
fields, or from the magnetization of the superconductor at relatively low fields in a
superconducting magnet. The quadrupole term at the magnetic center is not expected to show
any current dependence. However, if the measuring coil axis does not coincide with the
magnetic axis, a current dependence will be seen due to feed down from the sextupole term.
Thus, the offset of the measuring coil can be obtained by requiring that the current
dependence of the quadrupole multipole be minimized. In practice, one may find that the
calculated center depends on the range of the excitation curve used in the minimization. In
some cases, the current dependence in the quadrupole term may not be entirely due to feed
down. For example, the critical currents of the superconducting cables used for the upper and
the lower coils may be slightly different, leading to a current dependence in the quadrupole
multipole at low fields. Such effects may limit the accuracy achievable with this technique.
Furthermore, this technique can not be used for warm measurements at low fields.

9.1.3   The quadrupole configured dipole (“ugly quad”) method for dipole magnets

The methods discussed so far for dipole magnets have inherent limitations and are not
universally applicable. A different approach, known as the quadrupole configured dipole
(QCD) or an “ugly quad” method, was proposed for centering in the SSC dipoles [11].
Subsequently, the method was adopted for all the RHIC dipoles and has been used with much
success for measurements of magnets in both warm and superconducting state.

The quadrupole configured dipole method relies on powering the two coil halves of a
dipole magnet with equal and opposite currents, as shown in Fig. 22, to produce a strong skew
quadrupole field, instead of a dipole field. This requires a center tap connection on the
magnet. The allowed harmonics are now the skew quadrupole, skew octupole, skew
dodecapole, and so on. Several of these allowed harmonics are quite strong, and feed down
from any one of them could be used to calculate the center. Since the quadrupole field
produced in this way has large octupole and higher harmonics, the method is sometimes
referred to as the “ugly quad” method.
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Since two separate power supplies are required in this mode, it is important to balance
the current in the two halves with great accuracy, otherwise a spurious dipole field will also
be generated that would affect centering calculations. The sensitivity to such a current
mismatch is reduced by several orders of magnitude if one uses feed down from the skew
octupole term, or any other higher order term, rather than the dominant skew quadrupole term.
Matching the currents in the two halves within 0.1% will give a centering error of less than a
few micro-meters in this case. The offsets calculated from the QCD method have very little
noise (typically only a few micro-meters) and are in very good agreement with the centers
calculated by making high order unallowed terms zero.

9.2 Sag of the measuring coil due to its own weight

In order to measure precisely the integral field in long magnets, one has to build long
rotating coils. For such long measuring coils, the weight of the cylindrical tube containing the
coil may be enough to cause a sagitta in the coil. In this case, each subsection of the coil
rotates about its local geometric center. However, the location of this center varies along the
length of the magnet, as shown by the dashed line in Fig. 23. This is different from a “bow” or
bend in the coil, in which all sections of the coil rotate about the same straight line axis, but
the axis is offset from the geometric center by different amounts along the length of the coil.
The case of a bend in the coil was discussed briefly in Sec. 8.7. In the case of a sag of the coil,
various subsections of the coil see harmonics that are in a frame which is slightly displaced
from the adjacent subsections. If r0(Z) is the vertically downward offset at axial position Z, the
measured coefficients are given by:
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Fig. 22 A dipole magnet powered in the (a) dipole mode, and (b) the QCD mode. The
diode shown is for quench protection. The diode and the current polarities shown
are for warm measurements.
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where C(k) and αk are the true field parameters. Equation (90) has been used in writing
Eq. (92) where the offset z0 is vertically downward, and is a function of the axial position Z:

z0 0 2( ) ( )exp( / )Z r Z i= − π (93)

If the profile of the coil is known, the integral in Eq. (92) can be evaluated to estimate the
effect of the sag on various harmonics. Assuming a parabolic approximation to the profile
given by
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where h is the amount of sag at the center of the coil (Z = 0), it can be shown [12] that:
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where (2k)!! = 2.4.6.8. ... 2k,  (2k+1)!! = 1.3.5. ... (2k+1)  and 0!! = 1.

The error in certain harmonics may be significant, even with small amounts of sag.
However, for small values of h (<<Rref), the effect of sag from Eq. (95) is nearly the same as a
uniform displacement of the coil by an amount (2h/3), which is the average displacement of
the sagging coil. If the measured data are corrected for any offset of the measuring coil axis,
most of the errors due to sag are also subtracted out [3], except for terms of second and higher
orders in (h/Rref) which can be neglected for practical values of h. Thus, within reasonable
limits, the sag of a measuring coil is not a problem for the measurement of harmonics,
provided the data are centered using a reliable centering technique based on the measured
harmonics, as described in Sec. 9.1. However, if the harmonic coil is being used specifically
to measure the magnetic axis, for example in a quadrupole, even a relatively small sag in the
coil may be unacceptable, because one can not distinguish between a true offset of the
magnetic axis and an apparent offset due to the sag.

h

–L/2 +L/2

Z
r0(Z)

Fig. 23 Sag of a measuring coil due to its own weight.
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9.3 Tilt of the measuring coil axis relative to the magnet axis

If sufficient care is not taken in aligning the coil, the measuring coil axis can be tilted
with respect to the magnetic axis. Generally, the clearance between the inner diameter of the
magnet bore and the outer diameter of the coil assembly is kept sufficiently small, so that such
a tilt can not be very large. In most cases, this tilt is not of much concern. However, in some
situations, even a small tilt can have a significant impact on the measurement of certain
harmonics. As a result, it is important to study this type of misalignment of the coil axis.

We shall consider a simple case in which the magnet has uniform field quality along the
length, L, covered by the measuring coil. This would apply, for example, to measurements
with a relatively short coil in the straight section of a magnet. We also assume a pure tilt, with
the average offset of the measuring coil to be zero, as shown in Fig. 24. The displacements of
the coil-axis at the two ends are assumed to be given by (r0, ξ) and (r0, ξ+π) in polar
coordinates. The measured harmonics can be calculated by integrating along the length using
a procedure similar to that used for a sag of the coil in Sec. 9.2. If the field quality is uniform
along the length, the odd orders of feed down from one half of the magnet will be cancelled
by the corresponding feed down from the other half of the magnet. The even orders of feed
down from the two halves will add to each other. The measured coefficients in this case are
given by [3]:
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It should be noted that the summation in Eq. (96) includes only those values of k for
which (k–n) is even. The lowest order correction term is of the second order in (r0/Rref), and
can generally be neglected for dipole and quadrupole magnets, since there can not be any
second order feed down from the main field component. The only errors will be due to second
and higher order feed down from the higher harmonics, which are expected to be small
themselves. However, for sextupoles and magnets of higher multipolarity, there can be a
second order feed down from the main harmonic, leading to large errors even with a relatively
small tilt. For example, the dipole field component will be incorrectly measured in a sextupole
magnet, the quadrupole component in an octupole magnet, and so on.

Meas. Coil Axis

L

ξr0
X

Y
Magnet Axis

r0

Y X

Z = 0

Fig. 24 Tilt of the measuring coil axis with respect to the magnet axis. The cylinder
represents the section of the magnet covered by the length of the measuring coil
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As a demonstration of the effect of tilt, Fig. 25 shows the correlation between harmonics
measured in RHIC sextupoles with a well aligned coil on a granite table and with a possibly
tilted coil in a vertical dewar. As explained above, the dipole term is expected to be affected
by a tilt in the measuring coil axis. The correlation is indeed poor for the dipole term, as can
be seen from Fig. 25(a). The difference between the two measurements is not a systematic one
resulting from calibration errors, but is random depending upon the amount of tilt in the coil,
and could be up to ±25 units. On the other hand, for the octupole term, which is not expected
to be affected by such a tilt, the correlation between the two measurements is quite good, as
shown in Fig. 25(b).

The above analysis assumed that the field quality of the magnet is uniform over the
length of the measuring coil. Often, magnets may have rather large harmonics in the lead end
region which are absent in the non-lead end region. In this case, if one is making an integral
measurement with a long coil, even the first order terms from the two halves will not cancel
each other, causing large errors. Examples of such errors are in the measurement of integral
decapole terms in a quadrupole magnet having large dodecapole terms in the lead end region.

10. CALIBRATION OF HARMONIC COILS

In the previous two sections, we studied the effects of various imperfections in the coil
construction and placement. Analysis of such errors can be helpful in determining various
tolerances. On the other hand, once a coil is constructed, it is important to characterize the
geometric parameters of the various windings as precisely as possible. Most coil systems in
use have special windings sensitive to the dipole and the quadrupole terms. The radii and
angular positions of such windings can be determined if reference dipole and quadrupole
magnets with known field strengths and directions are available. Having such magnets with
apertures and lengths suitable for the coil being calibrated greatly simplifies the process of

0

5

10

15

20

25

30

35

40

45

0 5 10 15 20 25 30 35 40 45
Normal Dipole (Granite Table) in units

N
o

rm
al

 D
ip

o
le

 (
D

ew
ar

) 
in

 u
n

it
s

 

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
Normal Octupole (Granite Table) in units

N
o

rm
al

 O
ct

u
p

o
le

 (
D

ew
ar

) 
in

 u
n

it
s

(a) (b)

Fig. 25 Correlation between the harmonics measured in RHIC sextupoles in a well aligned
fixture on a granite table and in a vertical dewar with a possible tilt in the coil —
(a) the normal dipole term, which could be affected by the tilt, and (b) the normal
octupole term, which is not affected by the tilt. The straight lines represent the case
of a perfect agreement between the two measurements.
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calibration. In an accelerator, magnets of various lengths and apertures are used. Correspond-
ingly, one needs to use a variety of measuring coils to measure these magnets. It may not
always be practical to provide reference dipole and quadrupole magnets for all coil types. In
such a situation, one has to obtain as much information about the coil geometry as possible,
without requiring an explicit knowledge of the field strength or direction. The number of
calibration parameters can be greatly reduced simply by comparing the outputs of various
windings in a given field type. One must devise a scheme appropriate to the specific coil
design at hand. The basic concept will be illustrated here with the example of the five-
winding tangential coil design used at RHIC.

10.1 Calibration of a five-winding tangential coil

The cross-section of a five winding tangential coil design used at RHIC is shown in
Fig. 9. There are two dipole buck windings (D1 and D2), two quadrupole buck windings (Q1
and Q2) and a tangential winding (T1) with an opening angle of 15 degrees. The radii of these
windings are assumed to be given by R1 through R5. Similarly, the angular positions of the
windings are assumed to be given by δ 1 through δ 5. In addition, one needs to know the exact
opening angle, ∆, of the tangential winding. The nominal values of these eleven parameters
are known from the design. However, the precise values of these parameters in the as-built
coil may differ slightly from the design and must be obtained by a calibration procedure. In
addition to these eleven parameters, it has been found necessary to account for a small tilt in
the plane of the tangential coil, characterized by a parameter ε, which can give rise to a
harmonic dependent correction in the angular position (see Sec. 8.5). Thus, there are a total of
12 parameters to be determined in this case. It will be shown here that one can determine all
the angles relative to each other, all the radii relative to each other, the absolute value of the
opening angle, as well as the tilt in the plane of the tangential coil — all by using dipole,
quadrupole and sextupole fields whose strengths and field directions are not necessarily
known. The absolute values of all the parameters can be obtained if just one of the field
strengths and one of the field directions are known.

10.1.1   Calibration of the radii

Let the n-th harmonic amplitude in the voltage signal from the j-th winding be denoted
by Vj(n). In a dipole field, assuming a measuring coil longer than the magnet, the dipole
amplitudes in the signals from D1, D2 and T1 windings are given by [see Eq. (10)]:

( )V N R V N R V N R1 1 1 2 2 2 3 3 31 1 1 2( ) ; ( ) ; ( ) sin /∝ ∝ ∝ ∆ (97)

where N1, N2 and N3 are the number of turns in the three windings, and are assumed to be
known. For measuring coils shorter than the magnet, one has to include the lengths of the
windings also in the above equations. In general, the windings have lengths much larger than
their radii. Thus, small errors in the lengths are not as critical as similar errors in the radii.
Except for ultra short coils, one can assume the lengths to be given by the design value.
Similarly, the opening angles of the two dipole buck windings can be safely assumed to be
180 degrees, since the quantity sin(n∆/2) is not very sensitive to small errors in ∆ in this case.
The quadrupole windings are not sensitive to the dipole field, and are expected to give
practically zero signal in a dipole field. From Eq. (97), we have,
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Similarly, in a quadrupole field, the amplitudes of the quadrupole terms in the voltage signals
from the Q1, Q2 and T1 windings are given by [see Eqs. (18) and (10)]:
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The constants of proportionality in Eqs. (97) and (99) involve the field strengths and the
angular velocity. The dependence on the angular velocity can be removed, in principle, by
looking at the integral of the voltage signal. If the field strengths in the dipole and the
quadrupole magnets are also known, one can obtain the absolute values of R1, R2, and R4, R5.
From these values, the absolute values of R3 and ∆ can also be determined using the above
equations. If the absolute strengths are not known, one can only calculate the ratios of radii.
Even then, we have only four equations in five unknowns (four ratios of the radii and the
opening angle) and need more information. If we use a sextupole field, then the D1, D2 and
T1 windings are sensitive to this field. The amplitudes of the sextupole term in the signals are
given by [see Eqs. (18) and (10)]:
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Eqs. (98), (100) and (102) provide enough information to calculate the five unknowns,
namely, (R2/R1), (R3/R1), (R4/R1), (R5/R1) and ∆. We get one redundant equation, which could
be used for consistency check on (R2/R1), or could be used for estimating the length errors in
the case of a short coil. To know the absolute values of the radii, we need to independently
determine just one radius. This could be obtained easily if a reference field is available.
Otherwise, the radius of one of the windings has to be estimated from mechanical
measurements. It is generally a good idea to choose the winding with the minimum number of
layers of wire for such an estimation. If another well calibrated coil is available, the radii can
also be calibrated against this coil.

10.1.2   Calibration of the angular positions

If reference dipole and quadrupole magnets are available with precisely known phase
angles, the angular positions δ 1,  δ 2,  δ 4, and δ 5  can be easily determined from the phases of
the dipole and the quadrupole components of the measured signals. Due to a possible tilt in
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the plane of the tangential coil, the apparent angular position of the tangential winding, δ 3(1),
determined in a dipole magnet will not be the same as the apparent angular position, δ 3(2),
determined in a quadrupole magnet. These values, however, can be used to obtain the true
angular position, δ 3

0 , and the tilt parameter, (ε /R3), using the relations (see Sec. 8.5):
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If the absolute phase angles of both the dipole and the quadrupole fields are not known,
we can not use Eq. (103) for calibration. In this case, we again make use of a sextupole field.
In a dipole field, we can determine the quantities δ 2 – δ 1 and δ 3(1) – δ 1 from the observed
phases of the dipole components of the voltage signals. Similarly, in a quadrupole field, we
can determine the quantities δ 5 – δ 4 and δ 3(2) – δ 4. Finally, δ 2 – δ 1 and δ 3(3) – δ 1 are
determined in a sextupole field.

Combining the data from the dipole and the sextupole fields,  we get the quantity
δ 3(3) – δ 3(1), which depends on (ε /R3) and the opening angle, ∆. Since ∆ is obtained along
with the calibration of the radii, the parameter (ε /R3) is determined. Knowing (ε /R3), one can
calculate δ 3(2) – δ 1, which can be combined with the data in a quadrupole field to get δ 4 and
δ 5 also relative to δ 1. All angles are thus known relative to one of the windings. For coils
equipped with a gravity sensor, the absolute angles can be obtained by making measurements
from the lead and the non-lead ends of a magnet (see Sec. 8.8.2). For other systems, such as
for measurements in a vertical dewar, absolute values of angles are often unnecessary. The
design value of δ 1 can be used in this case and all other angles can be determined from the
procedure described here. All the parameters of interest for carrying out harmonic analysis
using such a tangential coil are thus determined. As shown in this section, all the parameters
relative to one of the windings can be obtained without any knowledge of the field strengths
or directions of the magnets used for the calibration.
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