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Corrections to the elastic p↑p↑ analyzing power parametrization at high energies

A.A. Poblaguev
Brookhaven National Laboratory, Upton, New York 11973, USA

(Dated: March 4, 2019)

The HJET polarimeter was designed to measure the absolute polarization of the proton beams
at RHIC. It can also be used for the precise measurement of the elastic pp single and double spin
analyzing powers. Recently Boris Kopeliovich pointed out that analyzing power parametrization,
which is conventionally used for these measurements, was derived with specific simplifications and
for the experimental accuracy achieved at HJET, the corrections should be applied. In this note
we evaluate the corrections to analyzing powers due to (i) the differences between electromagnetic
and hadronic form factors, and (ii) the ∼ m2

p/s term in elastic pp electromagnetic amplitude.
The corresponding variations of the measured hadronic spin-flip amplitudes are about experimental
uncertainties of the HJET measurements. It should also be noted that the evaluated corrections
might be essential for the elastic pp forward real-to-imaginary amplitude ratios ρ listed in PDG.

PACS numbers: 24.70.+s,25.40.Cm

I. INTRODUCTION

The Polarized Atomic Hydrogen Gas Jet Target
(HJET) [1] is used to measure absolute polarization of
the proton beams at the Relativistic Heavy Ion Collider
(RHIC). For that, vertically polarized RHIC beams are
scattered on HJET vertically polarized target (the jet)
and the recoil proton spin-correlated asymmetries [2]

d2σ

dtdϕ
=

1

2π

dσ

dt
×
[
1 +AN sinϕ (Pj + Pb) +(
ANN sin2 ϕ+ASS cos2 ϕ

)
PbPj

]
(1)

are studied. Here, Pj and Pb are jet and beam polariza-
tion, respectively. Positive signs of the Pj,b correspond
to the spin up direction. Generally, the analyzing pow-
ers AN(s, t), ANN(s, t), and ASS(s, t) are functions of the
invariant variables s, center of mass energy squared, and
t, 4-momentum transfer squared. The azimuthal angle ϕ
is defined in Fig. 1.

For HJET detectors, sinϕ = ±1 and, thus, three
spin correlated asymmetries can be experimentally de-
termined:

aj,bN = 〈AN〉|Pj,b|, aNN = 〈ANN〉|PjPb| (2)

where analyzing powers are averaged over HJET accep-
tance t-range

0.001 . −t . 0.020 GeV2. (3)

consistent with the Coulomb-nuclear interference (CNI)
region.

For elastic pp scattering, analyzing power 〈AN〉 is the
same for the jet and beam asymmetry. Since jet polar-
ization,

|Pj | = 0.957± 0.001, (4)

is well known, the beam polarization, |Pb| =

(abN/a
j
N) |Pj |, can be determined with actually no knowl-

edge of the analyzing power AN(t).

Main upgrade of HJET done in 2015 along with the de-
velopment of new methods in data analysis, allowed us to
reduce the systematic uncertainties of the beam polariza-
tion measurements to a σsyst

P /P . 0.5% [3] level. Such a
small systematic uncertainty of measurements combined
with large statistics ∼ 2×109 elastic pp events per RHIC
Run accumulated in 2015 (Elab = 100 GeV) and 2017
(Elab = 255 GeV) allowed us to experimentally deter-
mine the analyzing powers

AN (t) = ajN(t)/|Pj | (5)

ANN(t) =
ajN(t) aNN(t)

abN(t)
× 1

P 2
j

(6)

with a high precision and, as a result, to isolate single
and double spin-flip hadronic amplitudes in high energy
elastic pp scattering.

FIG. 1. A schematic view of the p↑p↑ spin correlated asymme-
tries measurement at HJET. The recoil protons are counted
in left/right symmetric detectors. Beam moves along z-axis.
The transverse polarization direction is along the y-axis.
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II. PARAMETRIZATION OF THE CNI
ANALYZING POWERS AT HIGH ENERGIES

All experimental studies of elastic pp analyzing pow-
ers at high energies [4–6] were based on the theoretical
approach given in Ref. [7]. The elastic p↑p↑ scattering is
described by five helicity amplitudes:

φ1(s, t) = 〈+ + |M |+ +〉,
φ2(s, t) = 〈+ + |M | − −〉,
φ3(s, t) = 〈+− |M |+−〉,
φ4(s, t) = 〈+− |M | −+〉,
φ5(s, t) = 〈+ + |M |+−〉. (7)

For the scattering in the CNI region, the hadronic and
electromagnetic components of the elastic pp amplitude
should be explicitly indicated

φi = φhi + φemi exp(iδC) (8)

The Coulomb phase is approximately independent of he-
licity [8, 9]

δC = α ln
−2

t (B + 8/Λ2)
− αγ ∼ 0.02, (9)

where γ = 0.5772 is Euler constant and Λ2 = 0.71 GeV2.
The differential cross section slope B(s) depends on en-
ergy as B0 + B1 ln s and is about 11.5 GeV−2 for RHIC
energies. To the lowest order in α, the fine structure con-
stant, the electromagnetic amplitudes were calculated in
Ref. [8].

For very low t, the hadronic amplitude is dominated
by the

φ+(s, t) = [φ1(s, t) + φ3(s, t)] /2 (10)

term. According to the optical theorem,

Imφh+(s, 0) =
σtot(s) s

8π

√
1− 4m2

p/s (11)

where mp is proton mass and σtot(s) is total pp cross
section. Therefore, φh+(s, t) can be presented as

φh+(s, t) = (ρ+ i)
αs

tc

(
1− 4m2

p/s
)1/2

eBt/2 (12)

where

tc = −8πα/σtot ≈ −1.84× 10−3 GeV2 (13)

for HJET energies and

ρ(s) = Reφh+(s, 0) / Imφh+(s, 0). (14)

Using the following expressions [7]:

dσ

dt
=

2π

s(s− 4m2
p)

(
|φ1|2 + |φ2|2 + |φ3|2 + |φ4|2 + 4|φ5|2

)
(15)

and

AN
dσ

dt
=

−4π

s(s− 4m2
p)

Im [φ∗5 (φ1 + φ2 + φ3 + φ4)] (16)

the single spin analyzing power AN(t) was calculated [7]
as

AN(t) =

√
−t
mp

(tc/t) f
0
N + f1N

fcs(t)
(17)

where

f0N(r5) = κ (1− ρδC)− 2(I5 − δCR5) (18)

f1N(r5) = −2(R5 − ρI5) (19)

fcs(t) =

(
tc
t

)2

− 2(ρ+ δC)
tc
t

+ 1 + ρ2 (20)

The following notations were used: κ = µp − 1 = 1.792
and

r5 =
mφh5√
−t Imφh+

= R5 + iI5 (21)

The dependence of AN(t) on the double spin-flip ampli-
tude

r2 =
φh2

2 Imφh+
= R2 + iI2 (22)

was neglected in Eqs. (18,19).
It should be pointed out that AN (t) dependence on r5

amplitude is accumulated in a t-linear function

fN(t, r5) = f0N + f1Nt/tc ≈ κ − 2I5 − 2R5 t/tc (23)

Similarly, from the equation [? ]

ANN
dσ

dt
=

4π

s(s− 4m2)

[
2|φ5|2 + Re (φ1φ

∗
2 − φ3φ∗4)

]
(24)

one gets for the double spin analyzing power

ANN(t) =
(tc/t) f

0
NN + f1NN

fcs(t)
(25)

where

f0NN = −2(R2 + δCI2) (26)

f1NN = 2I2 + 2ρR2 − (ρκ − 4R5)
κtc
2m2

p

(27)

III. PRECISION MEASUREMENT OF THE
ELASTIC pp ANALYZING POWERS AT HJET

The preliminary analysis of the HJET data acquired
in RHIC Runs 2015 and 2017 has been done using the
Ref. [7] analyzing powers. The values of the σtot(s) and
ρ(s) were taken from the Ref. [10] fit. The slope B(s) was
derived from Ref. [11]. The results could be summarized
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as:
Run 2015 (100GeV):

√
s = 13.76 GeV, ρ = −0.079,

σtot = 38.39 mb, B = 11.2± 0.2 GeV2.

R5 = (−15.5± 0.9stat ± 1.0syst)× 10−3 (28)

I5 = (−0.7± 2.9stat ± 3.5syst)× 10−3 (29)

R2 = (−3.65± 0.28stat)× 10−3 (30)

I2 = (−0.10± 0.12stat)× 10−3 (31)

Run 2017 (255GeV):
√
s = 21.92 GeV, ρ = −0.009,

σtot = 39.19 mb, B = 11.6± 0.2 GeV2.

R5 = (−7.3± 0.5stat ± 0.8syst)× 10−3 (32)

I5 = (21.5± 2.5stat ± 2.5syst)× 10−3 (33)

R2 = (−2.15± 0.20stat)× 10−3 (34)

I2 = (−0.35± 0.07stat)× 10−3 (35)

For r2, systematic errors are small in these measure-
ments.

Recently, it was pointed out by Boris Kopeliovich [12]
that AN (t) in Ref. [7] was derived with some simplifica-
tions, namely
(i) it was implicitly assumed that electromagnetic form
factor is equal to hadronic form factor exp(Bt/2);
(ii) the elastic pp electric form factor was approximated,
GppE = G2

E(t), by an electric form factor GE(t) deter-
mined in electron-proton scattering experiments. No ab-
sorptive corrections on inelastic collisions were taken into
account. Such correction are currently undetermined but
a theoretical study is in progress.

IV. CORRECTIONS TO THE ANALYZING
POWERS

To calculate corrections to Eq. (17), it is convenient to
use the scaled amplitudes:

ϕi(s, t) = φi(s, t)/ Imφh+(s, t) (36)

Since a possible dependence of ρ, r2, and r5 on t may be
neglected in the CNI region, the scaled hadronic ampli-
tudes can be approximated by

ϕh
1 = ϕh

3 = ρ(s) + i

ϕh
2 = 2r2(s)

ϕh
4 = r4(s)× (−t/m2

p) ≈ 0 (37)

ϕh
5 = r5(s)×

√
−t/mp (38)

For the electromagnetic amplitudes, we should account
the corrections ∼ m2

p/s which can be significant for

ELab = 100 GeV. Neglecting the terms ∼ (m2
p/s)

2 and
∼ t/s, one can derive from Ref. [8]:

ϕem
1 = ϕem

3 = ϕem
0 ,

ϕem
2 = −ϕem

4 = ϕem
0 F 2

κ ,

ϕem
5 = ϕem

0 Fκ . (39)

The following shorthand were used:

ϕem
0 (s, t) =

tc(s)

t
×G2

0(t)G2
E(t) exp(−Bt/2) (40)

GE(t) = 1 + r2pt/6 (41)

G0(t) =
1− µpt/4m2

p

1− t/4m2
p

(42)

Fκ(s, t) =
−
√
−tκ′

2mp
, κ′ =

κ − 2m2
p/s

1− µpt/4m2
p

(43)

The correction factor (1 − 2m2
p/s) common for all five

electromagnetic amplitudes (7) was canceled by a similar
factor in Imϕ+(t) (Eq. 11). The remaining s-dependent
corrections are accumulated in the value of κ′. Proton’s
electric form factor GE(t) was approximated by proton
charge radius rp = 〈r2p〉1/2.

The electromagnetic form factor related corrections
can be accounted by the substitution tc → tc + bt where

b/tc =
d

dt

[
G2

0(t)G2
E(t)e−Bt/2

]
t=0

. (44)

Since electric form factor GE in the dipole form [9, 13]

GD(t) =
(
1− t/Λ2

)−2
, Λ2 = 0.71 GeV2 (45)

was commonly used in elastic pp data analysis, it is con-
venient to explicitly isolate the corresponding term bD in
(44):

b = bD + bnf (46)

where

bD/tc =
d

dt

(
G2
D(t)e−Bt/2

) ∣∣
t=0

=

(
4

Λ2
− B

2

)
(47)

For the HJET energies,

100 GeV: bD = (−0.06± 0.19)× 10−3 (48)

255 GeV: bD = (+0.31± 0.19)× 10−3 (49)

The specified errors correspond to the systematic uncer-
tainties in the values of B(s) [11].

For the non-flip amplitude:

bnf/tc = r2p/3− 4/Λ2 − κ/2m2
p (50)

Currently, PDG [14] gives two values of proton charge
radius:

rep = 0.8751± 0.0061 fm (51)

rµp = 0.84086± 0.00026± 0.00029 fm (52)

obtained in three kinds of measurements: with atomic
Hydrogen, with electron scattering off Hydrogen, and
with muonic Hydrogen. The discrepancy between the
methods is not resolved yet. Assuming rp = 0.858±0.017
one gets

bnf = (0.64± 0.46)× 10−3 (53)
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Spin-flip contributions are negligible for the hadronic
and interference part of the dσ/dt. However, they effec-
tively change the parameter bnf for the electromagnetic
part |φem+ |2 in Eq. (20):

bnf → bcs = bnf − κ2tc/4m
2
p ≈ 2.32× 10−3 (54)

Applying the corrections to fcs(t, ρ) one gets

fcs(t, ρ)→ fcs(t, ρ− bD − bcs)
− ρκ2tc/4m

2
p − (bD + bnf) δC

≈ fcs(t, ρ− bD − bcs) (55)

Experimental determination of the real to imaginary ra-
tio ρ at high energies is based on analysis of the differ-
ential cross section dσ/dt (t), which is proportional to
fcs(t, ρ). Proton-proton electromagnetic form factor was
approximated by G2

D(t) in almost all experimental stud-
ies of ρ. Therefore, a biased value of ρ was measured in
these experiments

ρexp = ρ− bcs = ρ− (2.3± 0.5)× 10−3 (56)

The bias is small compared to the uncertainty of mea-
surements in any of the experiment listed in PDG, but
it is substantial for the global fit [15]. Since in analyzing
power measurements, the values of ρ from the global fit
are used, we should replace

ρ→ ρ+ bcs (57)

Thus, the leading order corrections to the Ref. [7] ana-
lyzing power AN (t) (17) can be approximated as

fcs(t, ρ)→ fcs(t, ρ− bD) (58)

f0N → f0N − 2m2
p/s (59)

f1N → f1N + κ (bD + bnf + bκ) (60)

where

bκ = µptc/4m
2
p ≈ −1.46× 10−3 (61)

accounts the spin-flip contribution (see Eq. 43) to the
electromagnetic form factor.

For ANN(t), the corrections are small compared to un-
certainties of the measurement at HJET. Also we can
neglect the correction to the Coulomb phase δC(r2, B).

V. NUMERICAL ESTIMATES OF THE
CORRECTIONS

The effect of the substitution (58) can be parameter-
ized by the effective correction bD∆fN(t) to the linear
function fN(t):

1

fcs(t, ρ− bD)
=

1 + bD∆fN(t)

fcs(t, ρ)
(62)

The dependence of the ∆fN(t) on ρ and bD can be ne-
glected. The calculated value of this correction is shown

ct/t
0 5 10

Nf∆

1.0−

0.8−

0.6−

0.4−

FIG. 2. Calculation of the correction function ∆fN(t) (blue
points). The displayed error bars σ0.1(t) correspond to the
HJET measurement statistical uncertainties if bD = 0.1. The
error dependence on bD can be approximated by σ(t, bD) =
σ0.1(t) × 0.1/bD. The red line is a linear fit.

in Fig. 2. For a relatively large bD, the ∆fN(t) results
in a non-linearity of fN (t) which may be detected in the
data analysis. For HJET, the statistical uncertainties of
such an evaluation of bD were found to be σbD ∼ 0.02.
For smaller bD, the correction may be approximated by
a linear function

∆fN(t) = c0 + c1 t/tc (63)

which is equivalent to the following substitutions:

f0N → f0N + c0κbD (64)

f1N → f1N + c1κbD (65)

Obviously, the values of c0 and c1 depend on the t-range
and experimental uncertainties (statistical errors and er-
rors due to the background suppression). In the HJET
data analysis, it was evaluated, that c0 ∼ −1.0 and
c0 ∼ 0.1.

Combining (59,60,64,65) we can find the corrections to
the measured hadronic form factors:

∆I5 = (κ/2)× c0bD −m2
p/s (66)

∆R5 = (κ/2)× [(1 + c1)bD + bnf + bκ ] + ρ∆I5 (67)

For HJET measurements, the calculation gives:

100 GeV: ∆R5= (−0.4± 0.2± 0.4)× 10−3 (68)

∆I5 = (−4.6± 0.2)× 10−3 (69)

255 GeV: ∆R5= (−0.4± 0.2± 0.4)× 10−3 (70)

∆I5 = (−2.1± 0.2)× 10−3 (71)

The first error corresponds to uncertainties in the slope
B, the second one is due to uncertainties in proton charge
radius. Both errors are strongly correlated for Re / Im
and 100/255 GeV. The found corrections are comparable
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with HJET experimental uncertainties and, thus, should
be properly accounted.

For the other experiments [4–6], the corrections to r5
are small compared to the experimental uncertainties.
However, they might be noticable if the Re/Im error cor-
relations are taken into account.

VI. POSSIBLE EFFECT OF THE ABSORPTIVE
CORRECTION

A measured r5 dependence on the absorptive correc-
tions could be easily estimated if the corresponding mod-
ification of the elastic pp electromagnetic form factor Fem

can be approximated by a linear function in the CNI re-
gion:

Fem → Fem × [1 + a(s)t/tc] , (72)

Generally, a(s) is spin-flip dependent. It can be effec-
tively accounted by the substitutions

ρ→ ρ+ anf (73)

bκ → bκ + asf (74)

where anf and asf are absorptive corrections to non-flip
and spin-flip amplitudes, respectively. The dominant ab-
sorptive corrections to r5 and r2 can be written as

∆aR5 = asfκ/2 + anfI5 (75)

∆aI2 = anf
κ2tc
2m2

p

(76)

The correction to ρ (Eq. 73) might be essential in the
AN measurement if anf > 0.01. However, in this case,
the unpolarized pp measurements of the forward real to
imaginary ratio ρ are also strongly affected and must be
revisited.

VII. SUMMARY

In this note, the corrections to the analyzing powers
given in Ref. [7] were studied. For already published ex-
perimental results, the corrections to the measured sin-
gle and double spin-flip amplitude parameters r5 and r2
could be evaluated with a sufficient accuracy.

The improved expressions for AN(t) and ANN(t) could
be written in exactly the same, if ∆a

N = ∆a
NN = 0, form

as in Ref. [7]:

mp√
−t

AN(t) =
[κ′(1− ρ′δC + I2)− 2(I5 − δCR5)] t′c/t− 2 [(1 + I2)R5 − (ρ′ +R2)I5] + ∆a

Nκ
(tc/t)

2 − 2(ρ̃+ δC) tc/t+ 1 + ρ̃2
(77)

ANN(t) =
−2(R2 + δCI2) t′c/t+ 2(I2 + ρ′R2)− (ρ′κ′ − 4R5)κ′tc/2m2

p + ∆a
NNκt/m2

p

(tc/t)
2 − 2(ρ̃+ δC)tc/t+ 1 + ρ̃2

(78)

but with a following modification of some parameters:

t′c = tc ×
[
1 +

(
r2p/3−B/2− κ/2m2

p

)
t
]
, (79)

ρ′ = ρ+
(
r2p/3− 4/Λ2 − κ/2m2

p − κ2/4m2
p

)
tc, (80)

ρ̃ = ρ−
(
4/Λ2 −B/2

)
tc, (81)

κ′ =
(
κ − 2m2

p/s
)
/
(
1− µpt/4m2

p

)
. (82)

For completeness, we also added double spin-flip
hadronic amplitude r2, which in fact is small, to the sin-
gle spin analyzing power AN(t).

The absorptive corrections are currently undeter-
mined, but once calculated may be introduced by the

following substitutions:

r2p/3→ r2p/3 + anf(s) (83)

∆a
N = asf(s)− anf(s) (84)

∆a
NN = ρκ × [adf(s)− anf(s)]
− 4R5 × [asf(s)− anf(s)] (85)

where adf is the absorptive correction to the double
spin-flip electromagnetic form factor.
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